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Abstract

The traditional deterministic general equilibrium theory with infinitely
many commodities cannot cover economies with private information con-
straints on the consumption sets. We bring the level of asymmetric infor-
mation equilibrium theory at least at par with that of the deterministic.
In particular, we establish results on equilibrium existence for exchange
economies with asymmetric (di Cerential) information and with an infinite
dimensional commodity space. Two settings are treated. In the first, the
commodity space is an ordered normed space whose positive cone has a
non-empty interior, while in the second it is a locally convex-solid Riesz
space whose positive cone may have empty interior. Preferences are not
assumed to be monotone, complete, or transitive. Our new equilibrium ex-
istence theorems for asymmetric information economies not only include,
as a special case, classical results, e.g. Bewley (1972), Mas-Colell (1986),
among others, but also complement and extend the techniques and some
results in Aliprantis, Tourky, and Yannelis (2001). Furthermore, they imply
new existence results for the core of an economy with asymmetric infor-
mation.

1 Introduction

Uncertainty was introduced in equilibrium theory by Arrow and Debreu. Both
authors realized (see for example Chapter 7 of the classical treatise of Debreu,
“Theory of Value”) that if the exogenous uncertainty is described by a set which
denotes the states of nature of the world and agents’ characteristics, i.e. pref-
erences and initial endowments, become random (state dependent), then the
classical equilibrium results on existence and optimality of the Walrasian equi-
librium continue to hold.
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This is the so called “state contingent” model which captures the meaning
of contacts (or trades) under uncertainty. However, this model doesn’t allow
for trades to be made under asymmetric information as agents uncertainty is
common. In a seminal paper, Radner (1968) allowed, in addition to the random
preferences and initial endowments, each agent to have her own private infor-
mation set which was described by a partition of an exogenously given set of
states of nature. In this model optimal choices reflect the private informations
of the agents as net trades of an agent are measurable with respect to her pri-
vate information partition, i.e. measurable with respect to the -algebra that her
information partition generates. Furthermore, the market clearing occurs in the
sense that total consumption is equal (or less than equal, which amounts to free
disposal) to the total initial endowment for each state of nature. Thus, Radner
introduced asymmetric information in the Arrow-Debreu model.

Concerning the assumption of free disposal, Radner himself realized that
this assumption may be problematic in the context of asymmetric informa-
tion.1 Indeed, as it was shown in Glycopantis, Muir, and Yannelis (2003), the free
disposal assumption may destroy the incentive compatibility of the Walrasian
equilibrium and thus the resulting trades (contracts) need not be incentive com-
patible. Also, the free disposal assumption results in allocations which are not
consistent with Bayesian rationality, i.e., they may not be implementable as a
perfect Bayesian equilibrium of an extensive form game. On the other hand, it is
easy to construct examples of well behaved di Cerkntial information economies
where no Walrasian equilibrium exists with positive prices and without free dis-
posal (see Glycopantis et al., 2003, or Section 4 below).

The main purpose of this paper is to extend the theory of di Cerkntial infor-
mation economies to infinite dimensional commodities spaces. In particular, we
prove the existence of a Walrasian equilibrium for an economy with asymmet-
ric (di Cerkntial) information. The commodity spaces treated are general enough
to include most infinite dimensional spaces appearing in equilibrium theory.
Moreover, we allowed for very general preferences, i.e., preferences need not be
transitive or complete. In fact, we could even allow for interdependent prefer-
ences. Furthermore, our results not only include the expected utility framework
and the corresponding Walrasian expectations equilibrium notion as a special
case, but also dispense with the assumption of free disposal. It turns out that,
by dispensing with the free disposal assumption, we are able to guarantee the
incentive compatibility of a Walrasian expectations equilibrium.

Despite the fact that infinite dimensional commodity spaces have been in-
troduced in order to capture the meaning of uncertainty or commodity di [eren-
tiation or infinite time horizon, none of the existing infinite dimensional com-

1To quote Radner on this point: “...the assumption of free disposal is inappropriate here, at
least in its usual form; even though a given act is compatible with an information structure S,
the set of acts (in the vector sense) will typically contain acts that are not compatible
with S.”



modity spaces models allow for asymmetric information and no free disposal
simultaneously. Our results indicate that such a generalization is possible and
therefore we bring the level of asymmetric information equilibrium theory at
par with that of the deterministic equilibrium one.

In view of the counterexample in Glycopantis et al. (2003), i.e., no Walrasian
expectations equilibrium exists without free disposal and positive prices, in or-
der to dispense with free disposal we allow for non-positive prices. However,
there are several technical di [Cculkies which need to be bypassed. First, even in
finite dimensional commodity spaces, one cannot adopt the standard assump-
tion that endowments are in the interior of the consumption sets since con-
sumption sets are very “thin” in the presence of asymmetric information and
may have no interior points. Thus, to allow for non ordered preferences and no
free disposal, neither the Shafer (1976) nor the Won and Yannelis (2005) results
apply directly and we need to start from “scratch.”

Furthermore, the infinite dimensional standard arguments and results are
not directly applicable. The reason is that the (informationally constrained) con-
sumption sets do not coincide with the positive cone of the commodity space,
and also are not upper comprehensive. In particular, even when the positive
cone of the commodity space has non-empty interior, this is not so for the con-
sumption sets. Moreover, for the case where the positive cone of the commod-
ity space has an empty interior, properness assumptions on preferences and
techniques like the Riesz-Kantorovich formula (see e.g. Aliprantis, Tourky, and
Yannelis, 2000) do not work immediately when trying to use the standard ap-
proach of obtaining an equilibrium by a pass from an equilibrium relative to
the restriction of the economy to the order ideal generated by the aggregate
endowment. In particular, non-positivity of price systems is a problem here, so
that some intermediate constructions and new arguments are necessary. Thus,
our new equilibrium existence results not only include, as a special case, gen-
eralized versions of the classical deterministic results, e.g. Bewley (1972) and
Mas-Colell (1986), but also complement and extend the techniques and some
results in Aliprantis, Tourky, and Yannelis (2001).

The paper is organized as follows. In the next section, some notational and
terminological conventions are settled. In Section 3 the model and the results
are presented. Two settings will be treated. In the first one, the commodity space
is an ordered normed space whose positive cone has a non-empty interior, while
in the second one it is a locally convex-solid Riesz space whose positive cone
may have empty interior. Actually, the equilibrium existence result of the first
setting will serve as an essential tool to establish the existence result of the
second setting. In Section 4 we argue that the expected utility model of di Cerkn-
tial information economies is a special case of our general framework. Finally,
Section 5 contains the proofs.



2 Notation and terminology

As usually, the term ordered vector space means a real vector space E endowed
with a partial ordering  (i.e. is a reflexive, transitive, and anti-symmetric
relation) suchthat x yentailsx z Yy z,andx Oentails x O, for x,
y,z2Eand 2 Rwith =>0.Wewillwritex ytomeany X.

Let E be an ordered vector space. We write E for the positive cone of E, i.e.
E fX2E: x 0g. Thus E is a convex cone satisfying E \ E fOg.
Further, for x, y 2 E with X y, we denote by X;y the order interval
fz2E:x z vyqg

By an ordered normed space we mean an ordered vector space E endowed
with a norm such that the positive cone E is closed.

Recall that a Riesz space (or vector lattice) is an ordered vector space E such
that for any X, y 2 E the set fx;yg has a supremum and an infimum in E (for
the ordering of E). Let E be a Riesz space. Given X, y 2 E, the expressions x ,
X L, JXJ, X_Yy,x"y,and x ? y have the usual meaning, and we will write L X
for the order ideal in E generated by x. Thus, if x 2 E then

E

L x nx; Nx fz2E:jzj nx forsomen 2 Ng:
n 1

An element x O of a Riesz space E is said to be an order unit if L x E,
and if E is a locally convex-solid Riesz space, then an element x 2 E is said to
be a quasi-interior point of E if L X is dense in E. (Of course, an order unit in
a locally convex-solid Riesz space E is a quasi-interior point of E . The converse
does not hold in general.)

When a product E is involved, where is a non-empty finite set and E is
both an ordered vector space and a topological vector space, then E is always
regarded as endowed with the product topology and the product ordering. With
this convention, if E is a Hausdor [CIdcally convex-solid Riesz space, then so
isE ,andif E is an ordered normed space, then the topology of E is normable
so that E becomes an ordered normed space.

Given a topological vector space E, we denote by E the topological dual
space of E, i.e. the space of all continuous linear functions from E into R. For a
product E , the topological dual is denoted by E - .

Finally, for a subset A of a topological space, int A denotes the interior of A,
and c“ A the closure of A.

3 The model and the results

Let E be a Hausdor [CIdcally convex-solid Riesz space, or an ordered normed
vector space (whose ordering need not be a lattice ordering). Let be a non-
empty finite set of states of nature. Given a partition P of , we will say that an
element x 2 E is P-measurable if S2P and s, s’ 2 S imply x s x s? .
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A di Cerkntial information economy E with finitely many agents and com-
modity space E is a family E H;i;Pi;wj i1 where

- I f1;:::;ngis the finite set of agents;

for each i 2 I, Hj is the private information partition of ;

for each i 2 I, the consumption set is the set

Xj T 2E :xis Hj-measurableg;

foreach i 21, Pj: X; ¥ 2%i is the (strict) preference relation;

foreach i 2 1, w; 2 Xj is the initial endowment;
and such that
P
- i21Wi 6 0.

(Preferences coming from expected utility are a special case of this setting; see
Section 4 below.) Note that this definition implies that each consumption set X;
is a closed convex cone in E .

An allocation for the economy E is a list x'i__,i2| Wher%,xi 2 Xj foreachi 2 1.
The allocation X; j2; is said to be feasible if 5| X;j i21 Wi, it is said to be
individually rational if w; P;j X; foreachi 2 I; it is said to be Pareto optimal
if it is feasible and if there is no feasible allocation x! iz, with xJ 2 P; x; for
each i 2 I. A quasi-equilibrium for E isa pair X; j21;p where X; jo| is a feasi-
ble allocationand p 2 E * is a price system with p 6 0 such that foreachi 21,
PXi pwi and whenever y 2 Pj X;j then py  pw;. The quasi-equilibrium

Xj iz1;p will be called individually rational if the allocation X jz; is indi-
vidually rational, and it will be called non-trivial if some agents have income,
ie. if pwj > inffpy: y 2 Xjg holds for some i 2 I. Finally, an equilibrium is a
quasi-equilibrium  X; j2;;p wherey 2 P; X; actually implies py > pw;.

