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Abstract

We characterize the class of finite measure spaces (T ,T , µ) which guar-
antee that for a correspondenceφ from (T ,T , µ) to a general Banach space
the Bochner integral of φ is convex. In addition, it is shown that if φ has
weakly compact values and is integrably bounded, then, for this class of
measure spaces, the Bochner integral of φ is weakly compact, too. Analo-
gous results are provided with regard to the Gelfand integral of correspon-
dences taking values in the dual of a separable Banach space, with “weakly
compact” replaced by “weak∗-compact.” The crucial condition on the mea-
sure space (T ,T , µ) concerns its measure algebra and is consistent with
having T = [0,1] and µ to be an extension of Lebesgue measure.

1 Introduction

Recall that a correspondence from a set A to a set B is a set-valued mapping, i.e.
a mapping from A to 2B . Classical results due to Richter (1963) and Aumann
(1965) state that ifφ is a correspondence from an atomless measure space to R`,
then the integral of φ (defined as the set of integrals of all integrable selections)
is convex and, if φ is integrably bounded1 and has closed values, also compact.
These results are of substantial importance in economic theory and have found
numerous applications (see e.g.Aumann (1966) or Hildenbrand (1974)).

There are question in economic theory for which an infinite dimensional ver-
sion of the results of Richter (1963) and Aumann (1965) would be appropriate;
e.g., question regarding the existence of competitive equilibria in models with
an atomless measure space of agents and an infinite dimensional commodity
space, or questions regarding the existence of pure strategy Nash equilibria in
games with an atomless measure space of players and an infinite action set (see
e.g. Rustichini and Yannelis, 1991).

∗Thanks to Erik Balder, Egbert Dierker, and Nicholas Yannelis for helpful discussions and
suggestions.

†Institut für Wirtschaftswissenschaften, Universität Wien, Hohenstaufengasse 9, A-1010
Wien, Austria. E-mail: konrad.podczeck@univie.ac.at

1See Section 2.3 for the definition.
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Unfortunately, the results of Richter (1963) and Aumann (1965) about the
integral of an R`-valued correspondence over an atomless measure space do
not generalize to correspondences with infinite dimensional range spaces. These
results are based on Liapounoff’s theorem on the convexity of the range of an
R`-valued atomless vector measure, and this theorem does not carry over to
infinite dimensional spaces. In fact, there is an example in Yannelis (1991) of
a correspondence from a closed interval in R endowed with Lebesgue measure
to the Banach space `2 such that the Bochner integral of this correspondence
(i.e. the set of Bochner integrals of all Bochner integrable selections) is neither
convex nor weakly compact, not even norm-closed, even though the correspon-
dence is integrably bounded and has norm-compact values.

This example shows, in particular, that non-atomicity is not a very strong
property of a measure space in the context of integration of correspondences
with infinite dimensional range spaces.

In this note we present a strengthening of non-atomicity—which we call
“super-atomless,” see Section 3 for the actual definition2—that will be shown
to be both a necessary and sufficient condition on a finite measure space in
order that it is guaranteed that the Bochner integral of a correspondence to a
general Banach space is convex and, if the correspondence has weakly compact
values and is integrably bounded, also weakly compact. The class of super-
atomless finite measure spaces will be shown to also be the class of finite
measure spaces for which analogous facts—with “weakly compact” replaced by
“weak∗-compact”—are guaranteed to hold for the Gelfand integral of a corre-
spondence to the dual of a separable Banach space.

Previous results in this context have been established by Rustichini and
Yannelis (1991) and Sun (1997) (see (c) and (e) of the remark following the
statement of Theorem 2 below). The results of our note provide, in particular,
a simultaneous generalization of the corresponding ones of Rustichini and Yan-
nelis (1991) and Sun (1997). Also, our results will show that those of Sun (1997),
where the domain of a correspondence is assumed to be an atomless Loeb mea-
sure space, do not depend on any specific properties of a Loeb measure space
but only on the properties of its measure algebra.

We want to remark here that if a measure space (T ,T , µ) satisfies our condi-
tion of being super-atomless, then this does not mean that this measure space
must be extraordinarily large in terms of the cardinality of L∞(µ) or that of T .
In fact, we shall show, using a construction due to Fremlin (2005), that Lebesgue
measure on [0,1] can be extended to a super-atomless measure on [0,1]. Thus,
in regard to economic applications, if a measure space of agents in an economic
model is assumed to be super-atomless, then this is consistent with having, as
in Aumann (1964, 1966), a set of agents not larger than the continuum. (See also
(g) of the remarks following the statement of Theorem 2 below.)

2The name “super-atomless” was suggested to me by Erik Balder.
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The rest of the paper is organized as follows. In Section 2 some notation and
terminology are introduced. In Section 3 the definition of “super-atomless” is
given and some equivalent properties are stated. Section 4 contains the results
and proofs concerning the Bochner integrable setting, and Section 5 those con-
cerning the Gelfand integrable setting. In Section 6 it is shown that Lebesgue
measure on [0,1] can be extended to a super-atomless measure.

2 Notation and terminology

2.1 Measure spaces (a) The term “measure space” always means that the mea-
sure in question is non-negative. A measure space (T ,T , µ) is called finite if
µ(T) <∞; it is called non-trivial if µ(T) 6= 0.

(b) Let (T ,T , µ) be a measure space.
– For a subset A ⊂ T ,

• 1A denotes the characteristic function of A;
• TA denotes the trace σ -algebra on A, i.e. TA ≡ {A∩ E : E ∈ T };
• µA denotes the subspace measure on A, i.e. the measure whose domain is

TA and whose value at F ∈ TA is given by µA(F) = µ∗(F) where µ∗ is the
outer measure induced by µ. Of course, if A ∈ T , then µA(F) = µ(F) for
every F ∈ TA.

– L1(µ) denotes the Banach space of all (equivalence classes of) µ-integrable
functions from T into R, endowed with its usual norm ‖·‖1.
– L∞(µ) denotes the Banach space of all (equivalence classes of) µ-essentially
bounded functions from T into R, endowed with its usual norm ‖·‖∞.
– For E ∈ T ,

• L1
E(µ) denotes the subspace of L1(µ) consisting of the elements of L1(µ)

vanishing off E;
• L∞

E (µ) denotes the subspace of L∞(µ) consisting of the elements of L∞(µ)
vanishing off E.

2.2 The measure algebra of a measure space (a) Let (T ,T , µ) be a measure
space and let N (µ) denote the σ -ideal of null sets in T . The measure algebra
of (T ,T , µ) (or, for short, of µ) is the pair (A, µ̂) given as follows:

• A is the quotient Boolean algebra T /(N (µ) ∩ T ). That is, denoting by ∼
the equivalence relation on T given by E ∼ F if E 4 F ∈ N (µ), A is the
set of equivalence classes in T for ∼, considered with operations ∩•, ∪•,
Ø•, and 4•, and a partial ordering ⊂• that are given in the following way:
If E•, F• ∈ A and E, F are any elements of T determining E• and F•,
respectively, then E• ⊂• F• if and only if EØF ∈ N (µ), E• ∩• F• = (E∩F)•,
and analogously for ∪•,Ø•, and 4•.

• µ̂ : A → [0,∞] is the functional given by µ̂(E•) = µ(E) where E is any
element of T determining E•.
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(b) Let (T ,T , µ) be a measure space and (A, µ̂) its measure algebra.
– A subalgebra of A is a non-empty subset of A that is closed under ∪• andØ•

(and thus also under ∩• and 4•).
– A subalgebra B of A is order-closed if, with respect to ⊂•, any non-empty
upwards directed subset of B has its supremum in B in case the supremum is
defined in A.
– A subset A ⊂ A is said to completely generate A if the smallest order closed
subalgebra in A containing A is A itself.
– The Maharam type of µ (or of (T ,T , µ)) is the least cardinal number of any
subset A ⊂ A which completely generates A.
– µ is said to be Maharam homogeneous if for each E ∈ T with µ(E) > 0 the
Maharam type of the subspace measure µE is equal to the Maharam type of µ.

(c) Note that a measure space (T ,T , µ) is atomless if and only if for each
E ∈ T with µ(E) > 0 the Maharam type of the subspace measure µE is infinite.
Indeed, for E ∈ T , write (AE, µ̂E) for the measure algebra of µE , and note that
if µ is atomless then AE must be an infinite set for each E ∈ T with µ(E) > 0.
Given E ∈ T , note that if B is a finite subset of AE , then the subalgebra in AE
generated by B is a finite set, and that a finite subalgebra of AE is automatically
order closed in AE . Thus if the Maharam type of µE is finite, so is AE . Hence if
µ(E) > 0 and the Maharam type of µE is finite, then the measure µ cannot be
atomless. For the other direction, note that if E is an atom of µ then AE contains
no proper subalgebra, so the Maharam type of µE is zero.

2.3 Miscellany (a) When we speak of a correspondence, say φ from a set A
to a set B, i.e. a mapping from A to 2B , it is always understood that φ(a) is
non-empty for every a ∈ A.

