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Abstract

We characterize the class of finite measure spaces (T, T, i) which guar-
antee that for a correspondence ¢ from (T, T , 1) to a general Banach space
the Bochner integral of ¢ is convex. In addition, it is shown that if ¢ has
weakly compact values and is integrably bounded, then, for this class of
measure spaces, the Bochner integral of ¢ is weakly compact, too. Analo-
gous results are provided with regard to the Gelfand integral of correspon-
dences taking values in the dual of a separable Banach space, with “weakly
compact” replaced by “weak "=dompact.” The crucial condition on the mea-
sure space (T, T,u) concerns its measure algebra and is consistent with
having T = [0, 1] and p to be an extension of Lebesgue measure.

1 Introduction

Recall that a correspondence from a set A to a set B is a set-valued mapping, i.e.
a mapping from A to 2B. Classical results due to Richter (1963) and Aumann
(1965) state that if ¢ is a correspondence from an atomless measure space to R
then the integral of ¢ (defined as the set of integrals of all integrable selections)
is convex and, if @ is integrably bounded?! and has closed values, also compact.
These results are of substantial importance in economic theory and have found
numerous applications (see e.g.Aumann (1966) or Hildenbrand (1974)).

There are question in economic theory for which an infinite dimensional ver-
sion of the results of Richter (1963) and Aumann (1965) would be appropriate;
e.g., question regarding the existence of competitive equilibria in models with
an atomless measure space of agents and an infinite dimensional commodity
space, or questions regarding the existence of pure strategy Nash equilibria in
games with an atomless measure space of players and an infinite action set (see
e.g. Rustichini and Yannelis, 1991).

“Fhanks to Erik Balder, Egbert Dierker, and Nicholas Yannelis for helpful discussions and
suggestions.
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1See Section 2.3 for the definition.



Unfortunately, the results of Richter (1963) and Aumann (1965) about the
integral of an R™Valued correspondence over an atomless measure space do
not generalize to correspondences with infinite dimensional range spaces. These
results are based on Liapouno [Csltheorem on the convexity of the range of an
R™~Valued atomless vector measure, and this theorem does not carry over to
infinite dimensional spaces. In fact, there is an example in Yannelis (1991) of
a correspondence from a closed interval in R endowed with Lebesgue measure
to the Banach space [>1such that the Bochner integral of this correspondence
(i.e. the set of Bochner integrals of all Bochner integrable selections) is neither
convex nor weakly compact, not even norm-closed, even though the correspon-
dence is integrably bounded and has norm-compact values.

This example shows, in particular, that non-atomicity is not a very strong
property of a measure space in the context of integration of correspondences
with infinite dimensional range spaces.

In this note we present a strengthening of non-atomicity—which we call
“super-atomless,” see Section 3 for the actual definition?—that will be shown
to be both a necessary and su [Ccieht condition on a finite measure space in
order that it is guaranteed that the Bochner integral of a correspondence to a
general Banach space is convex and, if the correspondence has weakly compact
values and is integrably bounded, also weakly compact. The class of super-
atomless finite measure spaces will be shown to also be the class of finite
measure spaces for which analogous facts—with “weakly compact” replaced by
“weak "-=dompact”—are guaranteed to hold for the Gelfand integral of a corre-
spondence to the dual of a separable Banach space.

Previous results in this context have been established by Rustichini and
Yannelis (1991) and Sun (1997) (see (c) and (e) of the remark following the
statement of Theorem 2 below). The results of our note provide, in particular,
a simultaneous generalization of the corresponding ones of Rustichini and Yan-
nelis (1991) and Sun (1997). Also, our results will show that those of Sun (1997),
where the domain of a correspondence is assumed to be an atomless Loeb mea-
sure space, do not depend on any specific properties of a Loeb measure space
but only on the properties of its measure algebra.

We want to remark here that if a measure space (T, T , W) satisfies our condi-
tion of being super-atomless, then this does not mean that this measure space
must be extraordinarily large in terms of the cardinality of L*(u) or that of T.
In fact, we shall show, using a construction due to Fremlin (2005), that Lebesgue
measure on [0, 1] can be extended to a super-atomless measure on [0, 1]. Thus,
in regard to economic applications, if a measure space of agents in an economic
model is assumed to be super-atomless, then this is consistent with having, as
in Aumann (1964, 1966), a set of agents not larger than the continuum. (See also
(g) of the remarks following the statement of Theorem 2 below.)

2The name “super-atomless” was suggested to me by Erik Balder.



The rest of the paper is organized as follows. In Section 2 some notation and
terminology are introduced. In Section 3 the definition of “super-atomless” is
given and some equivalent properties are stated. Section 4 contains the results
and proofs concerning the Bochner integrable setting, and Section 5 those con-
cerning the Gelfand integrable setting. In Section 6 it is shown that Lebesgue
measure on [0, 1] can be extended to a super-atomless measure.

2 Notation and terminology

2.1 Measure spaces (a) The term “measure space” always means that the mea-
sure in question is non-negative. A measure space (T, T ,p) is called finite if
H(T) < oo; it is called non-trivial if u(T) & 0.

(b) Let (T, T, ) be a measure space.

— For a subset A [T]

« 1, denotes the characteristic function of A;

e Ta denotes the trace o-algebraon A, i.e. TA={AnE: E [}

e ua denotes the subspace measure on A, i.e. the measure whose domain is
Ta and whose value at F [Th is given by pa(F) = p (/) where p=i$ the
outer measure induced by . Of course, if A [T, then pa(F) = p(F) for
every F [Th.

- LY(p) denotes the Banach space of all (equivalence classes of) p-integrable
functions from T into R, endowed with its usual norm [

- L*°(n) denotes the Banach space of all (equivalence classes of) p-essentially
bounded functions from T into R, endowed with its usual norm [l

- For E [T,

. Lé(u) denotes the subspace of L1(p) consisting of the elements of L1(j)
vanishing o [E]

e LZ (1) denotes the subspace of L*(u) consisting of the elements of L™ ()
vanishing o CE]

2.2 The measure algebra of a measure space (a) Let (T, T ,) be a measure
space and let N (1) denote the o-ideal of null sets in T. The measure algebra
of (T, T, p) (or, for short, of ) is the pair (A, () given as follows:
= A is the quotient Boolean algebra T /(N (n) n T). That is, denoting by [
the equivalence relation on T given by E [CElif E CEICN (p), A is the
set of equivalence classes in T for [_cbnsidered with operations n~, 1
[T, and [ dnd a partial ordering [1hat are given in the following way:
If E°, F* [CA and E, F are any elements of T determining E* and F~,
respectively, then E® [TH* ifand only if E (W, ESn“F*=(ENF)",
and analogously for [, 17, and [ 1
e [: A - [0,0] is the functional given by I(E°) = H(E) where E is any
element of T determining E*.




(b) Let (T, T, ) be a measure space and (A, f1) its measure algebra.
— A subalgebra of A is a non-empty subset of A that is closed under _dnd 1
(and thus also under n* and )1
— A subalgebra B of A is order-closed if, with respect to [T Jany non-empty
upwards directed subset of B has its supremum in B in case the supremum is
defined in A.
— A subset A [Alis said to completely generate A if the smallest order closed
subalgebra in A containing A is A itself.
— The Maharam type of u (or of (T, T,p)) is the least cardinal number of any
subset A [CAlwhich completely generates A.
— M is said to be Maharam homogeneous if for each E [CT1 with p(E) > 0 the
Maharam type of the subspace measure L is equal to the Maharam type of p.