Note that there is no free disposal assumption embodied in the notion of
feasibility and that a (quasi-) equilibrium price system is required to be contin-
uous for the topology of E . Also note that the term “Pareto optimal” must be
interpreted relative to the given information structure of the economy. Finally
note that since consumption sets are convex, if the economy satisfies a suitable
irreducibility condition and preferences have open upper sections—which is im-
plied by Assumption (A5) below—then every non-trivial quasi-equilibrium will
in fact be an equilibrium.

We will consider the following assumptions.

(Al) Foreveryi 21 and each x 2 X;, X P; X (irreflexivity).
(A2) Forevery i 2 | and each x 2 X;j, the set P; x is convex.

(A3) Whenever X; j2; is a feasible and individually rational allocation, then
Pi Xij 6 3 for each i 2 | (non-satiation of preferences at feasible and
individually rational allocations).



(A4) Whenever X; j2| is a Pareto optimal and individually rational allocation,
then X; 2 c“P;j X; for each i 2 | (local non-satiation of preferences at
Pareto optimal and individually rational allocations).

For the next assumption we introduce the following notation: If is some topol-
ogy on (the set underlying) E, which may be di Lerknt from the original topology
of E, then denotes the product topology onE

(AB) There is a Hausdor [Tihear topology on E such that all order intervals

in E are -compact and such that foreachi 21, Pjis -“original topology
of E ”-continuous, i.e. Pj has a relatively open graph in X; X; for the
product topology “original topology of E .

See below for examples of spaces for which the hypothesis on order intervals
stated in this assumption is satisfied. We refer to Yannelis and Zame (1986) for
a discussion of formulating a continuity assumption on preferences in terms of
a “mixed topology.”

Our first existence result addresses the case where the space E is actually
an ordered normed space whose positive cone E has a non-empty interior. In
this case, the above assumptions can be shown to be su [Cieht to guarantee the
existence of a quasi-equilibrium. Of course, they are not su [Cieht to guarantee
the existence of a quasi-equilibrium that is non-trivial. To get a non-trivial quasi-
equilibrium, we will use the following assumption in addition.

(AB) There is a feasible allocation X; j2; such that for each i 2 | and each
s2 ,Xjs 2intE .

The interpretation of this assumption is that there be a feasible (in particular,
informationally feasible) allocation in which, in each single state, each agent
gets a commodity bundle containing every commodity. Note that in the finite
dimensional case E R’ (A6) says exactly that there be a feasible allocation in
which in each state, each agent gets a quantity > 0 of every commodity. A similar
assumption was used in Radner (1968). Note also that (A6) automatically holds
would we assume that for each i 2 | and each s 2 , the endowment w; s
belongs to intE .

Theorem 1. Let E be an ordered normed space such that E has a non-empty
interior, let be a non-empty finite set of states, and let E H;;Pi;wj iz bea
di Cerkntial information economy with commodity space E . Suppose that (Al) to
(AB6) hold for E. Then E has a non-trivial individually rational quasi-equilibrium.

(See Section 5.2 for the proof.) Theorem 1 extends results of Bewley (1972) and
Florenzano (1983) to the asymmetric information context.

Next we will address the case where E is a locally convex-solid Riesz space
whose positive cone E  may have an empty interior. It is a well known fact that
without some properness hypotheses on preferences, equilibrium existence may



fail even in standard complete information economies when the positive cone of
the commodity space has empty interior. In this paper, we will use the following
properness notion, which was introduced in Aliprantis, Tourky, and Yannelis
(2000) under the name “v-proper,” and which we will call “ATY-proper” here,
the “ATY” standing for the mentioned authors.

Definition 1. The preference relation P; is said to be ATY-proper at x; 2 X; if
there is a convex subset B; x; of E , with non-empty interior, such that both
B Xxi \X;j Pjx; and intB; X; \Xj6 ;.

See also Remark 2 below. (The original name “v-proper” in Aliprantis et al.
(2000) was in order to indicate that for a certain element v of the commodity
space, X;j Vv should belong to the intersection intB; x; \ Xj. In this paper,
we have no need to do so, and have therefore chosen a di Lerent name to avoid
confusion.) We will assume:

(A7) Whenever X; j2| is a Pareto optimal and individually rational allocation,
then P; is ATY-proper at x; for each i 2 1.

For the following, recall from Section 2 that foran x 2 E ,L x denotes the
order ideal in E generated by xX. The next assumption is an adaptation of (A6)
to the present setting where the positive cone of E may have empty interior.

(A8) Therq:)is a feasible allocation X j2; such that for each i 2 | and each
s2 , joaiwjs 2L Xis

The interpretation of (A8) is that there be a feasible allocation such that in each
single state, each agent gets a commodity bundle containing every commodity
available in the aggregate. In the case where the interior of E is non-empty,
in particular if E R", this assumption is implied by (A6), and it implies (A6) if
in each state the aggregate endowment belongs to the interior of E .

We will also assume that the aggregate endowments in the single states do
not vary too much across states.

P
(A9) Thereisane2E suchthatL 5, w; s L e foreachs2 ..

For spaces E which contain order units, e.g. E R" or E L1 , one can
assume that the aggregate endowment in each state is an order unit, which
implies (A9). In particular, if the interior of E is non-empty and it is assumed
that the aggregate endowment in each state is in the interior of E then (A9)
holds. We remark that at the cost of some additional burden of notation in the
proofs, (A9) can be dropped from the statements of Theorems 2 and 3 below.

We will first consider the case of spaces whose positive cones have quasi-
interior points.? A natural assumption is then:

2Recall from Section 2 that, for a locally convex-solid Riesz space E, an x 2 E is called a
quasi-interior point of E if the order ideal generated by x is dense in E.



P
(A10) ;5w s isaquasi-interior point of E for eachs 2

The class of locally convex-solid Riesz spaces whose positive cones contain
quasi-interior points includes, in particular, those locally convex-solid Riesz
spaces which have order units. Thus it includes L4 when endowed with
the sup-norm topology as well as when endowed with the Mackey topology

L1 ;L1 . In particular, it includes “1 with the sup-norm topology as well
as with the Mackey topology “1; “1 . It also includes several classical Banach
lattices that have no order units, e.g. the sequence spaces cp and “p,1 p <1,
as well as the Lebesgue spacesLp, ,1 p<21,when is -finite.

Note that for all these spaces there exists some linear topology such that
all order intervals are -compact, as required in assumption (A5). In fact, for
the spaces cg, “p,andLp ,1 p < 1, the weak topology does the job, while
for L4 and “1 one can take the weak topology with respect to L4 and “q,
respectively.

Theorem 2. Let E be a locally convex-solid Riesz space whose positive cone con-
tains quasi-interior points, let  be a non-empty finite set of states, and let E

Hi; Pi;w; i2 be adilerkntial information economy with commodity space E .
Suppose that (Al) to (A5) and (A7) to (A10) hold for E. Then E has a non-trivial
quasi-equilibrium.

(See Section 5.3 for the proof.) Theorem 2 extends results of Yannelis and Zame
(1986) and Araujo and Monteiro (1989) to asymmetric information economies
(modulo that the properness assumption there is slightly di Cerent; cf. Remark 2).

Finally, we address the case where Assumption (A10) need not hold, and in
particular the case where the positive cone of the commodity space may not
contain quasi-interior points at all. An example for this latter case is the space
ca K of bounded regular Borel measures on a compact Hausdor [Space K,
endowed with the total variation norm. Recall that order intervals in ca K are
weakly compact, so that Assumption (A5) is satisfiable.

|g;lote that under (A10) and (A9), for each i 2 | the intersection g Xi with
L 21w , the order ideal in E generated by the total endowment 5, wi, is
dense in Xj, so that the sets B; X; frcign the definition of ATY-properness must
actually satisfy intB; x; \Xj\L io;wj 6 j3.For the general case where
(A10) may not hold, we have to assume this property explicitly:

(A7) Whenever Xj jo is a Pareto optimal and individually rational allocation,
then foreach i 2 I, Pj is ATY-proper at X; such that the set Fe-Pxi from the
definition of ATY-properness satisfies intB; X; \Xj\L o w; 6 3.

Similarly, we have to adjust the statements of (A3) and (A4) in the following way.

(A3’) Whenever |§i i21 is a feasible and individually rational allocation, then
Pi Xi \L o wj 6 3 foreachi2l.



(A4) Whenever Xj jo) is a Pa[gto optimal and individually rational allocation,
thenx; 2c“ Pij X; \L o wj foreachi?22]l.

We can now state the following theorem.

Theorem 3. Let E be a locally convex-solid Riesz space, let  be a non-empty finite
set of states, and let E Hi;; Pi;wj i2; be a diCerkntial information economy
with commodity space E . Suppose that (Al), (A2), (A3’), (A4’), (A5), (A7), (A8)
and (A9) hold for E. Then E has a non-trivial quasi-equilibrium.

(See Section 5.4 for the proof.) For the special case of only one state of nature,

Theorem 3 reduces to a generalized version of the classical result of Mas-Colell

(1986), thus extending this latter result to the asymmetric information context.
We close this section with some remarks.

Remark 1. Open problems. In the special case of symmetric information (and
in particular in the case of only one state of nature), the conclusion of Theorem 2
continues to hold when the requirement of ATY-properness in the statement of
assumption (A7) is replaced by the weaker properness notion that results when
the equality B; x; \X; Pj x;j in the definition of ATY-properness is replaced
by the inclusion B; x;j \ Xij Pj X;i . (See e.g. Theorem 1 in Podczeck, 1996.3)
We leave it as an open question whether, in the context of Theorem 2, this
weaker properness notion would also be su [cieht for the case of a di Cerkntial
information economy.

Further, we leave it as an open question whether Theorems 2 and 3 can
be generalized to cover the case where the commodity space is just a vector
lattice with a locally convex topology such that the topological dual space is a
sublattice of the order dual of the commodity space, rather that an ideal in the
order dual as implied by the hypothesis that the commodity space be locally
convex-solid. This latter generalization would cover e.g. the case where, in each
state, the commodity space is ca K with a topology such that the price space
becomes C K , the space of continuous functions on K.

Remark 2. The notion of v-properness (or ATY-properness as we have called
it here) goes back to the notion of M-properness introduced by Tourky (1998).
(See also Tourky, 1999.) A related properness notion can be found in Podczeck
(1996) under the name “E-proper.” Similarly to Mas-Colell’s (1986) original no-
tion of properness, E-properness is formulated in terms of open cones. It may
be seen that, for a convex consumption set, if a preference relation is both v-
proper and locally non-satiated at some point, then it is E-proper at this point.
Theorem 2 continues to hold if ATY-properness in the statement of assump-
tion (A7) is replaced by E-properness. It should also be noted that for a convex

3The F-properness assumption in Theorem 1 in Podczeck (1996) may be seen to be implied
by the just indicated weakening of ATY-properness if Assumption (A4) holds and consumption
sets are convex.



valued and transitive preference relation Pj: X; ¥ 2%i, and a consumption set X;
being a convex cone, v-properness holds at every point x 2 X; if Pj is uniformly
proper in the sense that there is an open convex cone j in the commodity space
with § \ X 6 3 such that whenever x 2 X;j, 2 j,and x 2 X then
X 2 Pj x ; cf. the argument in the third paragraph of Section 4.