(b) Let (T ,T , µ) be a measure space, X a Banach space, and φ : T → 2X

a correspondence.
– φ is said to be integrably bounded if there is an integrable function ρ : T → R+
such that, denoting by B the unit ball of X, φ(t) ⊂ ρ(t)B for almost all t ∈ T .
– Gφ denotes the graph of a φ, i.e. the set {(t, x) ∈ T ×X : x ∈ φ(t)}.

(c) If X is a Banach space, then X∗ denotes the dual space of X. For a subset
A of X or X∗, coA denotes the closed convex hull of A, and for subset A of X∗,
co∗A denotes the weak∗-closed convex hull of A.

(d) B(Z) denotes the Borel σ -algebra of a topological space Z .

3 A strengthening of the non-atomicity condition

As noted in 2(c) of the previous section, a measure space (T ,T , µ) is atomless
if and only if for each E ∈ T with µ(E) > 0 the Maharam type of the sub-
space measure µE is infinite. Thus a natural way to strengthen the condition
that a measure space (T ,T , µ) be atomless is to require that for each E ∈ T
with µ(E) > 0 the Maharam type of the subspace measure µE be uncountable.
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We will call a measure with this latter property super-atomless.

Definition. Let (T ,T , µ) be a measure space. The measure µ (or the measure
space (T ,T , µ)) is said to be super-atomless if for each E ∈ T with µ(E) > 0 the
Maharam type of the subspace measure µE is uncountable.

See the remark following the statement of Theorem 2 for examples.
For sake of illustration and later reference we will collect some properties of

a finite measure space that are equivalent to being super-atomless. To this end,
recall that it is a consequence of Maharam’s theorem that if (T ,T , µ) is a non-
trivial atomless finite measure space, then there is a finite or countable infinite
set of distinct infinite cardinal numbers {κi : i ∈ I} and a corresponding parti-
tion of T into measurable subsets {Ti : i ∈ I} such that for each i ∈ I the sub-
space measure µTi is Maharam homogeneous with Maharam type κi; moreover,
the measure algebra of µTi is, up to renormalization of the measure, isomorphic
to the measure algebra of the usual measure on {0,1}κi , i.e. the product measure
on {0,1}κi when {0,1} is endowed with the coin flipping measure. Following Jin
and Keisler (2000), we will call the set {κi : i ∈ I} the Maharam spectrum of µ.
For a trivial measure space (T ,T , µ), i.e. when µ is the zero measure, we define
the Maharam spectrum of µ to be the singleton {0}.

The following fact holds.

Fact. Let (T ,T , µ) be a finite measure space. Then the following are equivalent.

(i) The measure µ is super-atomless.

(ii) µ is atomless and the Maharam spectrum of µ does not contain ℵ0.

(iii) For every E ∈ T with µ(E) > 0, the cardinality of any set G ⊂ TE such
that for any ε > 0 and any F ∈ TE there is a G ∈ G with µ(F 4 G) < ε
is uncountable.

(iv) For every E ∈ T with µ(E) > 0, L1
E(µ) is non-separable.

Proof. (i)⇒(ii): Evidently not(ii)⇒not(i) holds.
(ii)⇒(i): Note first that if A, B ∈ T and A ⊂ B, then the Maharam type of B

is at least as large as the Maharam type of A (see Fremlin, 2002, 331H(c)). Now
pick any E ∈ T and suppose µ(E) > 0. Let {Ti : i ∈ I} be a partition of T , chosen
according to the definition of the Maharam spectrum. Then µ(E ∩ Ti) > 0 for
some i, and since the subspace measure µTi is Maharam homogeneous, (ii)⇒(i)
follows by what has been noted above.

(i)a(iii): See Fremlin (2002, 323A(d)) together with Fremlin (2002, 331Y(e))
or together with Fremlin (2005, 524D), and apply the facts stated there to the
measure algebras of the subspaces (E,TE, µE) for E ∈ T .

(iii)⇒(iv): This follows because for each E ∈ T the subspace measure µE is a
finite measure by hypothesis, so the set of (equivalence classes of) characteristic
functions of measurable subsets of E belongs to L1

E(µ).
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(iv)⇒(iii): This follows because for each E ∈ T the set of elements of L1
E(µ)

that are (equivalence classes of) characteristic functions of measurable subsets
of E has a dense linear span in L1

E(µ).

4 The Bochner integrable setting

Notation. In this section, if (T ,T , µ) is a measure space, X a Banach space, and
f : T → X a Bochner integrable function, then for any E ∈ T ,

∫
E f dµ denotes

the Bochner integral of f over E, and if φ : T → 2X is a correspondence,
∫
T φdµ

denotes the Bochner integral of φ, i.e. the set{∫
T
f dµ : f is a Bochner integrable (almost everywhere) selection of φ

}
.

Our results for the Bochner integrable setting are as follows.

Theorem 1. Let (T ,T , µ) be a finite measure space and X an infinite dimensional
Banach space (which need not be separable). Then the following are equivalent.

(i)
∫
T φdµ is convex for every correspondence φ : T → 2X .

(ii) The measure µ is super-atomless.

Theorem 2. Let (T ,T , µ) be a finite measure space and X an infinite dimensional
Banach space (which need not be separable). Then the following are equivalent.

(i)
∫
T φdµ is convex and weakly compact for every correspondence φ : T → 2X

which has weakly compact values and is integrably bounded.

(ii) The measure µ is super-atomless.

Some remarks are in order before the proofs will be presented.

Remarks. (a) The condition in Theorems 1 and 2 that the Banach space X be
infinite dimensional is in order for (i)⇒(ii) to be true. If X is finite dimensional
then, as is well known, (i) holds if and only if (T ,T , µ) is atomless.

(b) Concerning (ii)⇒(i) of Theorems 1 and 2, note that it is not assumed
that a correspondence has a measurable graph. On the other hand, in the coun-
terexample that will establish not(ii)⇒ not(i), the correspondence will have this
property. Actually, when X is separable and φ is integrably bounded and has
a measurable graph (for the µ-completion of (T ,T , µ)) then, by a standard fact,∫
T φdµ is non-empty, regardless of whether (ii) holds or not.

(c) Theorems 1 and 2 generalize results of Sun (1997) which state that (i) of
these theorems holds if (T ,T , µ) is an atomless finite Loeb measure space (see
also (d), (f), and (g) below). In particular, Theorems 1 and 2 imply (by the equiva-
lence of (i) and (ii)) that an atomless finite Loeb measure space is super-atomless.
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These theorems also show, by the definition of “super-atomless,” that the corre-
sponding results of Sun (1997) depend not on any special properties of a Loeb
measure space but only on the properties of its measure algebra. Of course,
the fact that an atomless finite Loeb measure space is super-atomless can be
deduced without appealing to our theorems. E.g. in Jin and Keisler (2000) it is
shown that the Maharam spectrum of an atomless finite Loeb measure space
does not contain ℵ0, which, by the Fact stated in Section 3, means that such a
measure space is super-atomless in our terminology.

(d) Denote by cardS the cardinality of a set S, and by c the cardinality
of the continuum. There are finite measure spaces (T ,T , µ) such that µ is
super-atomless but such that cardL∞(µ) = c (and hence also cardL1(µ) = c
because L∞(µ) is norm-dense in L1(µ).) One example is provided by the fact
that an atomless Loeb probability space (T ,T , µ) can be constructed so that
cardL∞(µ) = c. For another example, let µ be the usual measure on {0,1}c, i.e.
the product measure on {0,1}c each of whose factors is the coin flipping mea-
sure. Then it is easily seen that L1

E(µ) is non-separable for each µ-measurable
subset E of {0,1}c with µ(E) > 0. That is, µ is super-atomless by the Fact stated
in Section 3; on the other hand, cardL∞(µ) = c. (To see this latter property,
recall that if ((Ti,Ti, µi))i∈I is a family of probability spaces and µ the product
measure on

∏
i∈I Ti, then each element of L∞(µ) has a version depending on

only countably many coordinates.) A similar example is provided by letting µ be
the product measure on [0,1]c when [0,1] is endowed with Lebesgue measure.
C.f. Rosenthal (1970, Remark following the proof of Theorem 3.5), where it is
shown that if κ is any infinite cardinal and µ the product measure on [0,1]κ

corresponding to Lebesgue measure on [0,1], then cardL∞(µ) = κℵ0 .
(e) In Rustichini and Yannelis (1991), convexity of the Bochner integral of a

correspondence from a finite measure space (T ,T , µ) to an infinite dimensional
Banach space X has been shown under the condition that for each E ∈ T with
µ(E) > 0, the algebraic dimension of L∞

E (µ) (i.e. cardinality of a Hamel basis) be
larger than the algebraic dimension of X. Under the continuum hypothesis, this
condition requires (because an infinite dimensional Banach space cannot have
a countable Hamel basis) that for any E ∈ T with µ(E) > 0, cardL∞

E (µ) > c.
Theorem 1 together with the previous remark shows that such a requirement is
stronger than necessary. Also, Theorem 1 shows that a dimensional condition
on the range space X is not necessary.3

(f) There are non-trivial finite measure spaces (T ,T , µ) such that µ is super-
atomless but cardT = c. In fact, based on arguments due to Fremlin (2002,
2005), we show in Section 6 that Lebesgue measure on the unit interval [0,1] can

3That no dimensional, or cardinality, or density condition on X appears in Theorems 1 and 2
(except for the assumption on X to be infinite dimensional, which is needed only for (i)⇒(ii))
reflects the fact that Bochner integrable functions are essentially separably valued. In our result
below for the Gelfand integrable setting, we require the range space of a correspondence to be
the dual of a separable Banach space.
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be “enriched” so that the resulting measure is super-atomless. More precisely,
we show there is a σ -algebra T on [0,1] and a super-atomless measure µ with
domain T such that, writing Λ for the domain of Lebesgue measure on [0,1],
T includes Λ and µ agrees on Λ with Lebesgue measure. In addition, one can
have cardL∞(µ) = c for such an extension of Lebesgue measure.

