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1. Introduction

The study of the existence of an equilibrium in a competitive economy has
proceeded for more than a century. Walras (1877) was the first]| to formulate
the state of a competitive economy as the solution of a system of simultane-
ous equations representing the demand for goods by consumers, the supply
of goods by producers, and the equilibrium condition of supply equalizing de-
mand in every market. He counted equations and incognitas and was happy
with this. This was not a satisfactory basis for establishing the existence of
equilibrium and Wald (1936 gave a rigorous proof. This line of research
lead to the classic paper of Arrow and Debreu (1954) which does not require
monotonic preferences but allows costless disposal of goods. In an economy
with bads, i.e. goods which reduce utility if consumption increases, free dis-
posal of the bads makes the existence of equilibrium a trivial problem (the
bads will have a zero price and any excess will be disposed off). However free
disposal of bads is an unrealistic assumption.Usually it is costly to dispose
of bads. Thus we require a model in which no goods/bads can be costlessly
disposed off. In a finite economy (i.e. finite number of goods, producers and
consumers) Debreu (1962) proves quasi-equilibrium existence under quite
general conditions. His result includes equilibrium existence for an economy
with bads as long as preferences are weakly convex non-satiated.

The economic hypothesis that consumers take prices as given is strong if

there are just a few consumers. In contrast—intuitively—the larger the num-

1But see http:\ \cepa.newschool.edu for a brief history on this subject.
2Translated to English in Wald (1951).
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ber of consumers, none of them having a considerable fraction of total eco-
nomic resources, the hypothesis that consumers take prices as given is more
satisfactory. Aumann takes this reasoning to the limit and consider a con-

tinuum of agents. In his words:

...a mathematical model appropriate to the intuitive notion of perfect competition

must contain infinitely many participants.

He proves core equivalence (Aumann (1964)) and equilibrium existence (Au-
mann (1966)). Subsequent work in continuum economies have considered:
incomplete preferences (Schmeidler (1969)); production economies with free
disposal (Hildenbrand (1970)); a reduced free disposal cone (Cornet, Topuzu,
and Yildiz (2003)) and infinitely many goods (see among others Ostroy and
Zame (1994), Podczeck (1997) and Araujo, Martins-da-Rocha, and Monteiro
(2004)). The problem we consider— existence of equilibrium for continuum
economies with bads—has not been considered in the literature. One might
think that such a generalization would be routine. However the paper Hara
(2005) shows that there are deep difficulties to overcome. He shows that even
for quite simple examples’| there is no equilibrium. Why is the combination
of continuum of agents and bads so problematic for existence? To begin, a
bad has a negative price. Thus a consumer may increase his income by con-
suming a bad and therefore buy more of the goods. If there is a group of con-
sumers that has little distaste for the bad, they will consume a lot of the bad
and this can make the optimal consumption of bads non-integrable. Thus

for the existence of equilibrium the dislike of the bads must be sufficiently

3Like u(a,xg,%5) = xy — axy, for each 0 < a < 1.
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intense. This is the key to our proof.

2. The model

We consider a pure exchange economy with a finite set G of goods and a finite
set B of bads. The commodity space is R¢ x RE and a consumption bundle is
a vector z = (2g,2p) € R¢ x RE where 25 € R¢ and zp € R2.

The space of agents is a complete positive measure space (A, <7, u) with
m(A) = 1. The set A represents the names of agents, the c-algebra .« the
admissible coalitions, and the number u(E) the fraction of agents belonging
to the coalition E' € 7. The consumption set X(a) of agent a € A is a subset of
X := R% xRB, Each agent a € A is characterized by an initial endowment vec-
tor e(a) = (eg(a),ep(a)) € X(a) and a preference relation defined by a utility
function u(a,.) : X(a) — R.

We will maintain in this paper the following assumptions on the economy.