(c) Note that a measure space (T, T, ) is atomless if and only if for each
E 11 with p(E) > 0 the Maharam type of the subspace measure [ is infinite.
Indeed, for E [T, write (Ag, fig) for the measure algebra of pg, and note that
if u is atomless then Ag must be an infinite set for each E [Tl with p(E) > 0.
Given E [T, note that if B is a finite subset of Ag, then the subalgebra in Ag
generated by B is a finite set, and that a finite subalgebra of Ag is automatically
order closed in Ag. Thus if the Maharam type of g is finite, so is Ag. Hence if
H(E) = 0 and the Maharam type of pg is finite, then the measure p cannot be
atomless. For the other direction, note that if E is an atom of u then Ag contains
no proper subalgebra, so the Maharam type of g is zero.

2.3 Miscellany (a) When we speak of a correspondence, say ¢ from a set A
to a set B, i.e. a mapping from A to 2B, it is always understood that ¢(a) is
non-empty for every a [CAl

(b) Let (T,T,n) be a measure space, X a Banach space, and ¢@: T - 2%
a correspondence.
— ¢ is said to be integrably bounded if there is an integrable function p: T - R4
such that, denoting by B the unit ball of X, ¢@(t) [Cp{(t)B for almostall t [T1
- G denotes the graph of a ¢, i.e. the set {(t,x) [TIx X: x [C@t)}.

(c) If X is a Banach space, then X “denotes the dual space of X. For a subset
A of X or X 520 A denotes the closed convex hull of A, and for subset A of X 5
co 'A'denotes the weak "=closed convex hull of A.

(d) B(Z) denotes the Borel o-algebra of a topological space Z.

3 A strengthening of the non-atomicity condition

As noted in 2(c) of the previous section, a measure space (T, T, ) is atomless
if and only if for each E [Tl with p(E) > 0 the Maharam type of the sub-
space measure [g is infinite. Thus a natural way to strengthen the condition
that a measure space (T, T ,) be atomless is to require that for each E [Tl
with pw(E) > 0 the Maharam type of the subspace measure pg be uncountable.
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We will call a measure with this latter property super-atomless.

Definition. Let (T, T ,) be a measure space. The measure P (or the measure
space (T, T, 1)) is said to be super-atomless if for each E [T1 with p(E) > 0 the
Maharam type of the subspace measure g is uncountable.

See the remark following the statement of Theorem 2 for examples.

For sake of illustration and later reference we will collect some properties of
a finite measure space that are equivalent to being super-atomless. To this end,
recall that it is a consequence of Maharam’s theorem that if (T, T, ) is a non-
trivial atomless finite measure space, then there is a finite or countable infinite
set of distinct infinite cardinal numbers {K;: i [I}] and a corresponding parti-
tion of T into measurable subsets {Tj: i I}l such that for each i [Tlthe sub-
space measure ur; is Maharam homogeneous with Maharam type K;j; moreover,
the measure algebra of ur, is, up to renormalization of the measure, isomorphic
to the measure algebra of the usual measure on {0, 1}¥i, i.e. the product measure
on {0, 1}*i when {0, 1} is endowed with the coin flipping measure. Following Jin
and Keisler (2000), we will call the set {k;: i [T}l the Maharam spectrum of p.
For a trivial measure space (T, T, ), i.e. when [ is the zero measure, we define
the Maharam spectrum of u to be the singleton {0}.

The following fact holds.

Fact. Let (T, T, M) be a finite measure space. Then the following are equivalent.

(i) The measure p is super-atomless.
(ii) p is atomless and the Maharam spectrum of p does not contain [g.]

(iii) For every E [ with p(E) = 0, the cardinality of any set G [T such
that for any [ 0 and any F [Tk there is a G QA with p(F CG)J < []
is uncountable.

(iv) For every E [ Tlwith p(E) > 0, LE(u) is non-separable.

Proof. (i) C(il Evidently not(ii) [not(i) holds.

(i) C)Note first that if A, B 11 and A [CB] then the Maharam type of B
is at least as large as the Maharam type of A (see Fremlin, 2002, 331H(c)). Now
pick any E [Tl and suppose u(E) > 0. Let {T;: i I}l be a partition of T, chosen
according to the definition of the Maharam spectrum. Then p(E n T;) > O for
some i, and since the subspace measure pr,; is Maharam homogeneous, (ii) [{i)1
follows by what has been noted above.

(i) (i See Fremlin (2002, 323A(d)) together with Fremlin (2002, 331Y(e))
or together with Fremlin (2005, 524D), and apply the facts stated there to the
measure algebras of the subspaces (E, Tg, ug) for E [Tl

(iti) Cv): This follows because for each E [T1 the subspace measure Hg is a
finite measure by hypothesis, so the set of (equivalence classes of) characteristic
functions of measurable subsets of E belongs to Lé ().
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(iv) [(i): This follows because for each E [Tl the set of elements of L%(u)
that are (equivalence classes of) characteristic functions of measurable subsets
of E has a dense linear span in L% (). O

4 The Bochner integrable setting

Notation. In this section, if (T, T, ) is a measure space, X a Bar‘llf}ch space, and
f: T - X aBochner integrable function, then for any E [T, ¢ Tdu qh_elnotes
the Bochner integral of f over E, and if @: T - 2% is a correspondence, 1 @ du
denotes the Bochner integral of ¢, i.e. the set

(i 1

T du: F is a Bochner integrable (almost everywhere) selection of ¢
T

Our results for the Bochner integrable setting are as follows.

Theorem 1. Let (T, T, ) be a finite measure space and X an infinite dimensional
Banach space (which need not be separable). Then the following are equivalent.

(I
(i) 1 @dpis convex for every correspondence @: T - 2X.

(ii) The measure [ is super-atomless.

Theorem 2. Let (T, T, 1) be a finite measure space and X an infinite dimensional
Banach space (which need not be separable). Then the following are equivalent.

O
(i) T @du is convex and weakly compact for every correspondence @: T - 2X
which has weakly compact values and is integrably bounded.

(ii) The measure [ is super-atomless.
Some remarks are in order before the proofs will be presented.

Remarks. (a) The condition in Theorems 1 and 2 that the Banach space X be
infinite dimensional is in order for (i) [{ii)lto be true. If X is finite dimensional
then, as is well known, (i) holds if and only if (T, T, ) is atomless.

(b) Concerning (ii) [{i)YJof Theorems 1 and 2, note that it is not assumed
that a correspondence has a measurable graph. On the other hand, in the coun-
terexample that will establish not(ii) [Cndt(i), the correspondence will have this
property. Actually, when X is separable and ¢ is integrably bounded and has
H’neasurable graph (for the p-completion of (T, T, )) then, by a standard fact,
T @ dp is non-empty, regardless of whether (ii) holds or not.

(c) Theorems 1 and 2 generalize results of Sun (1997) which state that (i) of
these theorems holds if (T, T, p) is an atomless finite Loeb measure space (see
also (d), (f), and (g) below). In particular, Theorems 1 and 2 imply (by the equiva-
lence of (i) and (ii)) that an atomless finite Loeb measure space is super-atomless.



These theorems also show, by the definition of “super-atomless,” that the corre-
sponding results of Sun (1997) depend not on any special properties of a Loeb
measure space but only on the properties of its measure algebra. Of course,
the fact that an atomless finite Loeb measure space is super-atomless can be
deduced without appealing to our theorems. E.g. in Jin and Keisler (2000) it is
shown that the Maharam spectrum of an atomless finite Loeb measure space
does not contain [g,which, by the Fact stated in Section 3, means that such a
Mmeasure space is super-atomless in our terminology.