(g) For a non-trivial atomless Loeb measure space (T ,T , µ) it is also possible
to have cardT = c, so that T can be identified with [0,1]. However, under any
such identification, the domain of an atomless Loeb measure cannot include
the Borel σ -algebra of [0,1] (see Keisler and Sun, 2002). In fact, as shown in
Keisler and Sun (2002), if (T ,T , µ) is any atomless Loeb measure space, Z any
Polish space, f : T → Z any T -B(Z)-measurable mapping, and ν denotes the
image measure of µ under f , then for ν-almost every z ∈ Z the inverse image
f−1

(
{z}

)
has cardinality ≥ c. In an economic model where (T ,T , µ) is the space

of agents, Z is a space of agents’ types, and f assigns to each agent her type,
the specification of (T ,T , µ) to be an atomless Loeb measure space therefore
implies that there are “continuum many” agents of almost every type. Of course,
such an implication need not hold for a measure space that is an extension of
Lebesgue measure. Thus an atomless Loeb measure space is maybe not the most
flexible choice of an atomless measure space for specifying a large number of
agents in economic models.

The proofs of Theorems 1 and 2 are split into a series of lemmata.

Lemma 1. Let (T ,T , µ) be a finite measure space, let X be a separable Banach
space, and let R : L∞(µ) → X be a linear operator which is continuous for the
weak∗-topology of L∞(µ) and the weak topology of X. Let E ∈ T and suppose
L1
E(µ) is non-separable. Then R is not one-to-one on L∞

E (µ).

Proof. We will show the contrapositive. Thus suppose R is one-to-one on L∞
E (µ).

We have to show that L1
E(µ) is separable. Note that L∞(µ) ⊂ L1(µ) by finite-

ness of the measure µ. Let B denote the closed unit ball in L∞(µ). Thus B is a
weak∗-compact subset of L∞(µ). Set BE = B ∩ L∞

E (µ) and note that L∞
E (µ) is a

weak∗-closed subspace of L∞(µ). Thus BE is weak∗-compact, and it follows that,
on BE , the weak∗-topology of L∞(µ) coincides with the weak topology of L1(µ)
(because L∞(µ) ⊂ L1(µ) and hence, on BE , the weak topology of L1(µ) is for-
mally weaker than the weak∗-topology of L∞(µ)). By the supposed properties of
the operator R, then, the restriction of R to BE is a homeomorphism between BE
and R(BE) for the (restricted) weak topologies of L1(µ) and X. By the hypothesis
on X, R(BE) is norm-separable and hence weakly separable. Consequently, BE is
a weakly separable subset of L1(µ). Since BE is convex, it follows that BE is actu-
ally a norm-separable subset of L1(µ) (see below). But

⋃∞
n=1nBE is norm-dense

in L1
E(µ), and we may conclude that L1

E(µ) is separable.
(To see that a weakly separable and convex subset C of a Banach space is

norm-separable, let D be a countable weakly dense subset of such a set C . Let
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D′ be the set of all (finite) convex combinations of elements of D such that
the coefficients are rational. Then D′ is countable, D′ ⊂ C since C is convex,
and D′ is dense in coD′, the convex hull of D′, for any linear topology. By the
Hahn-Banach theorem, the weak closure of coD′ agrees with the norm closure
of coD′, and it follows that D′ is norm dense in C .)

Lemma 2. Let X be a Banach space, let (T ,T , µ) be a finite measure space, and
let f : T → X be a Bochner integrable function. Suppose µ is super-atomless. Then
the set

{∫
E f dµ : E ∈ T

}
is a convex subset of X.

Proof.4 We may assume that X is separable. Indeed, since f is Bochner integrable,
f is essentially separably valued. By modifying f on a null set if necessary, we
may assume that f is separably valued. Note that the set

{∫
E f dµ : E ∈ T

}
be-

longs to the closed linear span of the set {f(t) : t ∈ T}. Thus we may as well
assume that X is separable.

Let

A =
{
g ∈ L∞(µ) : 0 ≤ g ≤ 1T

}
and B =

{∫
T
gf dµ : g ∈ A

}
.

Then A is convex and hence so is B. Also
{∫
E f dµ : E ∈ T

}
⊂ B. Thus we have

to show that the reverse inclusion holds, i.e. that given any g ∈ A there is an
E ∈ T such that

∫
T gf dµ =

∫
E f dµ.

To this end, let R : L∞(µ)→ X be the linear operator defined by

R(g) =
∫
T
gf dµ , g ∈ L∞(µ),

and note that R is continuous for the weak∗-topology of L∞(µ) and the weak
topology of X. (Indeed, if (gα) is a net in L∞(µ), weak∗-converging to some
g ∈ L∞(µ), then for each x∗ ∈ X∗,

x∗
∫
T
gαf dµ =

∫
T
gαx∗f dµ →

∫
T
gx∗f dµ = x∗

∫
T
gf dµ

because x∗f ∈ L1(µ).) In terms of the operator R, we have to show that given
any g ∈ A we have R(g) = R(1E) for some E ∈ T . Thus let g ∈ A be given and
let

H =
{
h ∈ A : Rg = Rh

}
.

Then, by the mentioned continuity properties of R, since A is a convex and
weak∗-compact subset of L∞(µ), so is H. Hence the set H has an extreme point,
say h. We claim there is an E ∈ T such that h = 1E . Suppose, if possible,
otherwise. Then we can find an ε > 0 and an E ∈ T with µ(E) > 0 such that
ε1E ≤ 1Eh ≤ (1 − ε)1E . Now by the Fact stated in Section 3, the hypothesis
about the measure space (T ,T , µ) implies that L1

E(µ) is non-separable. Hence

4The proof uses arguments from the proofs of Lemma IX.1.3 and Theorem IX.1.4 in Diestel
and Uhl (1977, pp. 263), specialized to the setting considered here.
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by Lemma 1, since X is separable, we can find an h1 ∈ L∞
E (µ) such that Rh1 = 0

but ‖h1‖∞ > 0. We may assume that ‖h1‖∞ < ε. Then h+ h1 ∈ A as well as
h−h1 ∈ A (note: h1 vanishes off E according to the definition of L∞

E (µ)) and we
have both R(h + h1) = Rg and R(h − h1) = Rg. That is, h + h1 ∈ H as well as
h − h1 ∈ H. But since ‖h1‖∞ > 0, this contradicts the property of h being an
extreme point of H. Thus for some E ∈ T , h = 1E whence R1E = Rh = Rg.

Lemma 3. Let X be a Banach space and let (T ,T , µ) be a finite measure space.
Suppose that µ is super-atomless. Then for any two Bochner integrable functions
f1 : T → X and f2 : T → X, and any real number 0 < α < 1, there is a set E ∈ T
such that ∫

E
f1 dµ +

∫
TØE
f2 dµ = α

∫
T
f1 dµ + (1 −α)

∫
T
f2 dµ .

Proof. Given any such functions f1 and f2, set f = f1 − f2. Fix any real number
0 < α < 1. By Lemma 2, there is a set E ∈ T such that

∫
E f dµ = α

∫
T f dµ. (Note

that 0 =
∫
∅ f dµ ∈

{∫
E f dµ : E ∈ T

}
.) Then∫

E
f1 dµ +

∫
TØE
f2 dµ =

∫
E
f dµ +

∫
T
f2 dµ

= α
∫
T
f1 dµ −α

∫
T
f2 dµ +

∫
T
f2 dµ

= α
∫
T
f1 dµ + (1 −α)

∫
T
f2 dµ .

Lemma 4. Let (T ,T , µ) be a finite measure space and X an infinite dimensional
Banach space. If for some E ∈ T , µ(E) > 0 and L1

E(µ) is separable, then there
exists a Bochner integrable function f : T → X such that the set

{∫
F f dµ : F ∈ T

}
is non-convex.

Proof. Our construction follows that in the proof of Corollary IX.1.6 in Diestel
and Uhl (1977, p. 267). Fix an E ∈ T . Suppose that µ(E) > 0 and that L1

E(µ)
is separable. Then we can select a countable family (hi)i=1,2,... in L1

E(µ) which
separates the points of L∞

E (µ) and such that ‖hi‖1 = 1 for each i. Also, since
X is infinite dimensional, we can select a sequence (xi, x∗

i )i=1,2,... in X × X∗

such that x∗
i (xi) = 1 for each i and x∗

i (xj) = 0 whenever i 6= j. Let a function
f : T → X be defined by

f(t) =


∑∞
i=1hi(t)

1
‖xi‖

1
2ixi if t ∈ E

0 if t ∈ TØE.