Definition 2.1. An economy & = {X(a),u(a,.),e(a)} is standard if it satisfies

the following list of assumptions:

(S.1) for almost every a,
(S.1.a) the consumption set X(a) coincides with X = R¢ x R2,
(S.1.b) the initial endowment e(a) is a non-zero vector in X,
(S.1.c¢) the function z — u(a, z) is continuous on X,
(S.1.d) the function zg — u(a, 2g,2p) is strictly increasing on RS,

(S.1.e) the function zz — u(a, zg, zp) is strictly decreasing on R2;
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(S.2) for every atom E € &7, for almost every a € E, the function z — u(a, 2)
is quasi-concave on X;
(8.3) for every z € X, the function a — u(a, z) is measurable;

(S.4) the function e : a — e(a) is integrable and satisfies
@y=/%mmumeRi and am:/qmmuweRﬂ
A A

A price system 7 is a vector 7 = (1g, 1) € R% x RE where m;(g) represents
the unit price of good g € G and 7mg(b) the unit price of bad b € B. We denote
by IT the compact subset of R x R? defined by

H={7T=(7T(;,7TB)€R_€XR§§ 77:G'1G_7TB'1B=1}-

For every price system © = (7g, n3), we denote by B(a, w) the budget set of
agent a of all consumption bundles z € X such that 7 -z < 7 - e(a). In other

words,
B(a,n)={z=(26,28) € X : g2+ -2 < Mg -eg(a) + ng - ep(a)}.

An integrable function x from A to X is called an allocation; it is feasible (or

attainable) if
/&mmum:/@mmua
A A

The aggregate initial endowment | 4 edy is denoted by ®.

Definition 2.2. A pair (7, x) consisting of a non-zero price system 7 € IT and

a feasible allocation x is said to be a competitive equilibrium if for almost

4For every finite set K, we denote by 1x the vector in RX defined by 1x(k) = 1 for every
keK.
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every agent a € A we have

x(a) € Argmax{u(a,z) : z € B(a, )}

3. Examples for non-existence

Before introducing our main hypothesis we discuss a few examples. First
note that since no consumer wants to consume the bads, theirs price must
be negative. Now if a group of consumers has just a small dislike of the bads
they will consume large amounts so that they can buy more of the goods.
Without any restriction, this precludes equilibrium. The following example
shows this point clearly.

In this section, we consider a standard economy with one good G = {g} and
one bad B = {b}, and where the space of agents (4, o/, 1) is the continuum
[0, 1] endowed with the Lebesgue measure.

Example 3.1. For every a € [0, 1] the utility function is u(a, xg, %) = x5 — axs
and the initial endowment (eg(a), ey(a)) is such that e,(a) > 0 and ep(a) > 0. If
(mg, m,) is an equilibrium price then 7, > 0 and m, < 0. The consumer problem

is to maximize x, — ax; subject to
TgXg + TpXp = Tgeg(a) + mpep(a).

Denoting meq(a) + mep(a) by w(a) and substituting 7x, by w(a) — mxs, the

consumer maximizes

w@) m w(a) ( m,)
— —Xp —AXp = - X la+— ),

Ttg Ttg Ttg
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under the constraint x; > 0. Thus a + (m/7,) > 0 for almost every a € [0, 1].

It then follows that 7, > 0: contradiction.

Thus what drives the non-existence in this example is that the demand
is only defined if relative price —m/x, is smaller than the disutility a of the

bad. The next example is taken from Hara (2005).

Example 3.2 (Hara (2005)). For every a € [0, 1] the utility is u(a, x) = x, —ax?

and the initial endowment is e(a) = (2, 1). Now the consumer problem is to

maximize
2w, + T, T,
Ty Ttg
under the constraint x;, > 0. This gives x3(a) = —m/(2amn,) for every a > 0.

But this function x; is not integrable.

This example shows that even if the marginal disutility from consuming a
bad increases with its consumption still an equilibrium may not exist. The
main objective of this paper is to precise the relationship between the rate
at which the disutility from consuming x; has to increase compared to the

utility from consuming x; for equilibrium to exist.

4. Conditions for existence

Before presenting our main condition for existence, we introduce some nota-

tions. For every € > 0, we denote by IT(¢) the subset of IT defined by

H(8) = {71' = (71'(;,7[3) eIl: g 2> SIG}.
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For every a € A and every z € X, we denote by P(a,z) the set of consump-
tion bundles 2’ € X which are strictly preferred to z, i.e. P(a,z) = {2’ €

X: u(a,z) > ula,z)}.

Assumption (M). For every € > 0, there exists r € L (i, R) such that for every
price system © € II(€), for every feasible allocation x : A — X, for almost every
a, if

x(a) € B(a, ) and ||xg(a)|| > r(a)
then

Jy € Bla, n) N Pla,x(@)), |yz| < |xz@)].