Remark 3. Theorems 1 and 2 generalize to cover interdependent preferences,
i.e. the situation where the preferences of an agent over her consumption set
may depend on the consu(Smption of other agents, so that preferences are given
by correspondences Pj: “jo; Xj ! 2%i, Some changes in the statements of
some of the assumptions, but only trivial changes of the proofs, mainly ad-
justments of notation, would become necessary. However, with interdependent
preferences, the term “Pareto optimal” which is involved in assumptions (A4)
and (A7) should be interpreted as conditional on the preferences corresponding
to a given allocation.

4 Expected utility models, incentive compatibility, and the
core

We will argue in this section that the expected utility model of di Cerential in-
formation economies is captured by the setting presented in this paper. Indeed,
with E and as in the previous section, suppose that for each agent i 2 | the
consumption set in every state s 2  is equal to E and that his preferences
over sure consumption bundles, i.e. points of E , are given by a state dependent
utility function uj: E ' R. Moreover, suppose that each i 2 | is char-
acterized by a probability function ; 2 R ,with s > 0 foreachs 2 |
where s represents agent i’s subjective prior probability of the occurrence
of state s. Assume that each agent forms (ex ante) preferences over random
consumption vectors, i.e. elements of E , according to expected utility. A di [er}
ential information economy with commodity space E can then be described by
alist E Hi; ui; i;wi i21 , where Hj and w; have the same meaning as in
the previous section. In the following, let such an economy E be given.

For each agent i 2 | and each random consumpiig)n bundlex 2 E ,letv; X
denote the expected utility of x for i, i.e. vj X s2 i SUuUjs;xs .Thus,
for each i 2 1, the strict preference relation P;: X; ¥ 2%i over the information-
ally feasible consumption set X; (defined as above via the private information
partition H; of ) is given by
() y2Pj x ifandonly if

X X
Vi y isujs;ys > i SUjsS;Xs Vi X ; X3y 2 Xj:
s2 s2

Suppose there is a Hausdor [véctor space topology on E such that all order
intervals in E are -compact, and suppose that for each i 2 I:
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(@) uj s; islower semi-continuous foralls 2  (for the original topology of E).
(b) uj s; is -upper semi-continuous for all s 2
(c) uj s; isconcave forall s 2

(d) Thereisaz; 2 E and for each s 2  a convex open cone g E with
zj2 jssothate2E , 2 js,ande 2 E imply u; s;e > uj s;e .

Thus (d) means that the preferences given by u; s; are uniformly proper for
each state s 2 and, moreover, that there is a z; 2 E that is a strongly desir-
able consumption bundle in each single state s 2

It is readily seen that under these stated conditiorB, assumptions (Al) to

(A5) and (A7) hold. (For (A7), pickany i 2 | and set ; s2  irs- Then from (d):
( ) Ify 2 Xjand 2 jsatisfyy 2 Xj theny 2Piy .

Fix any x 2 Xj and let B; x Pi x i [fOg . From ( ), B x \X; Pj x,
because Pj, coming from a utility function, is transitive. Clearly B; x is convex.
Further jisopeninE , and hence so is Pj X i. Thus P; x i IntR x .
Consider the element z; from (d), and let —; 2 E be defined by —; s Zj
for each s 2 . Then ; 2 ; and, being constant across states, ; 2 X;. It
follows that x —; 2 Xj and hence from (  )thatx —; 2P; x . Consequently
X 2 ;2P X jaswellas x 2 2 Xj. Thus intB; x \X;6 3.We

conclude that for each i 2 I, Pj is ATY-proper at each x 2 Xj. In particular,
(A7) holds. As for (A3) and (A4), simply note that for each x 2 X; and each real
number >0, X 3 2 Pj x . Of course, there are conditions on the utility
functions u; so that (A3) and (A4) would hold independently of a properness
assumption.)

In the following, the term feasible allocation means, as in the previous sec-
tion, physically feasible without free disposal as well as informationally feasible,
i.e for each agent i 2 | the consumption bundle must be in the informationally
constrained consumption set X;j.

Definition 2. A Walrasian expectations equilibrium (WEE) for the economy E is
apair Xj iz1;p where X j2; is a feasible allocation and p 2 E © is a price
system such that for each i 2 1,

() pXi pw;and
(i) py = pwj whenever y 2 X; satisfiesvj y >Vvj X .

In view of ( ) and the discussion following ( ), Theorems 1-3 (together with
some irreducibility assumption on the economy) entail existence results for
Walrasian expectations equilibria. Notice that such results extend the ones in
Aliprantis, Tourky, and Yannelis (2001) who allowed for free disposal in the
definition of the Walrasian expectations equilibrium.
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As pointed out in the introduction, when the definition of feasibility of allo-
cations allows for free disposal, then an equilibrium of a di Cerential information
economy may lack incentive compatibility properties. Indeed, consider the fol-
lowing definition of incentive compatibility due to Krasa and Yannelis (1994),
where given i 2 1l and s 2 , Sj s 2 Hj denotes that element of agent i’s
information partition which contains the state s.

Definition 3. A feasible (in particular informationally feasible) allocation X; j2)
is said to be coalitional incentive compatible (CIC) if the following is not true:
There are a coalition C | and statess, s’ 2 with s 6 s’ such thats’ 2 S; s
foreachi 21 C andsuchthatforeachi2C,wijs x;js’ w;s® 0and
satisfies uj s;w; s xi s wjs® >ujs;xis 4

This definition indicates that no coalition C of agents can misreport a re-
alized (true) state of nature to the complementary coalition (whose members
cannot distinguish the true state from the misreported one) and become better
o [_Hor example, suppose I  f1;2g, fa;b;cg,and E R, i.e. there is one
physical good. Let probability assignments, information sets, and endowments
be given as follows:

1 1=3;1=3;1=3 H, ffa;bg;fcgg W1 9;9;1
2 1=3;1=3;1=3 H, ffa;cg;fbgg Wo 9;1;9 :

Finally, let utility functions uy: R ¥ Randu;: R T R be given by

ups;y uzxsiy y'? foralls2 andally 2R.

In this example, there is a unique free disposal WEE allocation given by
X1 8:8;2 X2 8:2;8 :

(A price system supporting this allocation as a free disposal WEE is given by
P 0;1;1 .) Note that this allocation is not CIC. Indeed, when a is the realized
state of nature, agent 2 can report state b (note agent 1 cannot distinguish a
from b) and becomes better o [ik. keep the initial endowment in state a, which
is 9, and add the unit of the good she receives in state b from agent 1, thus
realizing a utility
U a;wsa Xz b wso b u> a;10 >u» a;8 U> a; X a

On the other hand, it may be seen that for the price system p 1=3;1;1 the
initial allocation wj;w> is a non-free disposal WEE allocation, and this allo-

cation is evidently CIC.> We remark that it is shown in Hervés-Beloso, Moreno-
Garcia, and Yannelis (2005, Theorem 5.1) that, in fact, any non-free disposal

4There is another, stronger definition of incentive compatibility in Krasa and Yannelis (1994);
what we have defined here is actually called weak coalitional incentive compatible in Krasa and
Yannelis (1994).

SThe initial allocation is the only non-free disposal WEE allocation in this example. However,
it is easy to construct examples—with more than three states—such that there are free-disposal
WEE allocations that are not CIC, but non-free disposal WEE that involve some trading.
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WEE allocation is CIC, provided that utility functions satisfy some monotonicity
and continuity properties.® We take this discussion as ample justification for
not going the convenient way of a free-disposal equilibrium in this paper.

We finish this section with a few remarks regarding the private core of a
di Cerkntial information economy.

Definition 4. Given an economy E H;i;Pi;w;i iz , an allocation X jo; is
said to be in the private core of the economy E if it is feasible and if there does
not exist a (non-empty) coaIiE')on c 1 ig\d an allocation Yyj j2; such that both
Vi 2Pi Xj foralli2Cand jocVi ioc W;j.

Recall that according to our terminology, the term “allocation” involves the
requirement that the individual consumption bundles be informationally fea-
sible. Thus the private information constraints are inherent in the above core
notion. Clearly, the private core is just the usual core relative to the informa-
tionally constrained consumption sets. Thus, by a standard fact, any Walrasian
equilibrium of a di Lerkntial information economy belongs to the private core.
(In particular, for the expected utility framework, any Walrasian expectations
equilibrium allocation belongs to the private core.) Consequently, Theorems 1-3
imply results about non-emptiness of the private core of a di Cerential informa-
tion economy with an infinite dimensional commodity space. Note that Theo-
rems 1-3 do not require the commodity space to be a Banach lattice. Thus, such
private core existence results do not follow from any other core existence re-
sults which require the commodity space to be a Banach lattice with an order
continuous norm (e.g. Allen, 2005; Lefebvre, 2001; Page, 1997; Yannelis, 1991).

The fact that a Walrasian equilibrium allocation of an asymmetric informa-
tion economy belongs to the private core means in particular that any such
allocation is Pareto optimal relative to the given information constraints. On
the other hand, returning to the expected utility framework, it is important to
notice that it is not possible to have fully or unconstrained Pareto optimal al-
locations which are also incentive compatible.” (See for example Glycopantis
and Yannelis, 20054, p. vi. ) However, by the remarks above, a Walrasian expec-
tations equilibrium allocation is both incentive compatible (under some mild
assumptions) and informationally constrained (or second best) Pareto optimal.
This should be contrasted with the Rational expectations equilibrium (revealing
or non-revealing) which may not exist, may not be incentive compatible, and
may not be Pareto optimal. (See for example Glycopantis and Yannelis, 2005b,
p. 27, p. 31-32, and p. 43-45))

6Actually, Theorem 5.1 in Hervés-Beloso et al. (2005) is stated for the commodity space
E  “4, but this specification is not needed in the proof of that theorem.

“Under asymmetric information, incentive compatibility is neither consistent with ex ante,
interim, nor ex-post e [ciehcy.
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5 Proofs

51 Lemmata

Lemma 1. Let Xi; Aij;Pj iz be an abstract economy, where | is a finite set of
agelas, and for each i 2 1, Xj is a subset of R* and both Aj: ~ 3 Xj T 2% and
Pi: joir Xj ¥ 2%i are correspondences such that for each i 2 I:

(B1) X; is a non-empty, compact, and convex subset of R".
(B2) Pj is lower semi-continuous and has (relatively) open upper sections.