It is readily seen that f is Bochner integrable with
∫
T f dµ =

∫
E f dµ 6= 0. Fix any

real number 0 < α < 1. We claim that α
∫
T f dµ 6=

∫
F f dµ for all F ∈ T . Arguing

by contradiction, suppose that for some F ∈ T we have α
∫
T f dµ =

∫
F f dµ, or,

in other words,
∫
T (α1E − 1F)f dµ = 0. Then for each i = 1,2, . . . ,

0 = x∗
i

∫
T
(α1E − 1F)f dµ = 1

‖xi‖
1
2i

∫
E
(α1E − 1F)hi dµ .

10



By choice of the functions h1, h2, . . . , it follows that α1E − 1F∩E = 0, which is
impossible since 0 < α < 1 and µ(E) > 0. Thus α

∫
T f dµ 6=

∫
F f dµ for all F ∈ T ,

showing that the set
{∫
F f dµ : F ∈ T

}
is non-convex.

The proof of Theorem 1 is now a straightforward matter.

Proof of Theorem 1. (ii)⇒(i) is immediate from Lemma 3.
not(ii)⇒not(i): First note that if h : T → X is any Bochner integrable function

then, according to a standard fact, h is measurable for the Borel σ -algebra of X
and the µ-completion Tµ of T ; in particular, the set {t ∈ T : h(t) = 0} is an
element of Tµ.

Now suppose that the measure µ is not super-atomless. Then by the Fact
stated in Section 3, for some E ∈ T with µ(E) > 0, L1

E(µ) is separable. Let
f : T → X be a Bochner integrable function chosen according to Lemma 4. Thus
the set

{∫
F f dµ : F ∈ T

}
is non-convex. Let φ : T → 2X be the correspondence

given by φ(t) = {f(t)} ∪ {0}, t ∈ T . Then, from what has been noted above,
a function h : T → X is a Bochner integrable selection ofφ if and only if for some
F ∈ T , h(t) = 1F(t)f (t) for almost all t ∈ T . Thus

∫
T φdµ =

{∫
F f dµ : F ∈ T

}
and we conclude that

∫
T φdµ is non-convex.

Remark. Since a Bochner integrable function is essentially separably valued, it
can be assumed for the function f in this latter proof that for some closed
separable subspace Y of X, f(t) ∈ Y for all t ∈ T (by modifying f on a null set
if necessary). Then the correspondence φ constructed in this proof has actually
a measurable graph for the µ-completion of T and the Borel σ -algebra of X.
Indeed, separability of Y implies that we can select a countable subset of Y∗

separating the points of Y . Extending each element of such a subset of Y∗ to
an element of X∗, we get a countable subset {d1, d2, . . . } of X∗ separating the
points of Y . Then since f(t) ∈ Y for all t ∈ T ,

Gφ =
(
T × {0}

)
∪

(
(T × Y)∩

⋂∞
i=1

{
(t, x) ∈ T ×X : dix = dif(t)

})
whence Gφ ∈ Tµ ⊗ B(X).

For the proof of Theorem 2 it is convenient to first provide two additional
lemmata.

Lemma 5. Let (T ,T , µ) be a finite measure space, let X be a Banach space, and let
h : T → X be a Bochner integrable function. Suppose µ is super-atomless, and that∫
T‖h(t)‖ dµ(t) > 0, where ‖·‖ denotes the norm of X. Then there is a g ∈ L∞(µ)

such that
∫
T ghdµ = 0 but

∫
T‖g(t)h(t)‖ dµ(t) > 0.

Proof. By Lemma 2 and the hypothesis on the measure µ, there is an F ∈ T such
that

∫
F hdµ = 1

2

∫
T hdµ. Set g = 1

21T − 1F . Then∫
T
ghdµ = 1

2

∫
T
hdµ −

∫
F
hdµ = 0 ,

11



and since |g(t)| = 1
2 for all t ∈ T and

∫
T‖h(t)‖ dµ(t) > 0, we must have∫

T‖g(t)h(t)‖ dµ(t) > 0.

Lemma 6. Let (T ,T , µ) be a finite measure space, Z a locally convex Suslin space,
and ξ : T → 2Z a correspondence such that ξ(t) is convex for each t ∈ T and such
that Gξ ∈ T ⊗ B(Z). Let h be a T -B(Z)-measurable selection of ξ and suppose

that the set
{
t ∈ T : h(t) is not an extreme point of ξ(t)

}
is not a null set in T .

Then there are T -B(Z)-measurable selections h1 and h2 of ξ such that for some
C ∈ T with µ(C) > 0, h1(t) 6= h2(t) for all t ∈ C , but 1

2h1 + 1
2h2 = h.

Proof. See Castaing and Valadier (1977, Theorem IV.14, p. 108).

Proof of Theorem 2. (ii)⇒(i): Let L1(µ,X) be the Banach space of (equivalence
classes) of Bochner integrable functions from (T ,T , µ) into X, endowed with its
usual norm ‖f‖1 =

∫
T‖f(t)‖ dµ(t), where ‖·‖ is the norm of X. Let φ : T → 2X

be an integrably bounded correspondence with weakly compact values, and let

S1
φ = {f ∈ L1(µ,X) : f is a selection of φ} .5

Since φ has weakly compact values and is integrably bounded, it follows from
Diestel, Ruess, and Schachermayer (1993, Corollary 2.6) that S1

φ is weakly rel-
atively compact in L1(µ,X). Hence

∫
T φdµ is weakly relatively compact in X

(since the operator f ,
∫
T f dµ from L1(µ,X) to X is continuous for the weak

topologies of these spaces). By Theorem 1, and the hypothesis about (T ,T , µ),∫
T φdµ is convex, and it thus remains to show that

∫
T φdµ is a weakly closed

subset of X.
Since

∫
T φdµ is weakly relatively compact, and because a Banach space is

angelic in its weak topology, it is actually enough to show that
∫
T φdµ is weakly

sequentially closed. Thus let (xn) be a sequence in
∫
T φdµ, weakly converging

to some x ∈ X.6 We have to show that x ∈
∫
T φdµ. (Actually, since

∫
T φdµ is

convex, it would be sufficient to consider a norm-convergent sequence.)
Select a sequence (fn) in S1

φ such that xn =
∫
T fn dµ for each n. Recall that

weak relative compactness and weak relative sequential compactness are the
same in a Banach space. Thus we may assume that the sequence fn converges
weakly in L1(µ,X) to some f . In particular, then, x =

∫
T f dµ.

Identify each fn with one of its versions. Arguing similarly as in the first
paragraph of the proof of Lemma 2, we may assume that there is a closed sep-
arable subspace Y of X such that fn(t) ∈ Y for all n and all t ∈ T . Let a
correspondence ψ : T → 2Y be defined by

ψ(t) = weak- c`{fn(t) : n = 1,2, . . .}, t ∈ T ,

(where “c`” means “closure”). Then by choice of the functions fn, we have
ψ(t) ⊂ φ(t) for almost all t ∈ T . In particular, for almost all t ∈ T , ψ(t) is

5More precisely, a µ-equivalence class of a selection.
6We can assume here that

∫
T φdµ is non-empty, for otherwise there is nothing to be proved.
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a weakly compact subset of X, therefore also a weakly compact subset of Y .
Modifying the functions fn on a null set if necessary, we can assume that ψ(t)
is a weakly compact subset of Y for all t ∈ T .

Consider the correspondence coψ : T → 2Y (defined as usual pointwise by
(coψ)(t) = coψ(t)). Observe the following facts about coψ. First, by the Krein-
Smulian theorem, coψ has weakly compact values since ψ does. Second, since
ψ(t) ⊂ φ(t) for almost all t ∈ T and φ is integrably bounded, so is ψ, and
hence so is coψ.

We may assume in the sequel that the measure space (T ,T , µ) is complete.
Then Gcoψ, the graph of coψ, belongs to the product σ -algebra T ⊗ B(Y).
Indeed, it is plain that for each y∗ ∈ Y∗ the function y , supy∗ coψ(t) is
the pointwise supremum of the measurable functions y∗fn, n = 1,2, . . . . Thus
the function t , supy∗ coψ(t) is measurable for each y∗ ∈ Y∗. According to
Castaing and Valadier (1977, p.84, Theorem III.37 and the remark at the end of
p. 73), this implies that Gcoψ ∈ T ⊗B(Y), since the Banach space Y is separable,
since coψ has weakly compact values, and since (T ,T , µ) is complete.

Now let L1(µ, Y) be the Banach space of Bochner integrable functions from
(T ,T , µ) into Y and let

S1
coψ = {f ∈ L1(µ, Y) : f is an (almost everywhere) selection of coψ} .