(d) Denote by cardS the cardinality of a set S, and by c the cardinality
of the continuum. There are finite measure spaces (T, T ,) such that p is
super-atomless but such that card L*(u) = ¢ (and hence also card L1(pn) =c¢
because L*(u) is norm-dense in L1(u).) One example is provided by the fact
that an atomless Loeb probability space (T, T ,) can be constructed so that
card L*() = c. For another example, let p be the usual measure on {0, 1}°, i.e.
the product measure on {0, 1}° each of whose factors is the coin flipping mea-
sure. Then it is easily seen that Lé(p) is non-separable for each p-measurable
subset E of {0, 1}° with u(E) > 0. That is, i is super-atomless by the Fact stated
in Section 3; on the other hand, cardL*(u) = c. (To see this latter property,
recall that if (I(I_FITi’ Ki))i cis a family of probability spaces and p the product
measure on i, then each element of L* () has a version depending on
only countably many coordinates.) A similar example is provided by letting u be
the product measure on [0, 1]¢ when [0, 1] is endowed with Lebesgue measure.
C.f. Rosenthal (1970, Remark following the proof of Theorem 3.5), where it is
shown that if K is any infinite cardinal and pu the product measure on [0, 1]¥
corresponding to Lebesgue measure on [0, 1], then card L= (p) = ke

(e) In Rustichini and Yannelis (1991), convexity of the Bochner integral of a
correspondence from a finite measure space (T, T , 1) to an infinite dimensional
Banach space X has been shown under the condition that for each E [Tl with
H(E) > 0, the algebraic dimension of LZ(u) (i.e. cardinality of a Hamel basis) be
larger than the algebraic dimension of X. Under the continuum hypothesis, this
condition requires (because an infinite dimensional Banach space cannot have
a countable Hamel basis) that for any E [T with p(E) > 0, cardLg (p) > c.
Theorem 1 together with the previous remark shows that such a requirement is
stronger than necessary. Also, Theorem 1 shows that a dimensional condition
on the range space X is not necessary.3

(f) There are non-trivial finite measure spaces (T, T, ) such that u is super-
atomless but card T = c. In fact, based on arguments due to Fremlin (2002,
2005), we show in Section 6 that Lebesgue measure on the unit interval [0, 1] can

3That no dimensional, or cardinality, or density condition on X appears in Theorems 1 and 2
(except for the assumption on X to be infinite dimensional, which is needed only for (i) [{iL))
reflects the fact that Bochner integrable functions are essentially separably valued. In our result
below for the Gelfand integrable setting, we require the range space of a correspondence to be
the dual of a separable Banach space.



be “enriched” so that the resulting measure is super-atomless. More precisely,
we show there is a o-algebra T on [0, 1] and a super-atomless measure (4 with
domain T such that, writing A for the domain of Lebesgue measure on [0, 1],
T includes A\ and p agrees on /A with Lebesgue measure. In addition, one can
have card L (1) = ¢ for such an extension of Lebesgue measure.

(g) For a non-trivial atomless Loeb measure space (T, T, ) it is also possible
to have card T = ¢, so that T can be identified with [0, 1]. However, under any
such identification, the domain of an atomless Loeb measure cannot include
the Borel o-algebra of [0, 1] (see Keisler and Sun, 2002). In fact, as shown in
Keisler and Sun (2002), if (T, T, Q) is any atomless Loeb measure space, Z any
Polish space, f: T - Z any T -B(Z)-measurable mapping, and v denotes the
ima% measure of p under f, then for v-almost every z [Zlthe inverse image
71 {z} has cardinality = c. In an economic model where (T, T, ) is the space
of agents, Z is a space of agents’ types, and f assigns to each agent her type,
the specification of (T, T ,) to be an atomless Loeb measure space therefore
implies that there are “continuum many” agents of almost every type. Of course,
such an implication need not hold for a measure space that is an extension of
Lebesgue measure. Thus an atomless Loeb measure space is maybe not the most
flexible choice of an atomless measure space for specifying a large number of
agents in economic models.

The proofs of Theorems 1 and 2 are split into a series of lemmata.

Lemma 1. Let (T, T ,H) be a finite measure space, let X be a separable Banach
space, and let R: L*(1) - X be a linear operator which is continuous for the
weak tbpology of L*() and the weak topology of X. Let E [Tl and suppose
L% (K) is non-separable. Then R is not one-to-one on Lg (W).

Proof. We will show the contrapositive. Thus suppose R is one-to-one on Lg (1).
We have to show that Lé(u) is separable. Note that L*(u) [CLt(n) by finite-
ness of the measure . Let B denote the closed unit ball in L*(). Thus B is a
weak =compact subset of L®(). Set Be = B n LZ (1) and note that LE(u) is a
weak =closed subspace of L= (). Thus Bg is weak =compact, and it follows that,
on Bg, the weak =tbpology of L*(u) coincides with the weak topology of L1 (u)
(because L®(u) [CLF(u) and hence, on Bg, the weak topology of L1(u) is for-
mally weaker than the weak "=tbpology of L®(l1)). By the supposed properties of
the operator R, then, the restriction of R to Bg is a homeomorphism between Bg
and R(BE) for the (restricted) weak topologies of L1 (i) and X. By the hypothesis
on X, R(Bg) is norm-separable and hence weakly separable. Consequently, Bg is
a weakly separable subset of L1(p). Since Bg is convex, iEE&IIIows that Bg is actu-
ally a norm-separable subset of L*(u) (see below). But ;—; NnBg is norm-dense
in LE(u), and we may conclude that L (u) is separable.

(To see that a weakly separable and convex subset C of a Banach space is
norm-separable, let D be a countable weakly dense subset of such a set C. Let



DMbe the set of all (finite) convex combinations of elements of D such that
the coe [ciehts are rational. Then Dis countable, D™ [Tl since C is convex,
and D5is dense in co D5'the convex hull of D5 for any linear topology. By the
Hahn-Banach theorem, the weak closure of co D™agrees with the norm closure
of coD5and it follows that D™s norm dense in C.) O

Lemma 2. Let X be a Banach space, let (T, T , i) be a finite measure space, and
let ¥ T[]j X be a Bochr\e_rI integrable function. Suppose U is super-atomless. Then
theset fdu:E I isaconvex subset of X.

Proof.* We may assume that X is separable. Indeed, since f is Bochner integrable,
T is essentially separably valued. By modifying ¥ on a nulllﬁt if necessary, yve
may assume that T is separably valued. Note that the set fdu: E [Tl be-
longs to the closed linear span of the set {f(t): t [T} Thus we may as well
assume that X is separable.

Let
1 1

1 (I
A= g [LP:0=g=<ly and B= gfdu: g LAl
T

Then A is convex and hence so is B. Also DjE]f du: E EDI:IEB] Thus we have
to show that thelﬂaverse incIL_Lfsion holds, i.e. that given any g [CAl there is an
E CMOsuchthat { gfdu= ¢ fdu.
To this end, let R: L”(n) - X be the linear operator defined by
1

R(9) = Tgfdu, g [ITP(),

and note that R is continuous for the weak =tbpology of L*(u) and the weak
topology of X. (Indeed, if (gq) is a net in L*(u), weak =converging to some

g [P (W), then for each x —x1--
1 1 1 1

xgofdu=gox'flp - gx'Fp=x"'gfdu
T T T T

because x 1T (n).) In terms of the operator R, we have to show that given
any g [CAlwe have R(g) = R(1g) for some E [Tl. Thus let g [CAlbe given and
let u O

H= h Rg =Rh .