(B3) 6. is non-empty and convex valued and has a (relatively) open graph in
i1 Xj  Xj.
Jj21 7N i

(B4) The correspondence A;: Qj2| Xj ¥ 2%, defined by Aj X c*Aj X, is
upper semi-continuous.

(B5) For all x 2 QjZ, Xi, Xj does not belong to the convex hull of P; x .
Then has an equilibrium, i.e. thereisan x 2 QiZ. Xj such that foralli 21,

(i) x; 2c*Aj x ,and

(i) P X N\c“Aj x s
Proof. See Theorem A.1 in Won and Yannelis (2005). O
Lemma 2. Let E Xi:Pi:wij i21 be an economy with commodity space R™ and

with a finite set | of agents where for each 1 2 |, Xj is the consumption set, w;j is
the initial endowment, and Pj: X; ¥ 2%i is the preference relation. Suppose the
following conditions.

(C1) Xj is closed and convex for each 1 2 1.

(C2) There is a closed convex cone R, satisfying \ fOg, such that
X foreachi 2 1.

(C3) w; 2 X foreachi 2 1.

(C4) Foreachi 2 1,P;: X; ¥ 2% has a (relatively) open graph in X;  X;.

(C5) Foreach i 21 and each x; 2 Xj, Pij Xj isconvex and X; Pj X; .

(C6) If X jo is a feasible and individually rational allocation then P; X; 6 3.

Then E has a quasi-equilibrium  x; j2;;p —in particular, p 6 O—such that
the allocation Xx; j2; is individually rational .8

8We do not claim, of course, that this quasi-equilibrium is non-trivial.
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Proof.® Since preferences are not assumed to be locally non-satiated, we will
make use of the following construction, which goes back to Gale and Mas-Colell
(1975). For each i 2 | define a correspondence B;: X; ¥ 2%i by

B x; f1 xi x\0< 1;xY 2 Pi xi g; Xi 2 X;:

Then B x;j 6 3 ifandonly if Pj Xj 6 3. In particular, by (C6), if X; jo; isa
feasible and individually rational allocation, then x; 2 c“Bj x; foreachi 2 I.
Evidently, by (C5), X; PBj X; and B; X; is convex for all x; 2 X;. Finally, note
that (C4) implies that each P; is lower semi-continuous and has relatively open
upper sections. Hence, by Proposition 2.3.1 of Won and Yannelis (2005), the
same is true for each B;.

For each i 2 I, let Xif be the set of those X; 2 X that belong to feasible
allocations. By (C1) and (C2), Xif is compact for each i 2 I. Choose and fix a
compact and convex subset K of R™ such that for each i 2 I, Xif intK and let
X  X; \ K. Note that by (C1), X; is compact and convex for each i 2 I. Also
note that w; 2 X; \ intK for each i 2 I, since w; 2 X; according to (C3) and
since the allocation w; jo; is feasible.

Write fl;:::;mgandlet1® fOog[l.SetRy fp2R:kpk 1gand

let X i210 R;. W(S will denote elements of X by p;x where p 2 Xy and
X X1::00Xm 2 E“l)bi. For each i 2 | define a correspondence [ | 2%i
by

B p:x B X \intK;

and let Po: X ¥ 2% pe defined by
X

X
o p;x fg2Ro:q Xi wi >p  Xi W

i2l i2l
Evidently By has relatively open lower and relatively open upper sections. The
fact that By has relatively open lower sections implies that By is lower semi-
continuous. As noted above, for each i 2 | the correspondence B; is lower semi-
continuous and has relatively open upper sections. Hence, for each i 2 I, the
same is true for B;. (To see that B; is lower semi-continuous for i 2 I, let O be
a relatively open subset of X;. Then O U \ X; where U is a relatively open
subset of X;. Observe that

p;x 2X: B p;x \O6 ;
p;x 2X: B x; \intKk \O6 3
p;x 2X:B xi \ Xj\intKk \U6 :

But since B; is lower semi-continuous and both U and X; \ intK are relatively
open in Xj, the set X; 2 X;: B Xi\ Xj\intK \U 6 ; is relatively open

°The proof follows that of Theorem 2.3.1 in Won and Yannelis (2005). However, some addi-
tional constructions become necessary because we have not assumed that the endowments be
interior points of the consumption sets.
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in Xj, whence the set p;X 2X: B x; \ X;j\intk \U6 : is relatively
open in X. Thus B; is lower semi-continuous.)

Next, for each i 2 I, and each integer k > 0, let a correspondence AK: R 1 2
be defined by

R

Ak pix  XP2XR:pxl<pw; 1=k 1 kpkg:

Then each A'i‘ is non-empty valued because w; 2 X; for each i 2 1. Also, each A‘i‘

is convex valued, has a relatively open graph in X ®;, and the correspondences

K:(: R 1 2% defined by K'i( p;x c“AK p;x , are upper semi-continuous.
Finally, for each integer k > 0, define a correspondence A‘gz R 1 2% by

AS p;x  Ro:

Clearly, for each Kk, A'g is non-empty and convex valued, has a relatively open
graph in X  Xg, and is upper semi-continuous. Observe also that for each
p;x 2R wehavec®Af p;x  Af p;x .
For each integer k > O consider the abstract economy K )*Qi;A'i‘; B iop0.
By the remarks above, each K satisfied the hypotheses of Lemma 1. Thus each
K has an equilibrium, i.e. there isa pX;xX 2 X such that

X X
(1a) pX xK w; g xK w; forall g2 Xo;

i i
i2l i2l

and such that for each i 2 1,

(1b) p¥xK  pkw; 1=k 1 kp*k; and

(1c) D pXixK \Ffx; 2 Ri:p*x; p*wi; 1=k 1 kpXkg 3:
Since w; 2 X; for each i 2 1, (1c) implies in particular that w; B pK;xK for

each i 2 I. Hence, by the construction of B;, since w; 2 intK as noted above,

(2 wi Pj xik foreachi 2 I:

The set R is compact. Therefore, letting k ¥ 1 and passing to a subsequence
if necessary, we can assume that thereisa p ;x 2 Xsuchthatpk ¥ p and

xf ¥ x; foreachi 2 1. Then from (1),
X X

(3a) p X; Wi q X; w; forallg2Xo;
i2l i2l

(3b) P X; p wi 1 kp kforeachi?2l;

and, since B; is lower semi-continuous for each i 2 1,

Bc) Bip:x \fxi2Ri:p xi<p wj 1 kp kg 3 foreachiz2I:
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P P
From (3a) and (3b) itis plain that 5 X; i21 Wi, i.e. the allocation X; 2 is

feasible. From (2), w; Pj x; foreach i 21 since by (C4) each P; has relatively

open lower sections. That is, the allocation X; i, is individually rational. Pick
any j 2 I. By what has been remarked at the beginning of this proof, the fact
that the allocation X; 2 is both feasible and individually rational implies that

X; 2c B Xj Also, again since X; iz is feasible, we must have X; 2 intK

by choice of K. Thus X; 2c B X; \ intK . By definition of ij, this means

X; 2c* ® p ;x . Hence, by (3b) and (3c), p Xj pw 1 kp k. Since

this holds for all i 2 1, it follows that kp k 1since 5 p X; i2I P Wi
by feasibility of X; 2. Now pick any i 2 | and suppose X; 2 P; X; . Since
X; 2 intK, we have 1 X; xi 2 B x; \intk B p ;x for all

su Cciehtly small real numbers > 0. Therefore (3b) and (3c), together with the
factthat kp k 1, imply that p X; p wj. This completes the proof of the
lemma. O

Lemma 3. Let Y be a real locally convex Hausdor [Sspace and let U and V be
convex subsets of Y with U open and suchthat U\V 6 ;.Lety 2V \c“U, let
g be a (not necessarily continuous) linear functional on Y and suppose qy  qy°
for all y? 2 U\V. Then there exist linear functionals g1 and g» on Y such that g1
iscontinuous, q1y quuforallu2U,qxy qgzvforallv2V,andq:s g2 Q.

For a proof see Podczeck (1996, Lemma 2).

Lemma4. Let E;k k be anormed Riesz space with k k being an order unit norm.
Suppose there exists a Hausdor [Iihear topology on E such that all order inter-
vals in E are -compact. Then E;k k is a Banach lattice.

Proof.10 The hypothesis about order intervals implies that E has the so called
interpolation property. That is, whenever X, and yp are sequences in E such
that X, ym for all m;n, then there is a u 2 E such that xp u ym for
all m; n. (Indeed, given any such sequences, foreach nleta, supfxm: m nNg
and b, inffy,: m n g. Thena, bp for all n and the sequence of order
intervals an;bn is nested. Hence the hypothesis implies that |, an;bn 6 3.
Evidently, any element u of this intersection has the property that x, U Ym
for all m; n.) Now since E, being a normed Riesz space, is Archimedean, the fact
that E has the interpolation property implies that E is uniformly complete. But
a normed uniformly complete Riesz space whose norm is an order unit norm is
actually a Banach lattice. O

In the proofs of the next lemmata, we follow the convention that the sum of
indexed vectors over an empty index set is zero.

10For the terminology and the facts used in this proof, see Meyer-Nieberg (1991, Defini-
tion 1.1.7, p. 7, Proposition 1.1.8, p. 7, and Proposition 1.2.13, p. 18).
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measurable real-valued functions on T. For each k 2 K, let Uy be a non-empty
subset of U and Vi be a non-empty subset of V. Suppose the following conditions
to hold:

.S
(i) k2xkUk U.
.. S
(i) kokVk V

(iii) There are real numbers b and c and, for each * 1;2;:::, a measurable
subset C- of T with  C. = 0 such that:

P P S,
@ jou Tit i2v, gi t bforalk2Kandallt2 = ;C-.
(b) gi t “forallt2C-,each “,andeachi 2 V.
S
(c)c=0and fj t cforallt2 }lc‘andeachiZU.

Then, given real numbers r > 0 and > 0, there are non-negative measurable
real-valued funétions £ F), and g¥;:::;g% on T and a measurable subset D
of T,withD ~ 2 ,C.and D =0,such that:

() Forallt2D,f)t it foreachi2U andgt gt foreachi2V,
() Forsomei2U, fl t <fj t forallt2D.

(M) Forallt2T D,flt fit foreachi2U aswellasglt g;t for
eachi2V.

awv) f0t  fi t forallt2T andalli 2 U.