Since coψ is integrably bounded and has weakly compact values, using Diestel
et al. (1993, Corollary 2.6) again, it follows that S1

coψ is weakly relatively compact
in L1(µ, Y). Evidently S1

coψ is a norm-closed subset of L1(µ, Y). (To see this, use
the fact that if a sequence in L1(µ, Y) norm-converges to some element h of this
space, then some subsequence converges to h pointwise almost everywhere in
the norm of Y .) It is also evident that S1

coψ is convex. Consequently S1
coψ is

a weakly closed subset of L1(µ, Y), and it follows that S1
coψ is in fact weakly

compact in L1(µ, Y).
Now L1(µ, Y) is naturally identifiable as a closed subspace of L1(µ,X), and

since fn ∈ L1(µ, Y) for each n by construction and fn → f weakly in L1(µ,X),
it follows that f ∈ L1(µ, Y). In particular, fn → f weakly in L1(µ, Y). Also by
construction, fn ∈ S1

coψ for each n, and since S1
coψ is weakly closed in L1(µ, Y)

it follows that f ∈ S1
coψ. Let

H =
{
h ∈ S1

coψ :
∫
T
f dµ =

∫
T
hdµ

}
.

Evidently H is convex. In addition, H is weakly compact in L1(µ, Y) since S1
coψ is

and since the operator h ,
∫
T hdµ from L1(µ, Y) to Y is continuous for the

weak topologies of these spaces. Consequently H has an extreme point, say h.
We claim that h is an extreme point of S1

coψ, too. For suppose otherwise. Then
there is an h1 ∈ L1(µ, Y) with h1 6= 0 such that h + h1 ∈ S1

coψ as well as
h − h1 ∈ S1

coψ. By Lemma 5, there is a g ∈ L∞(µ) such that
∫
T gh1 dµ = 0 but

13



‖gh1‖1 > 0. In particular, then,
∫
T h+gh1 dµ =

∫
T h−gh1 dµ =

∫
T hdµ. Clearly

we may assume that ‖g‖∞ ≤ 1. Then h+gh1 ∈ S1
coψ as well as h−gh1 ∈ S1

coψ.7

It follows that both h + gh1 ∈ H and h − gh1 ∈ H. But this is impossible
because h was chosen to be an extreme point of H and gh1 6= 0. Thus h must
be an extreme point of S1

coψ as claimed.
Recall that Y is a separable Banach space and that we have assumed (T ,T , µ)

to be complete. Thus a function h : T → Y is strongly measurable if and only if
it is T -B(Y)-measurable. In particular, since the correspondence coψ : T → 2Y

is integrably bounded, every T -B(Y)-measurable selection of coψ is Bochner
integrable. Hence, in view of Lemma 6, since Gcoψ ∈ T ⊗ B(Y), the fact that h
is an extreme point of S1

coψ implies that for almost all t ∈ T , h(t) is an extreme
point of coψ(t). Now as noted above, ψ(t) is a weakly compact subset of Y , so
all extreme points of coψ(t) are elements of ψ(t). Consequently h(t) ∈ ψ(t)
for almost all t ∈ T . By construction, ψ(t ⊂ φ(t) for almost all t ∈ T , and
it follows that h ∈ S1

φ. Also by construction,
∫
T hdµ =

∫
T f dµ = x, and thus

x ∈
∫
T φdµ as was to be shown. This completes the proof of (ii)⇒(i).

not(ii)⇒not(i): See the proof of Theorem 1 not(ii)⇒not(i). The correspondence
constructed there evidently has weakly compact values (in fact norm-compact
values) and is integrably bounded, this latter property following from the fact
that if f : T → X is Bochner integrable, then

∫
T‖f(t)‖ dµ(t) < ∞. (Actually, the

correspondence in the proof of Theorem 1 not(ii)⇒not(i) can be constructed so
as to have a measurable graph for the completion of (T ,T , µ); see the remark
following that proof.)

5 The Gelfand integrable setting

In this section we will treat the Gelfand integral of correspondences taking val-
ues in a dual Banach space. Accordingly, from now on some change of notation
will be in force.
Notation. If X is a Banach space and f a Gelfand integrable mapping from a
finite measure space (T ,T , µ) to X∗, then

∫
E f dµ means the Gelfand integral of

f over E ∈ T . Similarly, if φ : T → 2X
∗

is a correspondence,
∫
T φdµ means the

Gelfand integral of φ, i.e. the set{∫
T
f dµ : f is a Gelfand integrable (almost everywhere) selection of φ

}
.

Given a finite measure space (T ,T , µ) and a Banach space X, recall that a
mapping f : T → X∗ is Gelfand integrable if and only if xf ∈ L1(µ) for all x ∈ X.
Note also that if f : T → X∗ is Gelfand integrable then so is the function gf for

7Note that if h(t) ∈ coψ(t) and both h(t)+h1(t) ∈ coψ(t) and h(t)−h1(t) ∈ coψ(t), then
for any number α with 0 ≤ |α| ≤ 1 (and not just for α with 0 ≤ α ≤ 1), h(t)+αh1(t) ∈ coψ(t)
as well as h(t)−αh1(t) ∈ coψ(t).
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each g ∈ L∞(µ); in particular g ,
∫
T gf dµ is a well defined linear operator

from L∞(µ) to X∗.
In the sequel, (X∗,weak∗) means X∗ in its weak∗-topology. Here are the

results for the Gelfand integrable setting.

Theorem 3. Let (T ,T , µ) be a finite measure space and X a separable infinite
dimensional Banach space. Then the following are equivalent.

(i)
∫
Tφdµ is convex for every correspondence φ : T→ 2X

∗
.

(ii) The measure µ is super-atomless.

Theorem 4. Let (T ,T , µ) be a finite measure space and X a separable infinite
dimensional Banach space. Then the following are equivalent.

(i)
∫
T φdµ is convex and weak∗-compact for every correspondence φ : T → 2X

∗

which has weak∗-compact values, is integrably bounded, and has the prop-
erty that Gφ ∈ Tµ⊗B(X∗,weak∗), where Tµ denotes the µ-completion of T .

(ii) The measure µ is super-atomless.

The proofs will appear after the following remark.

Remark. (a) The conditions required forφ in (i) of Theorem 4 actually guarantee
that

∫
T φdµ is non-empty. In fact, since X is separable, (X∗,weak∗) is a Suslin

space (see the proof of that theorem below). Therefore, if the graph ofφ belongs
to Tµ ⊗ B(X∗,weak∗), then φ has a Tµ-B(X∗,weak∗)-measurable selection (see
Castaing and Valadier, 1977, Theorem III.22, p. 74). Evidently such a selection is
Gelfand integrable if φ is integrably bounded.

(b) Theorems 3 and 4 generalize corresponding results of Sun (1997); cf. the
remark following the statement of Theorem 2 above.

Preparing the proofs of Theorems 3 and 4, we state two lemmata.

Lemma 7. Let (T ,T , µ) be a finite measure space, let X be a separable Banach
space, and let R : L∞(µ) → X∗ be a linear operator which is continuous for the
weak∗- topology of L∞(µ) and the weak∗-topology of X∗. Let E ∈ T and suppose
L1
E(µ) is non-separable. Then R is not one-to-one on L∞

E (µ).

Proof. Recall that a weak∗-compact subset of the dual of a separable Banach
space is weak∗-metrizable, and consequently weak∗-separable. With this fact,
the proof goes as that of Lemma 1, but now working with the weak∗ topology
of X∗ (instead with the weak topology of X).

Lemma 8. Let X be a separable Banach space, (T ,T , µ) a finite measure space,
and f : T → X∗ a Gelfand integrable function. Suppose µ is super-atomless. Then
the set

{∫
E f dµ : E ∈ T

}
is a convex subset of X∗.
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Proof. The proof of Lemma 2 applies, modulo the following modifications.
- Skip the first paragraph of that proof.
- The integral that matters is now understood as the Gelfand integral.
- The operator R given by Rg =

∫
T gf dµ is now an operator taking values in X∗;

substitute X by X∗ and x by x∗ in its discussion in the proof of Lemma 2 to see
that it is continuous for the weak∗-topology of L∞(µ) and the weak∗-topology
of X∗.
- Replace the appeal to Lemma 1 by an appeal to Lemma 7.

Proof of Theorem 3. (ii)⇒(i): If (ii) holds, then by Lemma 8 and an argument
analogous to that of the proof of Lemma 3, given any two Gelfand integrable
functions f1 and f2 from T to X∗, and any real number 0 < α < 1, there is an
E ∈ T such that α

∫
T f1 dµ + (1 − α)

∫
T f2 dµ =

∫
E f1 dµ +

∫
TØE f2 dµ. From this,

(i) follows.
not(ii)⇒not(i): First note the following two facts. (a) If a function h : T → X∗

is Bochner integrable, then it is also Gelfand integrable and for any E ∈ T , the
Gelfand integral of h over E coincides with the Bochner integral of h over E.
(b) If a function h : T → X∗ is Gelfand integrable then, since X is separable, i.e.
contains a countable set separating the points of X∗, the set {t ∈ T : h(t) = 0}
belongs to the µ-completion of T .