Then, by the mentioned continuity properties of R, since A is a convex and
weak F=dompact subset of L*°(), so is H. Hence the set H has an extreme point,
say h. We claim there is an E [T such that h = 1g. Suppose, if possible,
otherwise. Then we can find an [ 3 0 and an E [T with p(E) > 0 such that
[T < 1ch < (1 — DAe. Now by the Fact stated in Section 3, the hypothesis
about the measure space (T, T, ) implies that Lé(p) is non-separable. Hence

4The proof uses arguments from the proofs of Lemma 1X.1.3 and Theorem 1X.1.4 in Diestel
and Uhl (1977, pp. 263), specialized to the setting considered here.



by Lemma 1, since X is separable, we can find an h; ¥ (i) such that Rh, =0
but [h} 1> 0. We may assume that [h} [l < [TThen h+h; CAlas well as
h —hi CAl(note: hy vanishes o CElaccording to the definition of L () and we
have both R(h + h1) = Rg and R(h — h1) = Rg. That is, h + hy [Hl as well as
h —h; [CH. But since [h} [J]> 0, this contradicts the property of h being an
extreme point of H. Thus for some E [T1, h = 1g whence Rl =Rh=Rg. O

Lemma 3. Let X be a Banach space and let (T, T ,p) be a finite measure space.
Suppose that p is super-atomless. Then for any two Bochner integrable functions
f1: T - Xand f2: T - X, and any real number 0O < a < 1, thereisaset E [Tl

such that
1 1 1

fidp + foduy=a Ffdpuy+@Q—-a) Ffdu.
E TIEQ T T

Proof. Given any such functions f; and f2, setf =T, —sz. Fix anyﬁeal number
O<ac< :bBy Lemr‘r&l?, there is a SEF [T such that ¢ fdyu=a ; ¥ du. (Note
that0 = Fdp Lk fdp: E [T1 ) Then

1 1 1 1
fidu + fodu= Ffdu+ fodpu
E TIE] E|:| T 1 1
=a Fidpy—a Ffdu+ Fodu
| T g T
=a Fduy+Q—-a) Ffdu. O
T T

Lemma 4. Let (T, T, ) be a finite measure space and X an infinite dimensional
Banach space. If for some E [, p(E) > 0 and Lé(u) is separiﬁ)le, then thertI
exists a Bochner integrable function ¥: T - X such thattheset fdu:F [T

is non-convex.

Proof. Our construction follows that in the proof of Corollary 1X.1.6 in Diestel
and Uhl (1977, p. 267). Fix an E [1. Suppose that p(E) > 0 and that Lé(p)
is separable. Then we can select a countable family (hj)j=12,.. in Lé(p) which
separates the points of L (i) and such that [h} [ 1= 1 for each i. Also, since
X is infinite dimensional, we can select a sequence (Xj,X; )i=1,2,... in X x X 1
such that x;“¢k;) = 1 for each i and x;"¢kj) = 0 whenever i £ j. Let a function
f: T - X be defined by

7 hi(t)mim%xi if t CE]

= Lo1if t CTIrED

It is readily seen that f is Bochner integr&ble withgf du = Elf du 8 0. Fix any
real number0 <a <1. Weclaimthata { fdu g fdp f%all F EE] Arguing
by contradictior"jsuppose that for some F [CT1we have a  fdu = ¢ fdy, or,
in other words, |(alg —1g)fdu =0.Thenforeachi=1,2,...,

(. _
0= xi':'T(O(lE —1)fdu= E(alE —1g)hidp .
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By choice of the functions hi, hy,..., it follows E}at alg _DlF”E = 0, which is
impossible since 0 < ﬂ:u< 1 and u(E) ﬁ) Thusa ; fdp g  fduforall F I,
showing that the set fdu:F [T is non-convex. O

The proof of Theorem 1 is now a straightforward matter.

Proof of Theorem 1. (ii) [{ifds immediate from Lemma 3.

not(ii) Cnot(i): First note that if h: T - X is any Bochner integrable function
then, according to a standard fact, h is measurable for the Borel o-algebra of X
and the p-completion T, of T; in particular, the set {t [Tt h(t) =0} is an
element of T ;.

Now suppose that the measure P is not super-atomless. Then by the Fact
stated in Section 3, for some E [Tl with p(E) > 0, L%(p) is separable. Let
f: 75 e a Bochner iIJiI]egrable function chosen according to Lemma 4. Thus
the set fdu:F [Tl is non-convex. Let @: T - 2% be the correspondence
given by @(t) = {f(t)} [0}, t [Tl Then, from what has been noted above,
afunction h: T - X isaBochner integrable selectionﬁf @ if anq]c_)fly if for somtI
F [T, h(t) = 1F(t)f@ for almost all t [CT1 Thus @dp = fdu:F [T
and we conclude that | ¢ dp is non-convex. O

Remark. Since a Bochner integrable function is essentially separably valued, it
can be assumed for the function f in this latter proof that for some closed
separable subspace Y of X, f(t) [LYIfor all t [CT1(by modifying ¥ on a null set
if necessary). Then the correspondence ¢ constructed in this proof has actually
a measurable graph for the p-completion of T and the Borel o-algebra of X.
Indeed, separability of Y implies that we can select a countable subset of Y =
separating the points of Y. Extending each element of such a subset of Y b
an element of X 5-lve get a countable subset {d1,d>, ...} of X Fseparating the
points of Y. Then since f(t) [YIfor all t [T]

| — L Lo 1
Ge= Tx{0} LATxY)n __ (tx) CTxX:dix=dif(t)

whence G, [T}, [B{X).

For the proof of Theorem 2 it is convenient to first provide two additional
lemmata.

Lemmab. Let (T, T, ) be a finite measure space, let X be a Banach space, and let
E T - X be a Bochner integrable function. Suppose [ is super-atomless, and that
+ h{t) I%l(t) > 0, where glmenotes the norm of X. Then there isa g CLT (W)
such that ; ghdp =0 but ; [g{t)h(t) Cdu(t) > 0.

ProofDBy Lemmﬁ and the hypothesis on the measure p, there isan F [T1such
that r hdu = % thdu. Setg = %1T —1f. Then
1 1 1
ghdu = hduy— hdu=0,
T T F

N[
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]
ﬁd since |g(t)]| = % for all t [ and | A(t) CAu(t) = 0, we must have
+ [o(t)h(t) CAu(t) > 0. O

Lemma6. Let (T, T, ) be afinite measure space, Z a locally convex Suslin space,
and &: T - 2% a correspondence such that (t) is convex for each t [CTland such
that Gg |:D|E312)- Let h be a T -B(Z)-measurable selﬁjon of & and suppose
that the set t [Tt h(t) is not an extreme point of £(t) is not a null set in T.
Then there are T -B(Z)-measurable selections h1 and h2 of & such that for some
C [T with u(C) > 0, hy(t) & ha(t) for all t [CJ but 3hy +3h, =h.

Proof. See Castaing and Valadier (1977, Theorem 1V.14, p. 108). O

Proof of Theorem 2. (ii) [{ixdLet L1(u, X) be the Banach space of (equivalence
classes) of Bochner iﬁegrable functions from (T, T, n) into X, endowed with its
usual norm [Flz = 1 OF(t) CAu(t), where [-ICis the norm of X. Let @: T - 2%
be an integrably bounded correspondence with weakly compact values, and let

Se ={f [T, X): F is a selection of @} .5

Since @ has weakly compact values and is integrably bounded, it follows from
Diestel, Ruess, and Schachermayer (]1_5[)93, Corollary 2.6) that S(}) is weakly rel-
atively compact in Ll(u,é). Hence | @du is weakly relatively compact in X
(since the operator ¥ [ZIf du from L1(y, X) to X is continuous for the weak
Bpologies of these spaces). By Theorem 1, and the hﬁ)othesis about (T, T, ),
T @ dp is convex, and it thus remains to show that | ¢ dp is a weakly closed
subset of é

Since ¢ dp is weakly relatively compact, and because aﬁanach space is
angelic in its weak topology, it is actually enough to ﬁow that | ¢ du is weakly
sequentially closed. Thus let (xn) be a sequence in 1 ¢@dy, weakly c%werging
to some X [X1% We have to show that X [ ¢dp. (Actually, since 1 @du is
convex, it would be su [cieht to consider a normﬁonvergent sequence.)