(V) Forallt2 T and all k 2 K:

x x x x
)t gl t f; t git
i2Uy 2V i2U 2V

P P
andif oy Fi t i2v, Oi t r then
X X X X
0t gl t fit gi t:

1
i2Ux i2Vy i2Uy i2Vy

S
Proof. Set C t 1 C-, let G be the set of all subsets of K, and let r > 0 be a
real number. For each G 2 G let

X X
Cao t2C: fi t gji t r forall k2 G
i2Uy i2Vi
X X
and fit git >rforallk2K G :
i2U; i2Vy
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Then each Cg is a measurable set and we have C SGZG Cg. Thus since K
and hence G is a finite set, at least one of the G’s must have the property that

Cc \C- =0 forinfinitely many “ (because C- = 0 for each “). Choose and
fix any element of G with this property, say K, and let Cj Dbe the subsequence
of the sequence C- such that CKS\ Cj >O0holds foreach j 1;2;:::. Set
Dj Cg\Cj foreach j and set D 11 1 Dj. Thus,

X D _
(4) if t 2 D then fit gi t rifandonlyif k 2K

i2Uy 2V
and, from (iiib),
(5) foreachj, Dj >0Oandgijt jforallt2Djandeachi2V.

Foreachj 1;2;:::, pick a pointt! 2 Dj and set J anlfi t) . Observe
that by (5) and condition (iiia), J ¥ 1 asj ¥ 4. In particular, J > 0 for all
su Lciehtly large j. Thus we may as well assume that J > 0 holds for all j. Set

1 1= J f; tJ foreachi2U and ! 1= J g; t§ foreach i 2 V. Note
that, for the number b from condition (iii), we have

: X X : _
(6a) 1= I r ] 1 1=Jpforallk2K
i2Uy i2Vy

and
X X : _
(6b) H 1 1=Jpforalk2K K.
i2Uy i2Vy

J
i

Also, we have 0 1 for each j and each i 2 U. That is, foreach i 2 U

T
the sequences f j 12;: are also bounded since all the f are non-negative
and since J ¥ 1. Thus (passing to subsequences and relabeling if necessary)
we may assume that all these sequences of real numbers are convergent, say
{ T ;foreachi2U and JI 1 ;foreachi2V.Then ;3 Oforalli2 U and

i Oforalli2V,andsince ["; f 1 for each j by construction, we must
have ;> 0 for some i 2 U. Moreover, since 1 ¥ 1, aglance at (6) shows that

the sequence

x X _
(7a) i i Oforallk2K
i2Ux 2V
and
X X _
(7b) i i Oforallk2K K.
i2Uy i2Vy

Let = 0 be any real number, and consider the measurable functions j1p,
i2U,and lp,i2V. Then from (7),

X X _
ilp t ilp t Oforallt2T and all k 2 K

i2Uy i2Vy
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and

X X L
ilp t ilp t Oforallt2T andallk 2 K K.
i2U, 2V
Hence, setting f)  F; ilp foreach i 2 U and ¢! g ilp for each
i 2V, we obtain measurable functions on T such that
X X X X o
)t gl t fit git forallt2T andallk 2K
i2U 2V i2Uy 2V
and
X X X X o
)t gl t fit git forallt2T andallk2K K.
i2U, i2V) i2Uy 2V

Then the functions fi0 and g? satisfy (lll) and, by (4), (V) of the required prop-
erties. Also, (I) and (Il) hold since all the numbers  and ; are non-negative
and since, as noted above, j>0forsomei2U and D = 0. Furthermore, if

> 0 is chosen small enough, then by conditions (iiib) and (iiic) of the lemma,
all these functions are non-negative. Finally, given any > 0, then again by
choosing > 0 su Lciehtly small we can guarantee that (1V) is satisfied, too. O

following conditions hold:
.S
() kekSk fl;::iiing.
(i) fi~gi Oforeachi 1;:::;n.
P
(i) 2s, Fi i 1t for each k 2 K.

(iv) There is no real number > Osuchthatforalli 1;:::;n,gjt for
almostallt2T.

(@ f) fiandg! giforalli 1;:::;n.

(b) For some i thereisasetD 2 T with D > 0 such that fi0 t <fjt forall
t2D.

P R
©) s Fi 9 izs, fi Qi foreachk2K.

P 0 o P
d iz, i 9 N1 izs, fi Oi "1t foreachk 2K.
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Proof. Setl f1;:::;ngand letV be a maximal subset of | such that there is no
real number > 0 for which inffg; t : 12 Vg for almost all t 2 T (where
“maximal” is meant with respect to the number of elements). By condition (iv) of
the lemma, V is non-empty. Moreover, by the choice of V, we can find an integer
“ > 0and measurable subsets A of T with A. >0,° 1;2;:::, such that for
eachi 2 Vs?md each “,gj t “forallt2 A- butforeachi 21 V,gjt -
forallt2 & 1 A-.

Set A : 1 A<, let F be the set of all subsets of I, and for each F 2 F let

Ar Tt2A: fi t >n- 3foralli2Fand f; t n 3foralli2l Fg:

Then each Afr is a measurable set and we have A SFZ,: Af. Thus since | and
therefore F is a finite set, at least one of the F’'s must have the property that
Ar \ A: =0 for infinitely many “. Choose and fix any element of F with this
property, say W, and let A‘j be the subsequence of the sequence A- such
that Aw \A=j > 0 holds for each j 1;2;:::. For simplicity of notation,
we d§note this subsequence again by A- . Set C-  A- \ Ay for each “, and
c ~1,c.
Summarizing, we have subsets V and W of I  f1;:::; ng, with V non-empty,
a measurable subset C of T, and a real number “ > 0 such that:

S
(@ C 1 1 C- where foreach *,C- 2T with C- >0andg; t ‘
forallt 2C- andeachi2V.

(8 (b) Foreachi2l V,gjt “forallt2C.

() If i 2 W then f; t >n“ 3forallt2C,andifi 21 W then
fi t n 3forallt2C.

Let C
K k2K:S¢k\V6 ; and U SKk\W :
k2K
Then by gondition (i) of the lemma, K is non-empty (since V is non-empty) and
we have | 5g Sk\V V. From (8a), (8c), and (iii) of the lemma, if k 2 K then
Sk \W 6 ;. Hence, U is non-empty, too. Note for later reference thatU W.
Now according to condit)i(()n (iii) of t;wg lemma, foreach k2 Kandallt2T

fi t gi t 1
i2Sy i2Sy
and thus < < <
fit git 1 fi t
i2S\W 25, \V i2SE\ I W

because all the functions involved are non-negative. By (8c), then, for each k 2 K

(in particular for each k 2 K)and all t 2 C,
X X
fit gi t 1 nn° 3:
25, \W i25,\V
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In view of this, (8a), and the first part of (8c) together with the fact that U W,
we may now appeal to Lemma 5, with K there replaced by K, Ui by Sk \W, Vj by
Sk \ 'V, and with 1=n and r Nn“ 2, to obtain a measurable set D C,
with D = 0, and non-negative measurable functions fio: TYR,i2U,and
g?: T ¥ R, i 2V, such that () to (V) of that lemma hold (with K in place of K,
Sk \W in place of Uy, and Sk \ 'V in place of V).

Set f) fifori 21 Uandg’ gifori21 V.Then, by (l)and (Il)
of Lemma 5, the functions fi0 and g?, i 2 1, evidently satisfy (a) and (b) of the
properties required in the lemma just under proof. Note that for each k 2 K and
eacht 2 T, we may write
X £t X 0 X 0 X 0 X 0 X L

: g; t .t g; t ot gj t:

1 1 1
25, i25, 25, \W i25,\V i2S O\ 1 W i2S\ 1 V

But from this it is plain that (c) must hold because we have fiO t fi t foreach
i 21, and because if k 2 K, i.e. Sy \V 6 3, then according to (V) of Lemma 511
X X X X

1 1
25, \W 25, \V 25 \W 25 \V
for all t 2 T. Now as for (d) of the required properties, by (lll) of Lemma 5 we
have only to check that, for each k 2 K, if t is any point of D, then

X 0 0 X
(9) ot g; t N1 fit gi t N1
25, 125,

Thus pick any t 2 D. Clearly, if k K, i.e. Sk \'V z, and if in addition
Sk\U :, then (9) holds because in this case fi0 i as well as g? g; for all
i 2 Sk. Suppose Sk\V  ; butSgk\UG6 ;. Then from (8b)and (8c)

X X _ _
fi t gt >n“ 3 n° 3;
i2Sy i2Sy

recallingthat D C,thatU W, and that f; t 0 for all i. On the other hand,

from (IV) of Lemma 5, since has been specified as 1=n,
X X
)t ft 1
25 25,

(because fi0 i for i UI'}’ Consequen}_ly, since g? gi fori 21 V and

Sk\V 1, we musthave o5 )t i2s,0F t 2. Thus (9) holds. Now
suppose k 2 K. Recall that we have specilged the numbe||_:>r from Lemma 5 as
r n° 2 Thusfrom (V)ofthatlemma,if >s\w it izs\v gi t n“ 2
then < < < <
)t gl t fi t git
25, \W i25,\V 25, \W i25,\V

1Here and in the rest of this proof, all invocations of Lemma 5 are understood with K re-
placed by K, Uk by Sx \ W, and Vi by S, \ V.
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and therefore, because g? gifori21l Vandbecausel W | U and fiO Ti

it g; t fit gj t:
25 25, 25 25
. P P
Hence (9) holds |ggaln. SupposE) izsaw Ti t izsav i t >n® 2. Asnoted
above, we have jog, fi0 t izs, Fi t 1. Consequently, using the facts that
g? gi for all i and that all the fj’s are non-negative,
X 0 X 0 X X
LI g; t fit 1 g; t
25y i25y 25k 25k
fit 1 gi t
25K iz)s&<
>n 2 1 gi t
i2S\ I vV
1;

the last inequality following from (8b) (and since t 2 D  C). Thus (9) follows in
this latter case, too. Thus we have shown that also (d) holds for the functions fiO
and g’, i 2 1. This completes the proof of the lemma. O

Lemma 7. Let T;T; be a probability space, let J and K be non-empty finite
sets, let Sk kok be algamily of non-empty subset of J, and let gé-;2 L for each
J 2 J. Suppose that  j5s, 0j 1t foreach k 2 K and that >k Sk J. Then
there are an hj 2 Ly for each j 2 J and a real number > 0 such that

(i) hj 17 foreach j 2 J;
P P
(i) jos, hj j2s, 9j for each k 2 K;
... P P
(i) jos hj N1t j2s.9j "1t foreach k 2 K.

Proof. We regard L, as endowed with the usual norm k kj; thus L; is
a Banach lattice. Set X L1 Ly I We regard X as endowed with the
product ordering ; given by aj;bj j2; 3 a3;b] j2; if and only if for each
i23,a ajandb; bjinLy . Also, X dis regarded as endowed with the
product norm k kj given by k aj;bj j2iks j23 kajky kbjk; . Thus X'is a
Banach lattice. Recall that the Banach lattice L; is order continuous and, in
particular, Dedekind complete. Hence the same is true for X.