Now suppose that the measure space (T ,T , µ) is not super-atomless, or,
equivalently by the Fact stated in Section 3, that there is an E ∈ T with µ(E) > 0
such that L1

E(µ) is separable. Following the proof of Theorem 1 not(ii)⇒not(i),
let f : T → X∗ be a Bochner integrable function chosen according to Lemma 4,
and let φ : T → 2X

∗
be the correspondence given by φ(t) = {f(t)} ∪ {0}, t ∈ T .

Then by the proof of Theorem 1 not(ii)⇒not(i), the Bochner integral of φ is non-
convex. By (a) of the previous paragraph, the Bochner integral of φ is included
in the Gelfand integral of φ. Using (b), we see that if h is any Gelfand integrable
selection of φ, then for some F ∈ T , h(t) = 1F(t)f (t) for almost all t ∈ T , and
thus h is actually Bochner integrable; in particular, again from (a), the Gelfand
integral of h coincides with the Bochner integral of h. Hence the Gelfand integral
of φ is included in the Bochner integral of φ. Thus both these integrals of φ
coincide, and we conclude that the Gelfand integral of φ is non-convex.

The next lemma prepares the proof of Theorem 4. It is the analogue of
Lemma 5 for the Gelfand integrable setting now under discussion.

Lemma 9. Let (T ,T , µ) be a finite measure, let X be a separable Banach space,
and let h : T → X∗ be a Gelfand integrable function. Suppose µ is super-atomless,
and that h is not equal to zero almost everywhere, i.e. the set {t ∈ T : h(t) 6= 0)}
is not a null set. Then there exists a g ∈ L∞(µ) such that

∫
T ghdµ = 0 but gh is

not equal to zero almost everywhere.

Proof. By Lemma 8 and the hypothesis on the measure space (T ,T , µ), there is
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an F ∈ T such that
∫
F hdµ = 1

2

∫
T hdµ. Set g = 1

21T − 1F . Then∫
T
ghdµ = 1

2

∫
T
hdµ −

∫
F
hdµ = 0 ,

and since |g(t)| = 1
2 for all t ∈ T and, by hypothesis, the set {t ∈ T : h(t) 6= 0}

is not a null-set, the set {t ∈ T : g(t)h(t 6= 0)} is not a null-set either.

Proof of Theorem 4. (ii)⇒(i): Note first that since X is separable by hypothesis,
(X∗,weak∗) is a Suslin space. Indeed, since X is separable, the closed unit ball
of X∗ is weak∗-metrizable in addition to being weak∗-compact. Thus (X∗,weak∗)
is the countable union of subsets that are Suslin in their subspace topology.
According to Schwartz (1973, p. 96, Theorem 3), this implies that (X∗,weak∗),
being a Hausdorff space, is Suslin.

Now let φ : T → 2X
∗

by a correspondence satisfying the properties listed
in (i) of the theorem. We may assume in the following that the measure space
(T ,T , µ) is complete. Then, in particular, Gφ ∈ T ⊗ B(X∗,weak∗). Consider
the correspondence co∗φ : T → 2X

∗
(defined in the usual way pointwise by(

co∗φ
)
(t) = co∗φ(t)). To collect some facts about this latter correspondence

that are needed in the sequel, observe first that co∗φ has weak∗-compact values
and is integrably bounded since φ has these properties. Now for each x ∈ X,
define functions πx : T → R and πx : T → R by

πx(t) = supx co∗φ(t) and πx(t) = infx co∗φ(t), t ∈ T .

Evidently we have πx(t) = supxφ(t) and πx(t) = infxφ(t) for each x ∈ X
and each t ∈ T . Hence, because Gφ ∈ T ⊗ B(X∗,weak∗) and (X∗,weak∗) is
a Suslin space, the functions πx and πx are T -measurable for each x ∈ X
(see Castaing and Valadier, 1977, Lemma III.39, p.86, and recall that (T ,T , µ)
is assumed to be complete). In particular, then, since the correspondence co∗φ
is integrably bounded, the functions πx and πx , x ∈ X, are integrable as may
readily be seen. Thus these function determine elements of L1(µ). Since the
correspondence co∗φ has weak∗-compact values and again since (X∗,weak∗)
is a Suslin space, the fact that for each x ∈ X the function πx is T -measurable
also implies that Gco∗φ ∈ T ⊗ B(X∗,weak∗) (see Castaing and Valadier, 1977,
Theorem III.37, p. 84).

Now let L1,∗(µ,X∗) denote the vector space of all µ-equivalence classes of
Gelfand integrable functions f : T → X∗. Further, with L∞(µ) ⊗ X denoting the
algebraic tensor product of L∞(µ) and X, let L∞(µ)⊗̂X be the Banach space that
results by completing L∞(µ) ⊗ X when L∞(µ) ⊗ X is equipped with the great-
est reasonable crossnorm.8 As we will now show, L1,∗(µ,X∗) can be naturally
identified with a subspace of (L∞(µ)⊗̂X)∗.9

8See Diestel and Uhl (1977, Chapter VIII) for the definition of “greatest reasonable cross-
norm” and for general material about tensor products of Banach spaces.

9“Subspace” does not necessarily mean “closed subspace.”
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To see this, let B(L∞(µ),X) denote the Banach space of bounded bilinear
real-valued functions on L∞(µ) × X, the norm of u ∈ B(L∞(µ),X) being given
by ‖u‖B = sup

{
|u(g,x)| : g ∈ L∞(µ), x ∈ X,‖g‖∞ ≤ 1,‖x‖ ≤ 1

}
. (“Bilinear” for

a function u on L∞(µ) × X means u(·, x) is linear on L∞(µ) for each fixed
x ∈ X and u(g, ·) is linear on X for each fixed g ∈ L∞(µ) ; “bounded” means
‖u‖B < ∞ for the just noted norm ‖u‖B .) According to Diestel and Uhl (1977,
Theorem VIII.2.1, p. 230), (L∞(µ)⊗̂X)∗ with the dual norm can be identified with
B(L∞(µ),X) by a linear isometry such that, in a natural way, u ∈ (L∞(µ)⊗̂X)∗
corresponds to ũ ∈ B(L∞(µ),X) if and only if u(g ⊗ x) = ũ(g,x) for each
(g,x) ∈ L∞(µ)×X. From now on, this identification will be in force. In particular,
we may speak of a u ∈ (L∞(µ)⊗̂X)∗ as a bilinear function on L∞(µ) × X and
denote its value at g ⊗ x simply by u(g,x).

Now let f : T → X∗ be a Gelfand integrable function. Evidently the mapping
(g,x) ,

∫
T gxf dµ, g ∈ L∞(µ), x ∈ X, is a bilinear function on L∞(µ) × X.

We claim that this function is bounded. To see this, recall from the proof of
Lemma 8 that the operator g ,

∫
T gf dµ from L∞(µ) to X∗ is continuous

for the weak∗-topologies of L∞(µ) and X∗. Therefore, since the closed unit
ball in L∞(µ) is weak∗-compact, the set

{∫
T gf dµ : g ∈ L∞(µ),‖g‖∞ ≤ 1

}
is a

weak∗-compact subset of X∗ and hence norm bounded. Consequently, the set{∣∣x ∫
T gf dµ

∣∣ : g ∈ L∞(µ), x ∈ X,‖g‖∞ ≤ 1,‖x‖ ≤ 1
}

is bounded, or, in other
words, sup

{∣∣∫
T gxf dµ

∣∣ : g ∈ L∞(µ), x ∈ X,‖g‖∞ ≤ 1,‖x‖ ≤ 1
}
<∞.

Clearly if f and f ′ are any two Gelfand integrable functions from T into X∗

such that f(t) = f ′(t) for almost all t ∈ T , then f and f ′ define the same
bilinear function on L∞(µ) × X. On the other hand, since X is separable by
hypothesis, if such functions f and f ′ do not agree on the complement of some
null set, then they define different bilinear functions on L∞(µ) × X. Indeed, if∫
T 1Exf dµ =

∫
T 1Exf ′ dµ for all E ∈ T and all x ∈ X, then for each x ∈ X,

xf(t) = xf ′(t) for almost all t ∈ T , which, since X is separable, implies that
f(t) = f ′(t) for almost all t ∈ T .

Finally, it is clear that if f and f ′ are any two Gelfand integrable functions
from T into X∗, and α and β any two real numbers, then for all g ∈ L∞(µ) and
all x ∈ X,

∫
T gx(αf + βf ′)dµ = α

∫
T gxf dµ + β

∫
T gxf ′ dµ.

Thus, by the facts just noted, identifying each Gelfand integrable function
f : T → X∗ with the bilinear function (g,x) ,

∫
T gxf dµ on L∞(µ) × X, we

have a one-to-one linear mapping from L1,∗(µ,X) to (L∞(µ)⊗̂X)∗. Henceforth,
L1,∗(µ,X) will be identified with its image in (L∞(µ)⊗̂X)∗ under this mapping.
In particular, then, for any g ∈ L∞(µ) and x ∈ X, the value of f ∈ L1,∗(µ,X)
taken at g ⊗ x is given by

∫
T gxf dµ, and will be denoted in this way.