Select a sequence (fp) in S&) such that xn = 1 T dp for each n. Recall that
weak relative compactness and weak relative sequential compactness are the
same in a Banach space. Thus we may assume that tI‘E sequence f, converges
weakly in L1(u, X) to some F. In particular, then, X = 1  dp.

Identify each f, with one of its versions. Arguing similarly as in the first
paragraph of the proof of Lemma 2, we may assume that there is a closed sep-
arable subspace Y of X such that f,(t) Yl for all n and all t [Tl Let a
correspondence Y: T — 2¥ be defined by

P(t) =weak-cdF (t): n=1,2,...}, t [1OJ

(where “cImeans “closure”). Then by choice of the functions f,, we have
Y(t) C@d(t) for almost all t [Tl In particular, for almost all t [Tl Q(t) is

SMore precisely, a H-equivalgnce class of a selection.
6We can assume here that 1 ¢ du is non-empty, for otherwise there is nothing to be proved.
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a weakly compact subset of X, therefore also a weakly compact subset of Y.
Modifying the functions T, on a null set if necessary, we can assume that (t)
is a weakly compact subset of Y for all t [T1

Consider the correspondence coy: T - 2Y (defined as usual pointwise by
(cow) (t) = coY(t)). Observe the following facts about co Y. First, by the Krein-
Smulian theorem, co Y has weakly compact values since Y does. Second, since
Y(t) Cq@d(t) for almost all t [Tl and ¢ is integrably bounded, so is , and
hence so is co Y.

We may assume in the sequel that the measure space (T, T, ) is complete.
Then Ggy, the graph of coy, belongs to the product c-algebra T [BLY).
Indeed, it is plain that for each y =t Y1"™the function y [sipy eby(t) is
the pointwise supremum of the measurable functions y '3, n = 1,2,.... Thus
the function t Csupy “€b Y(t) is measurable for each y Y1 According to
Castaing and Valadier (1977, p.84, Theorem |11.37 and the remark at the end of
p. 73), this implies that Gggy [T1 [B{Y), since the Banach space Y is separable,
since co Y has weakly compact values, and since (T, T , 1) is complete.

Now let L(u,Y) be the Banach space of Bochner integrable functions from
(T, T,) intoY and let

Sty = {f CLH(u,Y): F is an (almost everywhere) selection of Co W}

Since co Y is integrably bounded and has Weakly compact values, using Diestel
etal. (1993, Corollary 2.6) again, it follows that S cow Is weakly relatively compact
in L1(u,Y). Evidently SCOllJ is a norm-closed subset of L1(u, Y). (To see this, use
the fact that if a sequence in L1(l, Y) norm-converges to some element h of this
space, then some subsequence converges to h pointwise almost everywhere in
the norm of Y.) It is also evident that Scow is convex. Consequently SCOLIJ is
a weakly closed subset of L1(u,Y), and it follows that Scqu is in fact weakly
compact in L1y, Y).

Now L1(u,Y) is naturally identifiable as a closed subspace of L1(, X), and
since f, (W, Y) for each n by construction and f, —  weakly in L1(u, X),
it follows that ¥ CLF(u,Y). In particular, fn — F weakly in L1(y,Y). Also by
construction, T, Es%w for each n, and since SclOlIJ is weakly closed in L1(u,Y)
it follows that f [S3;,,. Le

L1 1 1 L1

H= h Sk,: deu= Thdu
Evidently H is convex. In addlﬁn H is weakly compact in L1(u, Y) since SCOqJ is
and since the operator h [ Ahdu from L(y,Y) to Y is continuous for the
weak topologies of these spaces. Consequently H has an extreme point, say h.
We claim that h is an extreme point of Scl—OLp, too. For suppose otherwise. Then
there is an h; I:Ell(u,Y) with h; & 0 such that h + h; ESLLOQJ as well as
h—h; S, By Lemma 5, there is a g [CI¥°(u) such that  ghidu = 0 but
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[ghi L 0. In particular, then, Elﬁ+gh1 du = Elﬁ—ghl du = Elﬁdp. Clearly
we may assume that [gIl< 1. Then h+gh; [S};,, aswell as h—gh; [S;,,.7
It follows that both h + gh; [CH and h — gh; [CH. But this is impossible
because h was chosen to be an extreme point of H and gh; £ 0. Thus h must
be an extreme point of Scl—qu as claimed.

Recall that Y is a separable Banach space and that we have assumed (T, T , 1)
to be complete. Thus a function h: T - Y is strongly measurable if and only if
it is T -B(Y)-measurable. In particular, since the correspondencecoy: T - 2Y
is integrably bounded, every T -B(Y)-measurable selection of co is Bochner
integrable. Hence, in view of Lemma 6, since Ggy [Tl [BIY), the fact that h
is an extreme point of séw implies that for almost all t [CT] h(t) is an extreme
point of co W(t). Now as noted above, Y (t) is a weakly compact subset of Y, so
all extreme points of co (t) are elements of Y(t). Consequently h(t) CTi(t)
for almost all t [Tl By construction, Y (t I@g) for most all t [, and
it fo!ﬁ)ws that h ES% Also by construction, { hdpy =  fdp = X, and thus
X [ du as was to be shown. This completes the proof of (ii) [{i).1

not(ii) Cnot(i): See the proof of Theorem 1 not(ii) Cnat(i). The correspondence
constructed there evidently has weakly compact values (in fact nhorm-compact
values) and is integrably bounded, this Iatterdaroperty following from the fact
that if £: T - X is Bochner integrable, then  OE(t) CAu(t) < co. (Actually, the
correspondence in the proof of Theorem 1 not(ii) [not(i) can be constructed so
as to have a measurable graph for the completion of (T, T, p); see the remark
following that proof.) O

5 The Gelfand integrable setting

In this section we will treat the Gelfand integral of correspondences taking val-
ues in a dual Banach space. Accordingly, from now on some change of notation
will be in force.

Notation. If X is a Banach space and T alﬁ-‘;elfand integrable mapping from a
finite measure space (T, T, ) to X Sthen ¢ f du means the %Ifand integral of
f over E [T Similarly, if @: T - 2% “isa correspondence, | @ du means the
Gelfand integral of ¢, i.e. the set

(i —1

f du: f is a Gelfand integrable (almost everywhere) selection of ¢
T

Given a finite measure space (T, T ,) and a Banach space X, recall that a
mapping F: T - X 54 Gelfand integrable if and only if xf [CL3(u) forall x X1
Note also that if f: T - X 8 Gelfand integrable then so is the function gf for

"Note that if h(t) [cd(t) and both h(t)+h;(t) [dY(t) and h(t)—hy(t) Ccdy(t), then
for any number a with 0 < |a| < 1 (and not just for a with 0 < a < 1), h(t) + ah, (t) [cd Y(t)
as well as h(t) —ahy(t) Ccad Y(t).

14



each g [CILF°(W); in particular g IjE]Igf du is a well defined linear operator
from L*°(u) to X =

In the sequel, (X 5weak H'means X 5h its weak Stbpology. Here are the
results for the Gelfand integrable setting.

Theorem 3. Let (T, T,H) be a finite measure space and X a separable infinite
dimensional Banach space. Then the following are equivalent.

(i) Tt duisconvex for every correspondence @: T - 22X
(ii) The measure [ is super-atomless.

Theorem 4. Let (T, T, ) be a finite measure space and X a separable infinite
dimensional Banach space. Then the following are equivalent.

]

(1) T @dpisconvex and weak L-cbmpact for every correspondence @: T - 2% =
which has weak =cbmpact values, is integrably bounded, and has the prop-
erty that G, [T], [B{X Weak );'where T, denotes the pu-completion of T .

(ii) The measure [ is super-atomless.

The proofs will appear after the following remark.