Now let G be the subset of L; 7 given by
n
G hj j2a2 L1 J: (i) and (iii) of the lemma hold relative
to the given family gj jos 2L;
X o]
and h;j 17 foreach k 2 K
J25¢

and let H be the subset of X given by
n o]
H hj;hj j232X: hj j22G
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Then G is non-empty; e.g. the given family g; j2j belongs to this set. Hence,
H is non-empty also. Let C be a non-empty chain in H for the ordering ;.
Note that C is bounded from below by the zero element of X. Hence since
X is Dedekind complete, C has an infimum in X , say a;;bj j23. Evidently,
we have aj ™ bj 0 for each j. Now since C, being a chain, is in particu-
lar downwards directed, and since X is order continuous, there is a sequence
hj;n; hj;n j23 n 1:2;: in C that converges to a;;bj j25 in the norm k k;j of X.
In particular, then, hj;n hj;n ! a; bj foreach j inthe normof Ly . By
continuity of addition and of the lattice operations in L1 , it follows that
a; bj j23 2 G and hence, since aj ~bj 0 for each j, that aj;b; j2; 2 H.
Thus, every chain for 3 in H has a lower bound in H for ;. By Zorn’s Lemma,
H has a minimal element for ;. A glance at Lemma 6 shows that if Dj :Dj j23
is such a minimal element of H, then for some real number > 0, (i) of the
lemma must hold for the element Dj j2j of G.
Indeed, let hj j>; be an element of G for which there is no real number
> 0 such that h; 1t foreach j 2 J. For each j, choose a version hj of hj
and a version h; of h;. Then for almostall t 2 T, hbt and h; t are  0and
hj t ’\hj t Oforeachj 2 J,and foreachk 2 K, jos, hj t hj t 1.
Modifying the functi%ns hj and hj on a null set if necessary, we can assume
that for each k 2 K,  jos, ﬁj t hj t 1 holds actually forall t 2 T. In
e same way, we can assume that the other properties hold for all t 2 T. Then
25k hj hj 1t for each k 2 K, hj ’\hj O for each j 2 J, and all the
functions hj and hj are non-negative. Also, it is clear that the condition “there
is no real number > 0 such that h; 1t for each j 2 J” means that there
is no real number >0 sucgthat forall j 2 J, hj t foralmostallt 2 T.
Finally, recall that we have >k Sk J by hypothesis. Consequently, writing
J f1;:::;ng, we may apply Lemma 6 with ﬁj in place of f; and hj in place
of gj,j 1;:::;n, to find measurable functions &;: T * R and bj T T R,

(@ & h; andbj h; forallj 2J.

(b) For some j thereisaD 2 T with D >Osuchthata; t <h; t

(10) forallt 2 D.

- P . .
(©  jos. & bj j2sc h; h; foreachk2K.

P - P 3 .
d)  jzs. @ by "1t jzs, hj  hy 7~ 1pforeach k 2 K.

For each j 2 J let a; and bj be the elements of L;  determined by &; and b,
respectively. In particular, we have a; 0 and bj Orj,or each j 2 J. Fr&;‘n (10c)
combined with the fact that hj jo; 2 G we see that o5, @ bj i2s¢ 9j
for each k 2 K, and combining (10d) with the fact that hj jo; 2 G we see
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that szsk a;j ij Nt PJZSk g "1t |g)r each k 2 K. In particular,
for each k 2 K, 25, @; bj 11 because jos, j 1t by hypothesis.
Thus, the family a; bj j2j is an element of G. Now from (10a) and the fact
that hj n hj 0 for each j, it follows that a; ™~ b; 0 for each j, and hence
that the family a;j;bj j2j is an element of H (since aj and b; are 0 for each
j 2 J). But (10a) and (10b) together imply that hj ;hj j23 3 aj;bj jz3 and
that hj 'h: j236 aj,bj jo3. Thus hj ;hj j23 is not a minimal element of H

]
for ;. O

Lemma 8. Let Z be a Riesz space and let Y be an ideal in Z.lg,_et Z1,....7Zn be
elements of Z and let y1;:::;yn be elements of Y. Suppose that ' ; y;i 0 Zi
and that there is a y 2 Y such that Yp Zi for ﬁgch i 1;:::;n. Then there

are elements x1;:::;Xn of Y such that ' ; x; T .yiand x;  zj for each

Proof. Leta y"™Nyi1Ny2" ~yn.Foreachi 1;:::;n, set aj yiPaand
n

bi zi a. Thenforeachi,aj Oaswellasb; 0.Also, [ ;a; i 1bi.
The %esz decogposition theorem provides elements ¢c; 2 Z, 1  1;:::;n, such
that ' 16 i 1@iand 0 ci bjforeachi. Setx; ¢ g foreachi.
Evidently ' ; X Yiyiand x; zjforeachi.Also 0 ¢; 1 aj. Now

since y and all the y; belongto Y and Y i]s_)an ideal in Z, we have a 2 Y and
therefore also a; 2 Y for each i,_and thus ? 18 2Y, too. Hence, ¢; 2 Y for
each i by the facts that 0  ¢; " Jajand Y isinideal in Z. We conclude that
Xj 2'Y for each i. O

5.2 Proof of Theorem 1

We first settle some notation. We let k kg denote the norm of E and let k k
denote the product norm on E given by kxk maxfkx s ke:s2 ¢, X2E .
Thus the topology on E given by k k is the product topology on E when each
factor has the norml__gopology.

Also we let w i>1 Wi stand for the aggregate endowment. O;w denotes
the order intgval fx2E :0 Xx wg.
Let H i1 Hi and let G be a maximal family of elements of H such that

the indicator functions 1s 2 R , S 2 G, are linearly independent. In particular,
then, since H and hence G is finite, we have:

Therelg,s a real number K > 0 such that if s, S 2 G, are real numbers

(11 and soc sls s 1foreachs2 thenj gj KforallS2G.

Now for each S 2 G, let Ls fels: e 2 Eg. Tlgen Ls is a closed linear sub-

space of E for each S 2 G. We claim that X; sogLs foreach 1 2 1. To see
this, note that by pur definition of an economy, each consumption set X; can be
written as X; S2H; eslsl':,es 2 E . Thus it is enough to show that for any

S2H andanye 2 E,elg2 ¢, Ls. Now by choice of G, given S 2 H we have
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P P
1g sog sls for some numbers s, whence elg sog sels for any given
e2E,andthuselg 2 g5gls.
For the following let K be a number chosen according to (11). We claim:

X
(12) If x Xs for xXs 2 Ls and kxk 1 then kxsk K for each S.

S2G

P
Indeed, suppose the condition in (12). Thus X soc esls for points es 2 E
by definition of the subspaces Ls, and kx s kg 1 foreachs 2 by choice of
k k . Thenforany p 2 E with kpkg 1 (where k kg denotes the dual norm of
k kg) and for each s 2
X X

pes 1s s P eslss jpxsj 1
$26G 526G

and hence from (11), jpesj K for each S 2 G. Consequently keske K for
each S 2 G, whence klsesk K foreach S 2 C‘bagain by choice of k k . Thus
(12) holds. (Note that (12) implies that the sum g5 Ls is direct.)

Now consider the order interval O;w introduced above and note that O;w
is the product of the order intervals O;w s in E. Thus, by (A5), O;w s

-compact. (The topology was defined prior to the statement of (AD)).
Clearly, if X j2 is any feasible allocation then x; 2 0O;w for each i, and it
follows that for each i 2 | the set of all the x; that belong to some feasible
allocation is  -compact. Again by (A5), for each i 2 | the preference relation P;j
has (relatively) -open lower sections. Consequently, for each i 2 | the set
of all the Xx; that belong to some feasible and individually rational allocation
is -compact, too. By (A3) and the fact that the P;’s have (reé’;\tively) -open
lower sections, it follows that we can select a finite set A i21 Xij such that
given any feasible and individually rational allocation X; jo| there is, for each
i 21, apoint x{ 2 Awith x! 2 P; x; .

Let F be the family of all finite dimensional subspaces F of E such that

@ A F;
(b) w; 2 F foreachi 2 1;
P
(c) F sog Fs for some subspaces Fs with Fs  Ls for each S 2 G.

Then F is directed by inclusion and since Xj PSZG Ls for each i 2 I, we have
that F is non-empty.

For each F 2 F let EF be the economy obtained by letting, for each i 2 1,
the consumption set be X{  X; \ F, the endowment be w/  w;, and the
preference relation P{ be the restriction of P; to X{. (That is, if x 2 X{ then
PS x  Pi x \F.) Then, identifying F with some R", each economy EF satisfies
the assumptions of Lemma 2 (observe in particular that the Xr’s are closed in F
because, as was noted before, the X;’s are closed in E ) and thus each EF has
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an individually rational quasi-equilibrium. That is, for each F 2 F we obtain an
allocation xiF iz1 and—using Hahn-Banach extension—an element pF 2 E
such that

X X
(13a) xiF Wi ;
i21 i21
(13b) pFxf pFw; foreachi21;

(13c) foreachi 21, if x 2 X; \ F satisfies x 2 P; x7 thenp"x p"wj;

(13d) wi P;j x© foreachi2l;

(13e) kp"k 1 pFzf for some zF 2 F withkz"k 1

Since F is directed by inclusion, the family xf i2|;pF g2 IS a net in
E ! E ' .Since kpFk 1 for all F, since by (13a), xf 2 0;w for each i
and all F, and since O;w is -compact, we can assume, passing to a subnet if
necessary, that there is an allocation X; j2; andap 2 E * such that xiF LEDYS
ig the topoll_.pgy foreachi 21 and pF ¥ pweak inE : .In particular, then,

i21 Xi i21 Wi by (13a), i.e. the allocation X; j2| is feasible. (Recall that

and hence are Hausdor [Iihear topologies.) Moreover, using the fact that
by (Ab), each P; has (relatively) -open lower sections, we see from (13d) that
the allocation X; jz; is individually rational.