Note for the sequel that if a net (uα) in (L∞(µ)⊗̂X)∗ is weak∗-convergent
to some u ∈ (L∞(µ)⊗̂X)∗ then, under the natural identification of (L∞(µ)⊗̂X)∗
with B(L∞(µ),X), we have uα(g,x) → u(g,x) for each (g,x) ∈ L∞(µ) × X.
In particular, we may see that the linear operator f ,

∫
T f dµ from L1,∗(µ,X∗)
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to X∗ is continuous for the weak∗-topology of X∗ and the restriction of the
weak∗-topology of (L∞(µ)⊗̂X)∗ to L1,∗(µ,X∗). For if (fα) is a net in L1,∗(µ,X∗),
weak∗-converging in (L∞(µ)⊗̂X)∗ to some f ∈ L1,∗(µ,X∗), then the net (fα)
must converge to f in particular at each point of L∞(µ) × X that has the form
(1T , x). Thus

x
∫
T
fα dµ =

∫
T
xfα dµ =

∫
T

1Txfα dµ →
∫
T

1Txf dµ = x
∫
T
f dµ

for each x ∈ X whence
∫
T fα dµ →

∫
T f dµ weak∗ in X∗.

Now let

S1,∗
co∗φ = {f ∈ L1,∗(µ,X∗) : f is a (µ-equivalence class of a) selection of co∗φ} .

Obviously S1,∗
co∗φ is a convex subset of L1,∗(µ,X), and hence of (L∞(µ)⊗̂X)∗.

Also, S1,∗
co∗φ is a norm-bounded subset of (L∞(µ)⊗̂X)∗. Indeed, as noted above,

the correspondence co∗φ is integrably bounded. That is, we can select an in-
tegrable function ρ : T → R+ such that sup{‖x∗‖ : x∗ ∈ co∗φ(t)} ≤ ρ(t) for
almost all t ∈ T . Then for any f ∈ S1,∗

co∗φ, g ∈ L∞(µ), and x ∈ X, with ‖g‖∞ ≤ 1
and ‖x‖ ≤ 1,∣∣∣∣∫

T
gxf dµ

∣∣∣∣ ≤
∫
T

∣∣g(t)xf(t)∣∣ dµ(t) ≤ ‖g‖∞‖x‖
∫
T

‖f(t)‖ dµ(t) ≤
∫
T
ρ dµ ,

showing that ‖f‖B ≤
∫
T ρ dµ < ∞ for each f ∈ S1,∗

co∗φ. Thus, as claimed, S1,∗
co∗φ is

norm-bounded in (L∞(µ)⊗̂X)∗, since (L∞(µ)⊗̂X)∗ is isometrically isomorphic
to B(L∞(µ),X).

We are going to show that S1,∗
co∗φ is also a weak∗-closed subset of (L∞(µ)⊗̂X)∗.

To this end, suppose (fα) is a net in S1,∗
co∗φ, weak∗-converging in (L∞(µ)⊗̂X)∗) to

some u ∈ (L∞(µ)⊗̂X)∗. We must show that u = f for some f ∈ S1,∗
co∗φ. Note for

the sequel that u being a bounded bilinear function on L∞(µ) × X implies that
for any g ∈ L∞(µ), u(g, ·) ∈ X∗ and for any x ∈ X, u(·, x) ∈ L∞(µ)∗. (To see
this, note simply that |u(g,x)| ≤ ‖u‖B‖g‖∞‖x‖ for any g ∈ L∞(µ) and x ∈ X.)

We claim that, in the present context, for each x ∈ X, u(·, x) must actually
belong to L1(µ). To see this, fix any x ∈ X. Since fα → u weak∗ in (L∞(µ)⊗̂X)∗,
for each g ∈ L∞(µ) we have

∫
T gxfα dµ → u(g,x). That is, xfα → u(·, x) weak∗

in L∞(µ)∗. Now by the construction in the second paragraph of this proof,
for each α, xfα is an element the order interval [πx, πx] in L1(µ). Observ-
ing that [πx, πx], when viewed as a subset of L∞(µ)∗, is a weak∗-closed subset
of L∞(µ)∗, it follows that u(·, x) ∈ [πx, πx] and thus u(·, x) can indeed be
represented by an element of L1(µ).

We write hx for the element of L1(µ) representing u(·, x). Note that, by
bilinearity of u, the mapping from X to L1(µ) that takes x to hx is linear and
that for each x ∈ X, πx(t) ≤ hx(t) ≤ πx(t) for almost all t ∈ T .

Denote by L1(µ) the vector space of all integrable functions on (T ,T , µ)
(different functions agreeing almost everywhere not being identified) and let
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ρ : L1(µ) → L1(µ) be a linear lifting of L1(µ); that is, ρ is a linear mapping and
for each h ∈ L1(µ), ρ(h) is a version of h, i.e. the µ-equivalence class of ρ(h)
is h. (Such a mapping ρ can be constructed by taking an arbitrary algebraic basis
of L1(µ) and assigning to each element of this basis one of its versions. We do
of course not claim that ρ is positive or multiplicative.)

Define a mapping λ : T ×X → R by setting

λ(t, x) = ρ(hx)(t).

Then for each x ∈ X, λ(·, x) is a version of hx . Also, since the mapping x , hx
is linear, so is the mapping x → ρ(hx), and hence λ(t, ·) is a linear functional
on X for each t ∈ T .

By the hypothesis that X is separable, select a countable dense subset D of
X and let Dr be the set of all (finite) linear combinations of elements of D such
that the coefficients are rational. Thus Dr is countable, and it follows that we
can fix a null set N in T such that for each t ∈ T ØN, πd(t) ≤ λ(t, d) ≤ πd(t)
for all d ∈ Dr . Let Z be the linear span of Dr . Then Dr is dense in Z , and since
co∗φ(t) is a weak∗-compact subset of X∗ for each t ∈ T , it follows that for
each t ∈ T ØN, πz(t) ≤ λ(t, z) ≤ πz(t) for all z ∈ Z . But this implies that
for each t ∈ T ØN, the linear functional λ(t, ·) is bounded on B ∩ Z , where B
denotes the closed unit ball of X. (Indeed, otherwise there would be sequence
(zn) in B ∩ Z with ‖zn‖ → 0 but such that λ(t, zn) = 1 for all n. But this is
impossible if πzn(t) ≤ λ(t, zn) ≤ πzn(t), because by weak∗-compactness of
co∗φ(t), ‖zn‖ → 0 entails πzn(t)→ 0 as well as πzn(t)→ 0.)

It follows that for each t ∈ T ØN there is a uniquely determined element
x∗(t) ∈ X∗ such that x∗(t)z = λ(t, z) for all z ∈ Z . Let f : T → X∗ be the
function defined by setting f(t) = x∗(t) for t ∈ T ØN and f(t) = 0 for t ∈ N.
Then for almost all t ∈ T , πz(t) ≤ f(t)z ≤ πz(t) for all z ∈ Z . Because Z is
dense in X and co∗φ(t) is a weak∗-compact subset of X∗, we must have, in fact,
πx(t) ≤ f(t)x ≤ πx(t) for almost all t ∈ T and all x ∈ X. Consequently,
xf ∈ L1(µ) for all x ∈ X and, by the Hahn-Banach theorem, f(t) ∈ co∗φ(t) for
almost all t ∈ T . Thus f is a Gelfand integrable selection of co∗φ, i.e. determines
an element of S1,∗

co∗φ.

Now by construction, for each z ∈ Z , f(t)z = λ(t, z) for almost all t ∈ T
and λ(·, z) is a version of hz. It follows that

∫
T gzf dµ =

∫
T ghz dµ = u(g, z)

for each g ∈ L∞(µ) and each z ∈ Z . In particular, for each fixed g ∈ L∞(µ),
the two elements

∫
T gf dµ and u(g, ·) of X∗ agree on the dense subspace Z

of X. Thus they must agree on the entire space X. Consequently u = f (as
elements of B(L∞(µ),X) ≡ (L∞(µ)⊗̂X)∗), and thus we have shown that S1,∗

co∗φ is

a weak∗-closed subset of (L∞(µ)⊗̂X)∗. As remarked above, S1,∗
co∗φ is convex and

norm-bounded in (L∞(µ)⊗̂X)∗, and we conclude that S1,∗
co∗φ is, in fact, a convex

weak∗-compact subset of (L∞(µ)⊗̂X)∗.
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Now suppose f ∈ S1,∗
co∗φ. Let

H =
{
h ∈ S1,∗

co∗φ :
∫
T
f dµ =

∫
T
hdµ

}
.