Remﬁk. (a) The conditions required for @ in (i) of Theorem 4 actually guarantee
that ; ¢ du is non-empty. In fact, since X is separable, (X 5weak ';55 a Suslin
space (see the proof of that theorem below). Therefore, if the graph of ¢ belongs
to T, [B(X L wWeak I%'then @ has a T;-B(X L wWeak I?"neasurable selection (see
Castaing and Valadier, 1977, Theorem 111.22, p. 74). Evidently such a selection is
Gelfand integrable if ¢ is integrably bounded.

(b) Theorems 3 and 4 generalize corresponding results of Sun (1997); cf. the
remark following the statement of Theorem 2 above.

Preparing the proofs of Theorems 3 and 4, we state two lemmata.

Lemma 7. Let (T, T ,H) be a finite measure space, let X be a separable Banach
space, and let R: L*(n) — X ™He a linear operator which is continuous for the
weak '—tbpology of L® () and the weak -tdpology of X F-tlet E [CT1 and suppose
Lé (p) is non-separable. Then R is not one-to-one on Lg ().

Proof. Recall that a weak "=compact subset of the dual of a separable Banach
space is weak "=rhetrizable, and consequently weak "=separable. With this fact,
the proof goes as that of Lemma 1, but now working with the weak “tbpology
of X HHinstead with the weak topology of X). O

Lemma 8. Let X be a separable Banach space, (T, T, ) a finite measure space,
and f: EZIT X Gelfar&integrable function. Suppose [ is super-atomless. Then
theset fdu:E [Tl isa convex subset of X 51
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Proof. The proof of Lemma 2 applies, modulo the following modifications.

- Skip the first paragraph of that proof.

- The integral that matters is now understood as the Gelfand integral.

- The operator R given by Rg = 1 gf d is now an operator taking values in X &~
substitute X by X =ahd x by x & its discussion in the proof of Lemma 2 to see
that it is continuous for the weak &=tbpology of L () and the weak ~=tbpology
of X -

- Replace the appeal to Lemma 1 by an appeal to Lemma 7. O

Proof of Theorem 3. (ii) C()If (ii) holds, then by Lemma 8 and an argument
analogous to that of the proof of Lemma 3, given any two Gelfand integrable
functions 1 and fﬁrom T to X Qqﬁ any reaIIJ_qlumber OEI< a < 1, there is an
E COsuchthata  fidu+ (1 —a) 1 fodu = ¢ fidu+ Ff2dp. From this,
(i) follows.

not(ii) [not(i): First note the following two facts. (a) If a function h: T - X ™
is Bochner integrable, then it is also Gelfand integrable and for any E [T1, the
Gelfand integral of h over E coincides with the Bochner integral of h over E.
(b) If a function h: T - X & Gelfand integrable then, since X is separable, i.e.
contains a countable set separating the points of X 5the set {t [Tt h(t) = 0}
belongs to the p-completion of T .

Now suppose that the measure space (T, T ,H) is not super-atomless, or,
equivalently by the Fact stated in Section 3, that there isan E [T1with p(E) >0
such that Lé(u) is separable. Following the proof of Theorem 1 not(ii) [noi(i),
let £: T - X5 He a Bochner integrable function chosen according to Lemma 4,
andlet : T - 2% “be the correspondence given by ¢(t) = {f(t)} {0}, t T
Then by the proof of Theorem 1 not(ii) [natl(i), the Bochner integral of ¢ is non-
convex. By (a) of the previous paragraph, the Bochner integral of ¢ is included
in the Gelfand integral of ¢. Using (b), we see that if h is any Gelfand integrable
selection of ¢, then for some F [Tl, h(t) = 1 (t)f(t) for almost all t [T] and
thus h is actually Bochner integrable; in particular, again from (a), the Gelfand
integral of h coincides with the Bochner integral of h. Hence the Gelfand integral
of ¢ is included in the Bochner integral of ¢. Thus both these integrals of ¢
coincide, and we conclude that the Gelfand integral of ¢ is non-convex. O

The next lemma prepares the proof of Theorem 4. It is the analogue of
Lemma 5 for the Gelfand integrable setting now under discussion.

Lemma 9. Let (T, T, ) be a finite measure, let X be a separable Banach space,
and let h: T - X MHe a Gelfand integrable function. Suppose u is super-atomless,
and that h is not equal to zero almost everywhere, i.e. thelﬁet {t Tt h(t) 2 0)}
is not a null set. Then there exists a g LT () such that  ghdp = 0 but gh is
not equal to zero almost everywhere.

Proof. By Lemma 8 and the hypothesis on the measure space (T, T, ), there is
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[ 1|:I 1
an F [T such that chdu =3 hdu. Setg =511 —1¢. Then
1 1 1

ghdu = hdu— hdu=0,
T T F

N

and since |g(t)| = % for all t [CTland, by hypothesis, the set {t [ T1 h(t) & 0}
is not a null-set, the set {t [Tt g(t)h(t & 0)} is not a null-set either. O

Proof of Theorem 4. (ii) [{i)XINote first that since X is separable by hypothesis,
(X Ewleak His a Suslin space. Indeed, since X is separable, the closed unit ball
of X Hid weak F=rhetrizable in addition to being weak "=ebmpact. Thus (X Fweak D~
is the countable union of subsets that are Suslin in their subspace topology.
According to Schwartz (1973, p. 96, Theorem 3), this implies that (X ‘—,—Weak'¥
being a Hausdor [Cspace, is Suslin.

Now let @: T - 2% :by a correspondence satisfying the properties listed
in (i) of the theorem. We may assume in the following that the measure space
(T, T,p) is complete. Then, in particular, G, [T [B(X 'f—\w\/eakl?'Consider
E‘F correspondence co'gpt T - 2X':'(defined in the usual way pointwise by
ﬁ'@t?s) = o 'plt)). To collect some facts about this latter correspondence
that are needed in the sequel, observe first that co ‘gp'has weak =¢ompact values
and is integrably bounded since ¢ has these properties. Now for each x [X],
define functions Ttx: T - Rand 1,: T - R by

Tix(t) = supxcolpl(t) and 1,(t) =infxcolplt), t CTI

Evidently we have Ttk (t) = supx@(t) and 11, (t) = infx@(t) for each x [X

and each t [Tl Hence, because G, [T [BIX SweakH'and (X Seak Hlis

a Suslin space, the functions Ttx and 1, are T -measurable for each x [X

(see Castaing and Valadier, 1977, Lemma 111.39, p.86, and recall that (T, T, )

is assumed to be complete). In particular, then, since the correspondence co ‘¢!
is integrably bounded, the functions TTx and 11, X [X] are integrable as may

readily be seen. Thus these function determine elements of L(u). Since the

correspondence ¢o '’ has weak "=dompact values and again since (X 5 Weak 5!
is a Suslin space, the fact that for each x [Xlthe function Ttk is T -measurable

also implies that Gg5ry) LT [LB(X L weak I?'(see Castaing and Valadier, 1977,

Theorem 111.37, p. 84).