Remark 4.1. If the measure space (A, <7, 1) has finitely many atoms, then
Assumption M is automatically satisfied. Indeed, it follows from feasibility
that there exists r € L'(u, R) such that for every feasible allocationx : A — X,

we have |xg(a)|| < r(a) for almost every a € A.

Remark 4.2. Observe that if there are only goods in the economy, i.e. B = 0,
then Assumption M is automatically satisfied. Indeed, if 7 € Il(¢) for some
€ > 0 then the budget set correspondence a — B(a, ) is integrably bounded
by the function r € L'(u,R) defined by

1
Va € A, r(a):=—max|eg(a).
€ geG

Remark 4.3. If 7 is a price system in IT, we denote by dg(a, 7) the demand

for bads of agent a, i.e.

dgla, ) = {zB eRE: I e Rf, (zg,2B) € d(a, n)}
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where d(a, 7) is the demand of agent a under the price system 7, i.e.
d(a, ) = Argmax{u(a,z) : z € B(a,n)}.

If an economy satisfies Assumption M then the demand correspondence for

bads, a — dg(a, n), is uniformly integrably bounded on every set
H(S) = {7[ = (7'L'G,7FB) eIl: g = EIG}
with € > 0, i.e.

Ve >0, 3IreL'(u,R), sup ||dzla,n)| < r(a),ﬂ ji-a.e.

nell(e)

We can now state our main result. The proof is postponed to Appendix [Al

Theorem 4.1. If a standard economy satisfies Assumption M then there ex-

ists a competitive equilibrium.

Following Remarks [4.1| and this theorem provides a generalization of
the existence results in the literature with bads and finitely many agents
(e.g. McKenzie (1959)f Bergstrom (1976)7, Hart and Kuhn (1975) and Pole-
marchakis and Siconolfi (1993)) together with the existence results in the lit-
erature with a continuum of agents and goods (e.g. Aumann (1966), Schmei-

dler (1969) and Hildenbrand (1974)).

5If K is a finite set and Z is a subset of RX, then we denote by ||Z|| the extended real

number sup{||z|: z € Z}.
6See also McKenzie (1961) and McKenzie (1981).
"See also Gay (1979).
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5. Examples for existence

We propose a list of explicit conditions on the primitives of an economy which
ensures the validity of the main Assumption M. In this section, we consider
a standard economy with one good and one bad, and where the space of
agents (A, o7, u) is the continuum [0, 1] endowed with the Lebesgue measure.
Moreover we assume that for every a € A, the utility function u(a,.) has the

following form

Vx = (xg,x5) € R2,  ula,x) = vy(a,x,) — vp(a,xp)
where v.(a,.) and vy(a,.) are continuous and strictly increasing functions
from R, to R and v,(.,x,) and vy(.,x;) are measurable functions from A to R.
Proposition 5.1. Assume that for almost every a € A,

1. the function vy(a,.) is differentiable and concave,
2. the function vy(a,.) is differentiable and convex,
3. for every € > 0, there exists an integrable function p € L*(u,R) such that

for almost every a € A,
!/ 1 /
vy(a, pa)) > Evg(a,eg(a)) (1)

then Assumption M is satisfied.

By convexity, the greater p is, the greater v(a, p) is. The bite of the as-
sumption is to do this in an integrable way. The proof of Proposition [5.1] is

postponed to Appendix
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Example 5.1. For every a € [0, 1], consider the utility function defined by

u(a,xg,xp) = vgla,xg) — ax}f

where ¢ > 2. If the initial endowment e : A — R? is an integrable and strictly
positive function such that the function a — vg(a,e,(a)) is bounded, then we

can apply Proposition to get the existence of a competitive equilibrium.

Remark 5.1. Following the previous example, in order to get existence of

equilibrium, we can choose utility functions as follows

Va €A, ula,xq,xp) =% — ax,‘f

where ¢ > 2. It appears that the counterexample provided by Hara (2005)
corresponds to the limit case: ¢ = 2.

Proposition 5.2. Assume that there exist (0, ¢) € R2, with ¢ > 6 +1 and two

measurable functions y and B from A to (0, ) such that
1. uniformly on a € A we have

lim —vg(a,xg) =1 and lim —vb(a,xz) =
xg—e Y@ w—= B(a)k,

()’

3. the endowment function e is bounded and the function a — u(a,e(a)) is

5

2. the following function

is integrable,

a.e. strictly positive.