We next show that p 6 0 must hold. Let JGj denote the number of elements
of G. From (c) of the definition of F and (13e), foreach F 2 F thereisan S 2 G
and ay" 2 Ls \ F such that kyFk K and pfy" 1=jGj where K is the real
number from (12). Passing to a subnet if necessary, we can fixan S 2 G such that
yF 2 Lg for each F 2 F. By construction, there exists an i 2 | such that every
y 2 Lg is Hj-measurable.'? Thus, by reindexing the consumers if necessary, we
may assume that yF is Hi-measurable for each F 2 F. By assumption (A3), we
can select an & 2 X1 such that ¥ 2 P; X3 , and since by (A5), P1 has (relatively)
open upper sections, we may assume X 2 intE . (Indeed, pick any e 2 intE .
Then the elementy 2 E defined by y s e foreach s 2 belongs to intE
and, being constant across the states, is Hi-measurable, thus belonging to Xj.
Consequently, forall 2 0;1 we have 1 p<| y 2 X1 \intgE )

Now since X 2 intE and kyFk K for each F, there is a real number —
suchthatk yF 2intE forall 2 0;~ andallF.Sincey" is Hi-measurable
for ealgh F, it follows that & yF 2 Xy forall 2 0;” and each F. Because
X1 soc Ls thereisan F1 2 F such that ® 2 F forallF 2 F with F  F!, and

12Recall from the beginning of Section 3 thaty 2 E being H;-measurable means that S 2 H;
ands,s’2Simplyy s vy s°.
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thus ® yF2Xi\Fforall 2 0,7 andallF withF F1 Since x{ ¥ x;
in the topology and k& 2 P; X1 , a glance at assumption (A5) now shows
that there are a real number 2 0;” and an F2 2 F with F2 F1! such that
k yF2pP, x{ forallF2F withF F2 Thenby (13c),pF ®* y© pFfwi.

Hence since pFyF  1=jGj for all F, we must have pFk pFfw;  =jGj for all
F 2 F withF F2 Because p© ! p weak inE : , it follows that p 6 0, as
predicted.

We claim that there isan i 2 | such that py < pw; for some y 2 X;j. Indeed,
if for some i 2 |1 and y 2 Xj, py < 0 then it is clear that the claim holds
because Xj is a cone. Thus suppose that foreach i 2 1, py Oforally 2 X;. If
pwi1 > O—where the index 1 refers to the same agent as above—then again the
claim holds. Thus suppose pwi 0. Consider the element X 2 X1 from above.
Since pwy 0, the argument from the previous paragraph implies that pk > 0.
Let x? i21 be a feasible allocation chosen according to (A6). Then, in particular,
x} 2 intE and hence % x{ for > 0 but small enough. Thus, for such
xJ & 2 X; (since both x} and % are F1-measurable)and hencep x} % 0.
ngsequently pxo1 > 0 because pXx > 0. Since x? i21 is feasible, it follows that
P iz Wi = 0 and hence that pw; > 0 for some i 2 I, which establishes the
claim. P

Pick any 1 2 | and suppose y 2 X; satisfies y 2 P; X; . Since X; sog Ls
there is an F* such that y 2 F for all F 2 F with F  F° Since xf ¥ x; in
the topology , assumption (A5) implies that there is an F” 2 F such that
y 2Pi xI forallF 2 F with F  F%. Consequently, by (13c), pfy  pFw; for
alF 2 FwithF F°[FY whence py pw; because p© I p weak inE
Thus, foreachi 2 1,ify 2 P; X;j thenpy pw;.

In particular, then, we must have px; pw; for each i 2 I. Indeed, as noted
already, there is an i 2 | with pz < pw; for some z 2 X;j. But for such an i,
“py pw;forally 2 Pj x;j ” implies that, in fact, py > pw; forally 2 P; Xj ,
since consumption sets are convex and preferences have open upper sections.
It follows that the allocation X; jo; is Pareto optimal. Now since the allocation

Xj j21 is both individually rational and Pareto optimal, assumption (A4) and the
fact that, foreach 1 2 I, py pw; whenever y 2 P; X; combine to imply that
pXi pw; foreachi 2 1, whence pxj pw;j for eachi 2 | by the feasibility of
the allocation X; j2|. We conclude that X; j2i;p is a non-trivial and individ-
ually rational quasi-equilibrium, and thus the theorem is proved.

5.3 Proof of Theorem 2 13

Let e 2 E be chosen according to assumption (A9). We first claim that there
is no loss of generality in assuming that E L e . Indeed, let F denote L e
endowed with the ordering and the topology induced from E; thus F is a locally

13For the terminology and the facts used in this proof concerning Riesz spaces and Banach
lattices, see Aliprantis and Burkinshaw (1985) and Meyer-Nieberg (1991).
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convex-solid Riesz space. Note that the corresponding product topology on F
agr:ges with the topology induced from E . Note also that by choice of €, we have
L jorwis F foreachs 2 .In particular, for each i 2 | the endowment w;
belongs to F . Let EF be the restriction of the economy E to F

Suppose p; Xj i21 is a non-trivial quasi-equilibrium for the economy EF.
In particular, p 2 F * . Let q be an extension of p to an element of E * . Now
by (A10), F is dense in E and thus by continuity of the lattice operations in E,
F isdensein E . By definition of the consumption sets Xj, this implies that for
each i, Xj\F isdense in Xj. By continuity of preferences in E (assumption (A5)),
it follows that q; X; j21 is a non-trivial quasi-equilibrium for E.

Next observe that the economy EF satisfies all the assumption hypothesized
for E in the statementlgf Theorem 2. Indeed, this is clear for (Al), (A2), (A5),
(A9) and (A10). In fact, ;5,w; s is an order unitof F foreachs 2 |, so (A10)
becomes redundant for EF. Further, since X; E for each i 2 I, and hence
every feasible allocation for E is also a feasible allocation for EF, (A8) must
hold for EF. For the same reason, every Pareto optimal and individually rational
allocation for EF also has these properties when regarded as an allocation for E.
Consequently, A7) holds for EF because, as noted above, X; \ F is dense in X;
for each i 2 I. But this latter fact also implies that for each 1 2 | and x 2 Xj,
Pi X \Xj\F isdenseinP;j x , because by (A5), P;j x is (relatively) open in Xj.
Consequently, (A3) and (A4) hold for EF, too.

Thus, as claimed, we can asgyime in the sequel that E L € . Note that this
in particular meansthatE L 5, wj s foreachs2 (by the choice of e).

Now since E is a Hausdor [Idcally convex-solid Riesz space, the positive cone
E isclosed in E and hence

kzks inff 2R : e z eg
defines an order unit normon E L € , for which the closed unit ball is
e;e fz2E: e z eg:

In particular, € 2 k kg-intE .

In the following, we write for the original topology of E. Then E; means
E regarded as endowed with the topology , while E;k ks means E regarded
as endowed with the topology given by the norm k kg. Further, denotes the
product topology on E corresponding to

Observe that Theorem 1 applies to the economy E with respect to E;k kg .
Indeed, since E; is locally convex-solid, €;e is -bounded and therefore
the k kg-topology is stronger than the topology . Hence, assumption (A5) also
holds for E when the original topology of E is replaced by the product
topology corresponding to k kg. Let X j2; be a feasible allocatiqg chosen ac-
cording to assumption (A8). Thus for eachi 2 1 andeachs 2 , ;5,w;j s

Xij s for some real number =0, and hence e 0x; s for some 9= 0 since
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e2Le L Pi2| wi s by the choice of e. Consequently, since € belongs to
the k kg-interior of E ,sodoes Xj s foreachi 21l andeachs 2 .Thatis, (A6)
holds for E with respect to E;k kg . Finally, observe that (A4) for the original
topology of E and (A7) combine to imply that (A4) also holds when the original
topology of E is replaced by the product topology corresponding to k ksg.
(To see this, recall the fact that if C is a convex set in a topological vector space Z
and X, y are points in Z with x 2 c“C andy 2 intC, then 1 X y2C
for 0 < 1, which implies that x belongs to the closure of C for any linear
topology on Z.)

Thus (since (Al) to (A3) do not refer to any topology) we may apply The-
orem 1 to find a feasible and individually rational allocation X; j2; together

withan f 2 E;k ke ' suchthat X j2;;F isa non-trivial quasi-equilibrium,
modulo that ¥ need not be continuous for the original topology of E . We
are going to show that thereisa p 2 E; such that the conditions for a

non-trivial quasi-equilibrium continue to hold for x; i2;;p .14

In the sequel, if g is a linear functional on E such that, except  -continuity,
all conditions of a non-trivial quasi-equilibrium are satisfied for X; j2;;9 , we
will speak of X;j j21;g as a non-trivial quasi-equilibrium for simplicity, even
though this is not quite in conformity with our definition.

Now because the quasi-equilibrium X jo;; F is non-trivial (and since con-
sumption sets are convex and preferences have open upper sections) there is an
i 21 for whichy 2 P;j X; actually implies fy > fwj. Consequently the alloca-
tion X; jo| is Pareto optimal. Also, by construction, this allocation is individu-
ally rational. Thus according to assumption (A4), we have x; 2 -c“Pj x; for
each i 2 I. Moreover, by (A7), foreach i 2 | thereisaconvexand -open subset
Ajof E suchthat ; 6 Aj\X; Pj Xj andsuch that -c“Pj X;j -c“ Aj
(where we have used the facts that for a convex set C in a topological vector
space, intC is convex and, if intC 6 ;, thenc“C c“ intC ). Then by the
quasi-equilibrium conditions with respect to X; j2|;f , foreach i 2 | we must
have fx; Ty forally 2 A;\ X (because fx; fw; by the budget conditions
and the feasibility of X; j2;). Note also from above that x; 2 -c“ A; for each
i21.

In view of these facts and since for each i 2 I, Xj is convex (and Xj 2 Xj),

we may appeal to Lemma 3 to select, for each i 2 |, a p;j 2 E; + and a
linear functional tj on E suchthat ¥ p; ¢t piXxi piy forally 2 A;, and
tix; tjy forally 2 X;.Since -c*Pj X;j -c“ Ajand pjis  -continuous,

it follows that for each i 2 I, piX;j pjy forall y 2 P; x; , and since Xj is a
cone, we must have tjx; Oandtyy O forally 2 X;, whence pjx; ¥fXx;and
piy Ty forally 2 X;. In particular, pjw; fw; because wj 2 X;j.

14Note that the price system of a non-trivial quasi-equilibrium must necessarily be 6 0.
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We claim:

If g is any linear functional on E such that foreachi 21, (i)gy fy
(14) forally 2 X; but (ii) gy pjy forally 2 Xj, then X j21;g is again
a non-trivial quasi-equilibrium.

Indeed, let g satisfy the conditions in (14), pick any i 2 I, and lety 2 P X; .
Then from above, and by the hypothesis that w; 2 X;,

gy piy pixi Txi fw; gw;

aswell as gX;j pixXi gwij. Thusforeachi 21,gx; gwj;andify 2 P; X;j
then gy gw;. By feasibility of X; jo| it follows that gx; gw; foreachi 2 1.
Thus X;j j21;0 is a quasi-equilibrium. As for non-triviality, if thereisani 2 |
such that gy < 0 for some y 2 Xj then X j21;g is non-trivial, because X; is
a cone. Suppose the other case, i.e. that foreachi 2 1,gy 0 forally 2 X;j.
Then from (14i), foreach i 2 1 and all y 2 Xj, fy 0 as well. But this implies
that fw; > 0 for some i 2 | because the quasi-equilibrium X j2i;f is non-
trivial. From above, gwi gX;j pixXi Fwij and it follows that X j2;g is
non-trivial, too.