Now let L1 I, X Hdenote the vector space of all p-equivalence classes of
Gelfand integrable functions £: T - X “turther, with L®(n) [Xldenoting the
algebraic tensor product of L* () and X, let L*(u) TX be the Banach space that
results by completing L*(u) CXl1when L= (u) [Xlis equipped with the great-
est reasonable crossnorm.® As we will now show, LY 51, X Htan be naturally
identified with a subspace of (L*(un) X352

8See Diestel and Uhl (1977, Chapter VIII) for the definition of “greatest reasonable cross-
norm” and for general material about tensor products of Banach spaces.
9“Subspace” does not necessarily mean “closed subspace.”
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To see this, let B(L*(u), X) denote the Banach space of bounded bilinear
real-valued funi;ii'ons on L*(u) x X, the norm of u EBIL“(u)é) being given
by g = sup |u(g,X)|: g [CP(),x CXI gl 1, XIC< 1 . (“Bilinear” for
a function u on L*(n) x X means u(-,x) is linear on L*(u) for each fixed
X [Xland u(g, -) is linear on X for each fixed g LY () ; “bounded” means
[Ullgd< oo for the just noted norm [Wllgl)) According to Diestel and Uhl (1977,
Theorem VII1.2.1, p. 230), (L () TXJ “whith the dual norm can be identified with
B(L*(W), X) by a linear isometry such that, in a natural way, u [{®(p) X3~
corresponds to U [CBIL* (W), X) if and only if u(g CxX) = G(g,x) for each
(g,x) CLP(u)=<X. From now on, this identification will be in force. In particular,
we may speak of a u [l (u) TX) s a bilinear function on L®(u) %< X and
denote its value at g [xdsimply by u(g, X).

Now Ielr__,f: T - X ™He a Gelfand integrable function. Evidently the mapping
(9.x) Hgxfdp, g CIF(), x XA, is a bilinear function on L*(u) x X.
We claim that this function is bouiﬁied. To see this, recall from the proof of
Lemma 8 that the operator g [ dgfdu from L*(u) to X5 continuous
for the weak ~tbpologies of L*®(u) and )ED]':Therefore, since the closeddnit
ball in L*(u) is weak "=compact, the set ;gfdu:g [LP(u), [glal<l is a
\ﬁ%ﬁ%‘omp subset of X "dnd hence norm bounﬁd. Consequently, the set

+9fd O, x (XIglad=s1, XICZ1 is bound]e;c,, or, in other
words, sup < gxfdp—=g [CP(),x X1 g1, XIFE 1 < oo.

Clearly if ¥ and fare any two Gelfand integrable functions from T into X =
such that f(t) = £t) for almost all t [T, then ¥ and fMdefine the same
bilinear function on L () x X. On the other hand, since X is separable by
hypothesis, if such functions ¥ and ¥ ~tdo not agree on the complement of some
\:1_1[1” set, then lﬁey define di Lerknt bilinear functions on L (u) % X. Indeed, if
1 lexfdu = 1 1exftdp for all E M and all x X, then for each x [X,
xF(t) = xFt) for almost all t [T] which, since X is separable, implies that
f(t) = Ft) for almost all t [CT1

Finally, it is clear that if ¥ and f™are any two Gelfand integrable functions
from T int&X L-4nd o and B any th_LP real numbeﬁ, then for all g LI () and
all x X1 1 gx(af +BFYdu=a ;gxfdu+p ; gxftdu.

Thus, by the facts just noted, identifying eaclﬁselfand integrable function
f: T - X™With the bilinear function (g,x) [_Agxfdu on L®(u) x X, we
have a one-to-one linear mapping from LY 5, X) to (L*° () TX) “Henceforth,
LY 56, X) will be identified with its image in (L (1) TXJ ~dnder this mapping.
In particular, then, for any g [T¥(n) and x X, the value of £ L+ 5, X)
taken at g [xlis given by 1 gxT du, and will be denoted in this way.

Note for the sequel that if a net (ug) in (L®(p) TXJ3-i% weak =cbnvergent
to some u C(@*(n) TX) “then, under the natural identification of (L*(p) X))~
with B(L* (), X), we have uq(g,Xx) - u(g,x) for eaﬂw (g,x) CIF() x X.
In particular, we may see that the linear operator ¥ [ If du from LY M, X 5
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to X 5% continuous for the weak ~tbpology of X 'dnd the restriction of the
weak "=tbpology of (L= () X3 ™td LY (i, X DFor if (Fy) isanetin LY M, X 5,
weak F=converging in (L®(u) TXJ~tb some £ I+ S, X D'then the net (fg)
must converge to T in particular at each point of L= (1) x X that has the form

(11,X%). Thus
(. 1 1 1 1

X Fgdp= xfqdp= 17xfqdu - Irxfdpu=x Ffdu
T T T T T

1 1
for each x [Xlwhence 1 fqdp - 1 Fdp weakih X =
Now let

S%%'z {f C} "G, X 57 £ is a (u-equivalence class of a) selection of co '} .

Obviously S%%'is a convex subset of L1 M, X), and hence of (L®(pn) X3~

Also, S‘%%'is a norm-bounded subset of (L® () TX) ~4Indeed, as noted above,
the correspondence ¢o '@'is integrably bounded. That is, we can select an in-
tegrable function p: T - R4 such that sup{xI“Ex “#<d 'p{t)} < p(t) for
almost all t [CT1 Then for any f Es%io%'g L (n), and x CX] with [glll< 1
and XIC= 1,

I 1 1 1
gxf du % . @t)Xf ® %H(t) = [gle.IAr]. () CAu(t) = P dup,

A

O
showing that (Fllgk | pdu < oo for each IZS%L(’):'Thus, as claimed, S%%'is

norm-bounded in (L*(pn) TXJ5$ince (L™ (p) TX) isometrically isomorphic
to B(L* (), X).

We are going to show that S%%‘ls also a weak "=closed subset of (L* () TX) =
To this end, suppose (fy) isanetin S%%'W%k Lcbnverging in (L= (p) TXJ 5o
some u (@ (p) TXJWe must show that u = ¥ for some f IZS}O%' Note for
the sequel that u being a bounded bilinear function on L () x X implies that
for any g CL(n), u(g, -) CX1dnd for any x [X] u(-,x) CLP(p)~HTo see
this, note simply that Ju(g, X)| = g Tgl.IXIfbr any g LT (1) and x [X1)

We claim that, in the present context, for each x [X] u(-,x) must actually
belong to L (p). To see this, fix any x [XI1 Since fo - u weak Hih (L2 (p) X5
for each g LT (u) we have 1 gxFfqdu - u(g, x). Thatis, xfy - u(-, x) weak —!
in L®(n) =Now by the construction in the second paragraph of this proof,
for each a, xfy is an element the order interval [1t,,Tx] in L(u). Observ-
ing that [11,, TTx], when viewed as a subset of L®(u) "#s a weak "-closed subset
of L(u) 5t follows that u(-,x) [C[it,,Ttx] and thus u(-,x) can indeed be
represented by an element of L1(p).

We write hy for the element of L1(u) representing u(-,x). Note that, by
bilinearity of u, the mapping from X to L(p) that takes x to hy is linear and
that for each x X 11, (t) < hx(t) < T« (t) for almost all t [T]

Denote by L1(u) the vector space of all integrable functions on (T, T, )
(di Cerent functions agreeing almost everywhere not being identified) and let
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p: LI(n) - LI(p) be a linear lifting of L1(p); that is, p is a linear mapping and
for each h CLH(p), p(h) is a version of h, i.e. the p-equivalence class of p(h)
is h. (Such a mapping p can be constructed by taking an arbitrary algebraic basis
of L1(p) and assigning to each element of this basis one of its versions. We do
of course not claim that p is positive or multiplicative.)

Define a mapping A: T x X - R by setting

A(t, x) = p(hsx) (D).

Then for each x X1 A(-, X) is a version of hy. Also, since the mapping x [hyl
is linear, so is the mapping x - p(hx), and hence A(t, -) is a linear functional
on X foreach t [Tl

By the hypothesis that X is separable, select a countable dense subset D of
X and let D" be the set of all (finite) linear combinations of elements of D such
that the coe Lciehts are rational. Thus D' is countable, and it follows that we
can fix a null set N in T such that for each t CTICN] 11 4(t) < A(t,d) < Ttg(t)
for all d [CDf. Let Z be the linear span of D". Then D" is dense in Z, and since
co'plt) is a weak "=dompact subset of X “for each t [T it follows that for
each t CTOLN] 11,(t) < A(t,z) < Ti.(t) for all z [—Z. But this implies that
for each t [CTI1[N] the linear functional A(t, -) is bounded on B n Z, where B
denotes the closed unit ball of X. (Indeed, otherwise there would be sequence
(zn) in B n Z with [Zh 3 0 but such that A(t,zn) = 1 for all n. But this is
impossible if T, (t) = A(t,zn) = T, (1), because by weak "=compactness of
co 'p{t), [zh 3 0 entails TT,,(t) ~ 0 as well as 11,_(t) - 0.)