Then Assumption M is satisfied.
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The proof of Proposition [5.2]is postponed to Appendix [C]
Example 5.2. For every a € [0, 1], consider the utility function defined by

0
u(a,xg,xp) = 2, — axg

where 6 > 0 and ¢ > 6 + 1. If for each a, the initial endowment is e(a) =
(1, 1), then we can apply Proposition to get the existence of a competitive

equilibrium.

Appendix A: Proof of Theorem 4.1

Let & = {X(a), u(a,.),e(a)} be a standard economy satisfying Assumption M.
For each n € N, there exists r, € L'(u,R) such that for every price © € IT
satisfying ng > 1/(n + 1)1, for every feasible allocation x : A — X, for almost
every a, if

x(a) € Bla,7) and |xg(a)| > r,(a)

then

Jz(a) € B(a, ) N P(a,x(a)), |zB(a)| < ||xs(a)].

Fixn € Nand let £ = {X"(a), u(a,.),e(a)} be the economy defined by X"(a) :=

RY x X7(a) where for every a,
X2a) :={z € RE: ||z|| < £™(@) := max(r,(a), |ep(a)| + n)}.

The economy &" satisfies the assumptions of Theorem 3.1 in Cornet, Topuzu,

and Yildiz (2003)F] Therefore there exist a price 7" € R® x RE with ||z*| = 1

8The boundedness assumption B, in Cornet, Topuzu, and Yildiz (2003) is satisfied for the
cone C = RY x {0}.



V. F. Martins-da-Rocha and P. K. Monteiro /| Continuum Economies with Bads

and an allocation x” : A — R% x RZ such that for almost every a,
" - x"a) < 71" -ela)

Vz € X" (a), ula,z)>ula,x* (@)= n"-z=>7"- e(a)

and

/x,’édu =/e3du and /x’édu < /eGdu.
A A A A

Claim A.1. The price n" satisfies
g € RY,

for almost every a, one has

Vz € X" (a), ula,z)>ula,x* (@)= n"-z>n"- e(a),

/x”d,u =/ed,u.
A A

and markets clear

13

(2)

(3)

4)

(5)

(6)

(7)

Proof of Claim [A.1} It follows from Assumption S.1.d and relation (3) that

prices of goods are non-negative, i.e. 7% € R%. From Assumption S.4 we have

that wp € RE,. Then there exists o > 0 such that g > «o1p. In particular

it follows from (4) there exists a measurable set £ € &/ with u(E) > 0 such

that

Va € E, «j(a)> alg.

We let F' € &7 be a subset of E with p(F) > 0 such that relation (3) is satisfied

for every a € F. Fix any a € F, from Assumption S.1.e, we have that

Vb e B, ula,x"(a)— (a/2)(0,1)) > ula,x"(a)).
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It then follows from (3) that 7z € RE. We have thus proved that 7" € R% x RB.
Since 7" # 0 it follows that either z7, > 0 or 73 < 0.

If nf, > 0 then 7} - wg > 0. In particular, there exists a measurable set
H € &/ with u(H) > 0 such that for every a € H, we have 7} - eg(a) > 0, in

particular
Vaec G, n"-ela)>n"-(0,eg(a)) > infr - X"(a).

Following standard arguments, we can prove that for almost every a € H,

we have
Vz € X" (a), ula,z)>ula,x* (@)= n"-z>n"-e(a).

Applying Assumption S.1.d, we deduce that 77t € RY,.

Assume now that 73 > 0. Since {"(a) > |leg(a)||, one has
7" -e(a) > " - (0,eg(a)) > infn" - X" (a).

Following standard arguments, it follows from relation that for almost

every a € A, we have
Vz € X" (a), ula,z)>ula,x* (@)= n"-z> 7" e(a).

Applying Assumption S.1.d, we deduce that 77t € RY,.
We have thus proved that 7 € R%,. From Assumption S.1.b, it follows that

for almost everya € A,

" -e(a) > 1" - (0,eq(a)) > infn" - X"(a).
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Following standard arguments, we can deduce from the required prop-
erty (6).
We denote by 2}, the aggregate excess demand for goods, and 2z} the excess

demand for bads, i.e.

2 = /A % —eq)du and 2= /A (% — ep)dut.