Now since is finite, E;k ke ' can be identified with E;k kg and

E; ' can be identified with E; p (where g 2 E;k ks ' corresponds
tog’2 E;k ke if and only if gx 2 9's x s forallx 2 E ;similarly
for E; ' ). Thus, by the definition of the consumption sets X;j, the facts that

foreachi 2 1, fy pjy forally 2 Xj and fX; piX; can be rephrased to
state

X X
(15) pPi S f s foreachS 2 Hjandeachi 21
s2S s2S
and
X X
(16) Pi S Xi S fsXxjs foreachS 2 Hjandeachi?2l.
s2S s2S

(To see this, recall from the definition of the clgnsumption sets Xj that x 2 X;j if
and only if x can be written in the form X s2H; €sls with es 2 E for each
s 2 .) Moreover, from (14):

P P

If h E;k ke P is such that foreachi 21, s o5h's sos T s

(17) but (ssh's s2s Pi s foreach S 2 Hj, then X j2;;h is a non-
trivial quasi-equilibrium.

Recall that by construction, E;k kg is a normed Riesz space such that k kg
is an order unit norm. An appeal to Lemma 4 and assumption (A5) (order inter-
vals part) reveals that E;k kg is in fact a Banach lattice. Thus, in particular,
the order dual of E agrees with E;k kg . Consequently, E; is an ideal in

E;k ke because E; is a locally convex-solid Riesz space. (Here and in the
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following, E;k kg is regarded as endowed with the dual ordering relative to
the ordering of E.) P

Fixaq 2 E; ,withqg Oandqg#6 O, suchthat q s2s Pi S q for
each S 2 Hj and each i 2 I. (This can be done since E; is a lattice.) Let Bg be
the band in E;k kg generated by q and let Bg be the disjoint complement
of Bgin E;k kg ,i.e.

Bg fq° 2 E;k ke :q°?qforall q 2 Bgg:

Since E;k kg is a Banach lattice, E;k kg is Dedekind complete, and hence
Bg is in fact a projection band, i.e. we have E;k kg By Bg. That is,
for every s 2 we can write s fsP fsdwith fsP 2 Bgand
fsd2 Bg (the decomposition being unique). For any i 2 | and S 2 H;, we
have, sos T s d 2I§g and ¢»spi S 2 Bg. Hence, from (15), ¢>sFs 9 0

and (osfF s P s2s Pi S . Thus, letting g be the element of E;k kg
defined by g s f s Pforeachs 2 , we have

X x
(18) gs f s foreachS 2 Hjandeachi2l

s2S s2S
and

x X
(19) pPi S gs foreachS 2 Hjandeachi21.

s2S s2S

In particular, by choice of q,

X
(20) gs q foreachS 2 Hjandeachi 21.
s2S

Now since E;k kg is aBanach lattice with an order unit norm, its dual space
E;k ke , with the dual norm and ordering, is an L-space, and hence so is the
band Bg. Thus, having q as a weak unit, Bg is order isomorphic to L1 on some
probability space T;T; such that g becomes identified with 17. Therefore
by Lemma 7, since g s 2 Bg for each s 2 , (20) implies that we may find an

h2 E;k kg and a real number > 0 such that
(21a) hs qforeachs 2 ;
X X
(21b) hs gs foreachS 2 Hjandeachi 2 I;
s2S s2S
X X
(21c) hs ~q gs ~qgforeachS 2 Hjandeachi?21I.
s2S s2S

(Note: the éet J from Lemma 7 corresponds to , and the family Sk ok of that
lemmato ;5 Hj.)
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From (21b) and (18) we see that Pszs hs Pszsf S fOIiDeach S 2 Hj
and each i1 2 I, and combining (21c) with (19) le_1>nd the fact wat s2s Pi S q
for each S 2 Hj and each i 2 I, we see thE,t sosh's sos Pi s for each
EZ H; and eagl i 2 1. (Indeed, (19) and 455 Bi s q togeﬂger imply that

s2s Pi & s2s9 8 70, s0 (21c) yields 525 Pi s s2sh's 7~ @
whence o5 Pi S s2s h s ) Thus, in view of (17), X j2;;h is a non-
trivial quasi-equilibrium. If we can show that h actually belongs to E; ,
i.e.is -continuous, then we will have finished the proof.

To this end, recall that E; isanidealin E;k ke ,thatq2 E; , and
that pj s 2 E|;_., for eachlg 2 land each s 2 . Consider any i 2 | and any
S 2 H;. Since  ¢s>5Pi S s2s h s , and in view of gla), we maprppeaI to
Lemma8to find elementsqij s 2 E; ,S2S,sothat ¢>5Q; S s2s Pi S
and qgj s h s foreachs 2 S. We must have g; s X; s h s xj s for each
s 2 S. Indeed, by definition of the consumption set X; there isan e 2 E such
that x; s e foreach s 2 S. Thellq_)qi se h I§' e for each s 2 S. On the other

hand, using (16) and the fact that (>5h s s2s T s, we have
x x X x X X

gi s e gis e pPis e fs e hs e h s e:
s2S s2S s2S s2S s2S s2S

Consequently,gi s e h s eforeachs2S,i.e.qj s Xj s h s xj s foreach
s28S.

This construction holds for each S 2 Hj and i 2 I. That is, because Hj is a
partition of for eachi 2 I, we have, foreachs 2 ,elementsqg; s 2 E;
such that foreachi121,q; s hs aswellasqgj s Xj s hsXxjs.

Pickanys 2 andletqg s be the supremumof fg;j s :i21Igin E;K kg
(This is well defined because E;k ks is the order dual of E as was noted

above.) Then g s h s , and since E; is an ideal in E;k ks , we have
ig fact g s % E; . Using the Riesz—lﬁgntorovich formula and the facts that
i21 Xi S i2z1wWj s (feasibility)and 5, wj s 2E , we conclude
X X x X
gs Wi S sup gi SsVYi:Yi2E and Vi Wi S
i2l = 2 i2l i2l
gi S X S
P
hs xjs
2l o
hs Xi S

P
hs Wi S .
i2l
P P .

Consequently g s jow;j s P hs joywjs because q s h s . Finally,
recall froE} above that E b i21 Wi S . Therefore the facts that q s hs
andg s o Wi S hs 5w s together imply thatq s and h s agree.
It follows that h 2 E; and the proof is complete.
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5.4 Proof of Theorem 3

With € chosen according to Assumption (A9), let F denote the ideal L € with
the or:giering and the topology induced from E. In particular, then, F |§ equal
toL 5w, the order ideal generated by the aggregate endowment 5| w;j.
Let EF be the restriction of the economy E to F . Noting that every feasible
allocation for the economy E is also a feasible allocation for EF, it is readily seen
that the economy EF satisfies all the assumptions of Theorem 2. Thus EF has
a non-trivial quasi-equilibrium ®; X; j2; ; in particular £ 2 F ‘' . Using the
Hahn-Banach Theorem, let ¥ be an extension of £ to an element of E ' . Thus
foreachi 21,

(22) fx;j fwjand fy fwjfory 2P; X;j \F

Note also that according to the proof of Theorem 2, the allocation X; j2; can
be assumed to be Pareto optimal and individually rational for the economy EF,
therefore also for the original economy E.

Consider any i 2 1. By (A4)), Xj 2 ¢c“P;j Xj , and by (A7’), there is a convex
and open subset Aj of E such that ; 6 Aj\X;\F Pi Xi \F and such that
c*Pi X;j c“ Aj (using the facts that for a convex set C in a topological vector
space, intC is convex and, if intC 6 ;,thenc“C c¢“ intC ). Then x; 2 c“ A;j,
and from (22), Fx; Fy forally 2 Aj\X;\F .Since Xj 2 X;\F and X;j\F is
convex, we can now use Lemma 3 in a similar way as in the proof of Theorem 2
to find a pij 2 E * such that pjx; TXi, pX;j piy for ally 2 P; %x; , and
piz fzforallz2 X;\F

Consider the information partition H; of agentiandlet ;:E 1§ E be the
linear operator given by

X 1 X
iv — y s 1ls fory 2E ;
S2H; #S sos
where #S stands for the cardinality of the finite set S. Then ; is a positive

projection from E onto the subspace of E consisting of the Hj-measurable
elements of E . Thus, in particular, jy Yy forally 2 X;. Set

a F F i pi i

(where means composition of mappings). Thenqj 2 E * since j is linear and
continuous. We claimthat fx; qijX;j qjy forally 2P; x; andthatqgijz fz
forall z2 F .Indeed, since jy Yy fory 2 Xj,we have qjy piy fory 2 Xj,
which, by choice of pj, yields the first part of the claim. As for the second, it
is evident that if z 2 F then jz 2 F by definition of F, and thus, in fact,

iz2F \Xjbecause jzis Hj-measurable and Xj is just the cone of positive
Hj-measurable elements of E (by the definition of X;). But p;z° ¥2z° for all
z° 2 F \ X; by construction, and thus the second part of the claim follows.
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Summing up, for each i 2 | thereisaqij 2 E ' such that

(23a) giXi qjy forally 2P; X ;
(23b) gixi TFx;; and
(23c) qgiz FTzforallz2F

Letq 2 E ° be the supremum of the set fg;: i 2 Ig. Observe that q agrees with
fonF ,ie.qz fTzforallz2F .Indeed, by (23c) and the Riesz-Kantorovich
formula we have gz fz for z 2 F because F is an iBeaI in E |:)Using (23b)
and the facts that the allocation X jp; is feasible, i.e. 2| X;j i21 Wi, and
that X; 0 fg each i, ar&gther invocation of the Riesz-Kantorovich formula
reveals thatq o ,wi T o wj. (Cf. the argumeg at the end of the proof of
Theorem 2.) But by construction, F isequaltoL 5, w; , and it follows that
g and T agree on F , as predicted.

Now by the facts that g gi and P; X E foreachi 2 I, (23a) and
(23b) imply that for each i 2 I, qy  fX; whenever y 2 P; X; . But from this
and the facts that £; X; i2; is a non-trivial quasi-equilibrium for EF and that,
on F , q agrees with ¥ and hence with £ (by construction of f) it is plain that

d; X i21 Is anon-trivial quasi-equilibrium for E. This completes the proof of
the theorem.
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