It follows that for each t [Tl CNlthere is a uniquely determined element
xH#) CX1™Such that x ")z = A(t,z) for all z CZ Let F: T - X e the
function defined by setting f (t) = x ) for t CTICNJand f(t) = 0 for t [Nl
Then for almost all t [T 1t,(t) < ?(t)z < Tt.(t) for all z [Zl1 Because Z is
dense in X and o 'plt) is a weak =compact subset of X 5lve must have, in fact,

L (t) < ?(t)x < Tix(t) for almost all t 1l and all x [X. Consequently,
xf [CLC3(p) for all x CXland, by the Hahn-Banach theorem, f(t) [ca ‘p{t) for
almost all t [CT1 Thus T is a Gelfand integrable selection of o ‘¢! i.e. determines

an element of Si%'

Now by construction, for each z [Z] f(tE = A(t,2) fﬂ' almost all t [Tl
and A(-, z) is a version of h. It follows that | gzfdy = 1 9hzdp = u(g, z)
for each g EIII”(% and each z [CZ In particular, for each fixed g [CLI°(p),
the two elements gf du and u(g, -) of X “dgree on the dense subspace Z
of X. Thus they must agree on the entire space X. Consequently u = =f (as
elements of B(L* (), X) = (L (n) TX) 5 'and thus we have shown that S%%'is

a weak "=closed subset of (L () TX)-As remarked above, Sé(’)%'is convex and

norm-bounded in (L* () TX)5-4nd we conclude that S%%'is, in fact, a convex
weak F=dompact subset of (L*(p) TX) =
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Now suppose f ES%J%%' Let
1 1 1

1
H= h E%%' _fdu= hdu
O
As seen above, the linear operator ¥ [ du from L1 5y, X Hto X 5 contin-
uous for the (restricted) weak =tbpology of (L*° () TX) “ahd the weak ~tbpology
of X E-Hence, since the subset S%%'of LY 5, X His a convex weak =compact
subset of (L®(n) TX)53%0 is H. Thus H has an extreme point, say h. Arguing
as in the corresponding passage of the proof of Theorem 2, modulo now in-
voking Lemma 9 instead of Lemma 5, we see that h must be an extreme point
of S%%' too. Now because (X SWeak I¥'is a Suslin space, and since the mea-
sure space (T, T, ) is complete, a function h: T - X = Gelfand measurable
if and only if it is T -B(X S weak I¥\'neasurable (see e.g. Thomas, 1975, Theo-
rem 1). In particular, since the correspondence ¢o 'gp'is integrably bounded, any
T -B(X S weak I¥¥neasurable selection of co 'gp'is Gelfand integrable. Therefore
by Lemma 6, since G, [T1[B{X Eeak D 'the fact that h is an extreme point of
S%%'means that h(t) is an extreme point of o "p{t) for almost all t [T1 Since
@(t) is a weak =compact subset of X 't follows from this that h(t) C¢pKt) for
almost all t [T1 Thus we have show& that giv&’u T Bj%%there is a Gelfand
integrable selection h of ¢ such that ¥ du =  hdp. In other words,
1l I -

. , 1
Fdwf Es;éto.El Clodu.

Obviously, the reverse inclusion holds too, and by the fact that S%%'is convex
and weak =compact in (L*°(p) TX)54n conjupgtion with the above noted con-
tinuity properties of the linear operator ¥ [—f du, we conclude that | ¢ du
is a convex and weak "=compact subset of X =-Thus (ii) [{ifbf the theorem is
proved.

not(ii) Cnot(i): See the proof of Theorem 3 not(ii) [nat(i) and observe that
given a Bochner integrable function ¥: T - X 5the correspondence @: T - X
defined by ¢(t) = {f (t)} O}, t [T] trivially has weak "=dompact values (in fact
norm-compachvalues) and is integrably bounded (since Bochner integrability
of T implies | OE(t) CAu(t) < o). Moreover, choosing any countable subset
{d;,d>,...} Ofﬁ separﬁywoints of X “vhich is possible %hypothesis),
we have G, = T x{0} 7, (t,xHICTIx X Bk tdl = F(t)d; |, showing that
Ge [Tl [CBIX SWeak H(because Bochner integrability of £: T - X Sitnplies
that x "fis Ty;-measurable for each x "EHX1MHdnd therefore, since X CXI"-H
that xf is T ;-measurable for each x [X). O
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6 An extension of Lebesgue measure to a super-atomless
measure

Let [0, 1] denote the closed unit interval in R, let A denote Lebesgue measure on
[0, 1], and let A denote the o-algebra of Lebesgue measurable subsets of [0, 1].
Fix any cardinal kK with [k kK = 2° and let v« be the usual measure on the
product {0, 1}*. Let y be the product measure on {0, 1}¥ x [0, 1] corresponding
to vk and A. According to Fremlin (2002, p. 161, Exercise 334X(g)), the measure
algebra of y is Maharam homogeneous with Maharam type k. Now by the proof
of Proposition 521P(b) in Fremlin (2005)'° there is a subset C of {0, 1}* % [0, 1]
such that the following hold: First, C has full outer measure for y; in particular,
the measure algebra of y can be identified with the measure algebra of yc,
where yc denotes the subspace measure on C induced by y. Thus the measure
algebra of yc is Maharam homogeneous with Maharam type K. Second, denoting
by 1t the projection of {0, 1}¥ < [0, 1] onto [0, 1] and by Tt¢ its restriction to C,
Tic is an injective mapping from C into [0, 1]. Now let I'c be the o-algebra of
yc-measurable subsets of C, let T be the o-algebra on [0, 1] defined by

T ={A [0, 1]: nc ' (A) [Td}

] 1. R (.

and let p be the measure on [0,1], T given by p(A) =yc iz (A) for A [Tl
Then since Ti¢ is injective, Ti¢ induces an isomorphism between the measure
algebras of p and yc. Thus the measure algebra of U is Mﬂaram hor‘rllillgeneous
with Maharam type K. In particular, the measure spage, [0,1], T ™ is super-
atomless. Now pick any B [A. Evidently Trc_l(B) = {0,1}¥ xB n C. Hence
nic1(B) [T4d. In particular, B [Tl and pu(B) = yc(11c 1(B)). On the other hand,
since C has full outer measure for y, we have

nnn| O O O .
vc {0,1}xB nC =y {0,1}* xB = A(B).

Consequently pu(B) = A(B). Thus the c-algebra T includes the o-algebra N
and the measure [ is an extension of A to T. Note also that if kK < ¢, then
card L* (1) = c. Indeed, being Maharam homogeneous with Maharam type K, the
measure algebra of U is isomorphic to the measure algebra of v¢. Consequently
the spaces L*() and L*(vk) are isomorphic. But card L™ (vk) = ¢ for kK < c,
because each element of L*(vk) has a version that depends on only countably
many coordinates.

1%In regard to the applicability of the arguments in that proof to the context here, note that
by the Hewitt-Marczewski-Pondiczerny theorem (see e.g. Hodel, 1984, Theorem 11.2, p. 42),
{0, 1}* with the product topology corresponding to the discrete topology of {0, 1} has a dense
subset of cardinality ¢ for any cardinal kK with [ ¥& Kk < 2°,
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