From (4) we have z7. € —R% and 27 = 0. But from @ we know that for almost

every a € A, the bundle x"(a) is optimal in the budget set, i.e.
x"(a) € Argmax{u(a,z) : z € X"(a) N B(a, ")}

Using Assumption S.1.d, we get that budget constraints are binding, i.e. for
almost every a, we have 7" -x"(a) = 1" - e(a). In particular 7" - 2" = 0 and then
n, - 2, = 0. But since 7} is strictly positive we conclude that 2z}, = 0 and get

the desired (exact) market clearing condition (7). O

Without any loss of generality we can assume that for each n € N, the
price 7" belongs to I1. Passing to a subsequence if necessary, we can assume

that the sequence {7"} converges to a vector & € IT.
Claim A.2. The price of every good is strictly positive, i.e. g € RY,.

Proof of Claim We already know that 7z € RY. Assume by way of con-
tradiction that there exists g € G such that ng(g) = 0. We let E € &7 be the
set defined by

E:={acA: n-ela)>infr X}
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Since 7 € II, applying Assumption S.4 we have u(E) > 0| We let F be a
measurable subset of E with u(¥) = u(E) and such that relations (2) and (6)

are satisfied for every a € F. We claim that
Va € F, lim |x"(a)| = ce. (8

Fix a € F and assume by way of contradiction that the sequence {|x"(a)|}
is bounded. Passing to a subsequence if necessary, we can assume that the
sequence {x"(a)} converges to a bundle y € X. Fix v € N such that ||yg|| <
&V(a) + 1. It follows from (6) and Assumption S.1.c that

VzeX, ula,z)>ula,y)=rm-z>m-y.
Since 7 - e(a) > infx - X, it is standard to deduce that we actually have
vzeX, ula,z)>ula,y)=m-z2>m-y. 9)

Now if we pose z :=y + (0, 1;5), then, by Assumption S.1.d we have u(a,z) >
u(a,y). But since we assumed that 7(g) = 0, we get a contradiction with (9).
We have thus proved relation (8).

Observe that

lim inf / (@) e(da) < liminf1g.p / du = 1g.5- 0 = 0.
n—oo F n—oo A

Applying Fatou’s lemma, this yields a contradiction with (8). O

91f there exists b € B such that 7z(b) < 0 then 7 -e(a) > 7 - [e(a) + (0, 1)) > infr - X and
therefore E = A. If g = 0, then since & € II, there exists g € G such that n5(g) > 0. From
Assumption S.4 it follows that 75 - @wg > 0 and therefore 7- 0 > - (0, wp) > inf7 - X. It then

follows that u(&) > 0.
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From Claim[A.2there exists v € N such that
va>v, > v+l (10)

Claim A.3. For each n > v, the function x} is integrably bounded by the
function r,, i.e.

Vn>v, |xg@)] <r/(a) ae (11)

Proof of Claim [A.3] Indeed, fix n > v and assume that there exists a mea-
surable set £ € &/ with u(¥) > 0 such that

Va € E, |xj@)| > rv(a).

Using together with Assumption M, we get that there exists a measur-
able subset E' C E with u(£’) > 0 and such that for every a € E’,

Jz(a) € Bla, "), ula,z(a)) > ula,x"(@)) and |zpla)| < [xz(@)|-
It follows™| that for every a € E/,
z(a) e X™(a), 7" -z(a) < 7" el(a) and u(a,z(a)) > ula,x"(a))

which contradicts (6). O

Applying a multidimensional version of Fatou’s Lemma (see e.g., Schmei-
dler (1970), Artstein (1979) or Balder (1984)), there exists an allocation x
such that

/ re(@u(da) < / ec(@)(da), / xp(@)u(da) = / es@uda),  (12)
A A A A

190bserve that since |zp(a)|| < |[x%(a)]], the vector z(a) belongs to X"(a).
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and

x(a) € Ls{x"(a)} a.e. (13)

where Ls{x"(a)} is the set of limit points of the sequence {x"(a)}.
We claim that (7,x) is a competitive equilibrium. Indeed, passing to the

limit in we obtain that 7 - x(a) < 7 - e(a) for almost every a, i.e.
x(a) € B(a,m) a.e. (14)
Passing to the limit in (3) we obtain that for almost every a,
vVzeX, ula,z)>ula,x@)= n-z2>mr-e(a). (15)

Since for every o > 0, we have u(a,x(a) + alg) > u(a,x(a)), we deduce from
relation that budget constraints are binding, i.e.

mT-x(a)=m- -e(a) a.e.