As seen above, the linear operator f ,
∫
T f dµ from L1,∗(µ,X∗) to X∗ is contin-

uous for the (restricted) weak∗-topology of (L∞(µ)⊗̂X)∗ and the weak∗-topology
of X∗. Hence, since the subset S1,∗

co∗φ of L1,∗(µ,X∗) is a convex weak∗-compact

subset of (L∞(µ)⊗̂X)∗, so is H. Thus H has an extreme point, say h. Arguing
as in the corresponding passage of the proof of Theorem 2, modulo now in-
voking Lemma 9 instead of Lemma 5, we see that h must be an extreme point
of S1,∗

co∗φ, too. Now because (X∗,weak∗) is a Suslin space, and since the mea-
sure space (T ,T , µ) is complete, a function h : T → X∗ is Gelfand measurable
if and only if it is T -B(X∗,weak∗)-measurable (see e.g. Thomas, 1975, Theo-
rem 1). In particular, since the correspondence co∗φ is integrably bounded, any
T -B(X∗,weak∗)-measurable selection of co∗φ is Gelfand integrable. Therefore
by Lemma 6, since Gφ ∈ T ⊗B(X∗,weak∗), the fact that h is an extreme point of
S1,∗

co∗φ means that h(t) is an extreme point of co∗φ(t) for almost all t ∈ T . Since

φ(t) is a weak∗-compact subset of X∗, it follows from this that h(t) ∈ φ(t) for
almost all t ∈ T . Thus we have shown that given f ∈ S1,∗

co∗φ there is a Gelfand
integrable selection h of φ such that

∫
T f dµ =

∫
T hdµ. In other words,{∫

T
f dµ : f ∈ S1,∗

co∗φ

}
⊂

∫
T
φdµ .

Obviously, the reverse inclusion holds too, and by the fact that S1,∗
co∗φ is convex

and weak∗-compact in (L∞(µ)⊗̂X)∗, in conjunction with the above noted con-
tinuity properties of the linear operator f ,

∫
T f dµ, we conclude that

∫
T φdµ

is a convex and weak∗-compact subset of X∗. Thus (ii)⇒(i) of the theorem is
proved.

not(ii)⇒not(i): See the proof of Theorem 3 not(ii)⇒not(i) and observe that
given a Bochner integrable function f : T → X∗, the correspondence φ : T → 2X

∗

defined byφ(t) = {f(t)}∪{0}, t ∈ T , trivially has weak∗-compact values (in fact
norm-compact values) and is integrably bounded (since Bochner integrability
of f implies

∫
T‖f(t)‖ dµ(t) < ∞). Moreover, choosing any countable subset

{d1, d2, . . . } of X separating the points of X∗ (which is possible by hypothesis),
we have Gφ =

(
T ×{0}

)
∪

⋂∞
i=1

{
(t, x∗) ∈ T ×X∗ : x∗di = f(t)di

}
, showing that

Gφ ∈ Tµ ⊗ B(X∗,weak∗) (because Bochner integrability of f : T → X∗ implies
that x∗∗f is Tµ-measurable for each x∗∗ ∈ X∗∗ and therefore, since X ⊂ X∗∗,
that xf is Tµ-measurable for each x ∈ X).
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6 An extension of Lebesgue measure to a super-atomless
measure

Let [0,1] denote the closed unit interval in R, let λ denote Lebesgue measure on
[0,1], and let Λ denote the σ -algebra of Lebesgue measurable subsets of [0,1].
Fix any cardinal κ with ℵ1 ≤ κ ≤ 2c and let νκ be the usual measure on the
product {0,1}κ . Let γ be the product measure on {0,1}κ × [0,1] corresponding
to νκ and λ. According to Fremlin (2002, p. 161, Exercise 334X(g)), the measure
algebra of γ is Maharam homogeneous with Maharam type κ. Now by the proof
of Proposition 521P(b) in Fremlin (2005)10 there is a subset C of {0,1}κ × [0,1]
such that the following hold: First, C has full outer measure for γ; in particular,
the measure algebra of γ can be identified with the measure algebra of γC ,
where γC denotes the subspace measure on C induced by γ. Thus the measure
algebra of γC is Maharam homogeneous with Maharam type κ. Second, denoting
by π the projection of {0,1}κ × [0,1] onto [0,1] and by πC its restriction to C ,
πC is an injective mapping from C into [0,1]. Now let ΓC be the σ -algebra of
γC -measurable subsets of C , let T be the σ -algebra on [0,1] defined by

T = {A ⊂ [0,1] : π−1
C (A) ∈ ΓC},

and let µ be the measure on
(
[0,1],T

)
given by µ(A) = γC

(
π−1
C (A)

)
for A ∈ T .

Then since πC is injective, πC induces an isomorphism between the measure
algebras of µ and γC . Thus the measure algebra of µ is Maharam homogeneous
with Maharam type κ. In particular, the measure space

(
[0,1],T , µ

)
is super-

atomless. Now pick any B ∈ Λ. Evidently π−1
C (B) =

(
{0,1}κ × B

)
∩ C . Hence

π−1
C (B) ∈ ΓC . In particular, B ∈ T and µ(B) = γC(π−1

C (B)). On the other hand,
since C has full outer measure for γ, we have

γC
((

{0,1}κ × B
)

∩ C
)

= γ
(
{0,1}κ × B

)
= λ(B).

Consequently µ(B) = λ(B). Thus the σ -algebra T includes the σ -algebra Λ
and the measure µ is an extension of λ to T . Note also that if κ ≤ c, then
cardL∞(µ) = c. Indeed, being Maharam homogeneous with Maharam type κ, the
measure algebra of µ is isomorphic to the measure algebra of νκ . Consequently
the spaces L∞(µ) and L∞(νκ) are isomorphic. But cardL∞(νκ) = c for κ ≤ c,
because each element of L∞(νκ) has a version that depends on only countably
many coordinates.

10In regard to the applicability of the arguments in that proof to the context here, note that
by the Hewitt-Marczewski-Pondiczerny theorem (see e.g. Hodel, 1984, Theorem 11.2, p. 42),
{0,1}κ with the product topology corresponding to the discrete topology of {0,1} has a dense
subset of cardinality c for any cardinal κ with ℵ0 ≤ κ ≤ 2c.

22



References

Aumann, R. J. (1964): “Markets with a Continuum of Traders,” Econometrica, 32,
39–50.

——— (1965): “Integrals of Set-Valued Functions,” Journal of Mathematical Anal-
ysis and Applications, 12, 1–12.

——— (1966): “Existence of a Competitive Equilibrium in Markets with a Contin-
uum of Traders,” Econometrica, 34, 1–12.

Castaing, C. and M. Valadier (1977): Convex Analysis and Measurable Multi-
functions, vol. 580 of Lect. Notes Math, New York: Springer-Verlag.

Diestel, J., W. M. Ruess, and W. Schachermayer (1993): “Weak compactness
in L1(µ,X),” Proceedings of the American Mathematical Society, 118, 447–453.

Diestel, J. and J. J. Uhl, Jr. (1977): Vector Measures, vol. 15 of Mathematical
Surveys and Monographs, Providence, Rhode Island: American Mathematical
Society.

Fremlin, D. H. (2002): Measure Theory, vol. 3: Measure Algebras, Colchester:
Torres Fremlin.

——— (2005): Measure Theory, vol. 5: Set-Theoretic Measure Theory, preliminary
version 8.5.03/8.6.05; available, modulo possible change of the version, at the
following url:
http://www.essex.ac.uk/maths/staff/fremlin/mt.htm.

Hildenbrand, W. (1974): Core and Equilibria of a Large Economy, Princeton,
New Jersey: Princeton University Press.

Hodel, R. (1984): “Cardinal Functions I,” in Handbook of Set-Theoretic Topology,
ed. by K. Kunen and J. E. Vaughan, Amsterdam: North-Holland, chap. 1.

Jin, R. and H. J. Keisler (2000): “Maharam Spectra of Loeb Spaces,” The Journal
of Symbolic Logic, 65, 550–566.

Keisler, H. J. and Y. Sun (2002): “Loeb measures and Borel algebras,” in Reunit-
ing the Antipodes—Constructive and Nonstandard Views of the Continuum.
Proceedings of the Symposion in San Servolo/Venice, Italy, ed. by U. Berger,
H. Osswald, and P. Schuster, Kluwer, 111–118.

Richter, H. (1963): “Verallgemeinerung eines in der Statistik benötigten Satzes
der Masstheorie,” Mathematische Annalen, 150, 85–90.

Rosenthal, H. P. (1970): “On Injective Banach Spaces and the Spaces L∞(µ) for
Finite Measures µ,” Acta Mathematica, 124, 205–248.

23



Rustichini, A. and N. C. Yannelis (1991): “What is Perfect Competition?” in
Equilibrium Theory in Infinite Dimensional Spaces, ed. by Khan, M. Ali and
N. C. Yannelis, New York: Springer-Verlag.

Schwartz, L. (1973): Radon Measures on Arbitrary Topological Spaces and
Cylindrical Measures, Oxford: Oxford University Press.

Sun, Y. (1997): “Integration of Correspondences on Loeb Spaces,” Transactions
of the American Mathematical Society, 349, 129–153.

Thomas, G. E. F. (1975): “Integration of Functions with Values in Locally Convex
Suslin Spaces,” Transactions of the American Mathematical Society, 212, 61–
81.

Yannelis, N. C. (1991): “Integration of Banach-Valued Correspondences,” in
Equilibrium Theory in Infinite Dimensional Spaces, ed. by Khan, M. Ali and
N. C. Yannelis, New York: Springer-Verlag, 2–35.

24