It then follows that
- /A [x(a) — e(@)u(da) = 0

but from (12) we have

/A[x(a) —e(a)lu(da) € —RY x {0}.

Since g € RY we actually obtain that

/Axdu =/Aedu. (16)

Moreover since g € RY, we have 7 -e(a) > 7 - (0,eg(a)) > infr - X. There-
fore following standard arguments, we can deduce from that for almost
every a,

VzeX, ula,z)>ula,x(@)= n-z>mrn- e(a). a7



V. F. Martins-da-Rocha and P. K. Monteiro /| Continuum Economies with Bads 19

It follows from relations (14), and that (7,x) is a competitive equi-

librium.

Appendix B: Proof of Proposition 5.1

Fix € > 0, a price 7 € II(¢) and let p be defined by (I). We consider the
integrable function r € L'(u,R) defined by r(a) = max(p(a),e;(a)). Let now
x = (xg4,2%5) in B(a, w) such that x; > r(a).

If x; < eg(a) then posing y = e(a) we get that
y € B(a, ) N P(a,x) and Vo < Xp,

proving that Assumption M is satisfied.

If x; > es(a) then for each ¢ > 0, we pose

T
y' =(L,y;) where y,=x,—t and y, =x,+ tn—b.
g

Observe that there exists T > 0 small enough, such that for all 0 < ¢ < 7,
we have y' € R2. Moreover 7 -y’ = 7 - x which implies that y* € B(a, 7). It is

straightforward to check that

. 1 ¢ Ty 1
tlil(r)} ;{u(a,y ) —ula,x)} = n—gvé(a,xg) +vy(a,xp) > —Evig(a,xg) + vy (@, xp).

Since the function v,(a,.) is concave, we have v,(a,x,) < vy(a,ez(a)). Since
the function vy(a,.) is convex, we have v, (a,xs) > v;(a, p(a)). Applying (1) we
have
1 1, ,
thrg} ;{u(a,y ) —ula,x)} > —Evg(a,eg(a)) +vy(a, pla)) > 0.
Therefore there exists ¢ > 0 small enough such that u(a,y’) > u(a,x), proving

that Assumption M is satisfied.
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Appendix C: Proof of Proposition [5.2]

Since the initial endowment function e is bounded, there exists M > 0 such

that for almost every a € A we have max(eg(a), ey(a)) < M. It follows from the

first condition in Proposition [5.2] that there exists K, > 0 and K, > 0 such

that uniformly on A,
3 0
Vg > Ky, vgla,xg) < grlake,  and W > K,

We fix € > 0 and pose

ra) = Ky(e) + Kole) (l%) "

where K;(¢) := max{M, 1,K,, (eK; + M)/(1 — ¢)} and

+ —

1-¢ M]oe
- .

Kz(S) =3 |:

Observe that the function r is integrable.

0@, 5) > %B(a)x}f.

Claim C.1. For every n € Il(¢), for every a € A, if x € B(a, w) and x; > r(a)

then u(a,x) < 0.
Proof of Claim If x € B(a, w) then

R(a) + (1 — e)xy
Xg <
€

where R(a) = 7 - e(a). Observe that since 7 € II(¢), we have |7 - e;(a)| < M.

Therefore, using the fact that K;(¢) > (eK, + M)/(1 — €) we have

vgla,xg) < vg (a, -

R(@) + (1 — e)xp 3 M+(1—ex,]?
)< oo
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Moreover, using the fact that K;(¢) > K, we have that
1o
—us(a, 1) < — g la)y,.

Adding the last two inequalities, we obtain

Ya) {1—e+ M]G_xq,_g]‘

B@ | & " ex

v(a,x) < %ﬁ(a)xg [3

Since K;(¢) > 1 and following the choice of Ks(¢), we have

6 0
3% [tﬂg} — <3¢—9% [1;8 +Aﬂ —x0 <0
b

which implies that u(a,x) < 0. O

Let w € I1(¢) and x : A — R2 be a feasible allocation. There exists a mea-
surable set E € o/ with u(E) = u(A) such that for every a € E, the utility
u(a,e(a)) is strictly positive. Let a € E and assume that x,(a) > r(a). It
follows from the previous claim that u(a,x(a)) < 0. In particular we have
e(a) € P(a,x(a)) N B(a, ). Since r(a) > Ki(e) > M > ey(a), it follows that

ep(a) < xp(a). This proves that Assumption M is satisfied.
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