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Abstract

We provide a set theoretic model on knowledge and unawareness, explicitly employ-
ing in the construction reasoning through theorems. In particular, it is illustrated that
unawareness of theorems not only constrains an agent’s knowledge, but more impor-
tantly can impair his reasoning on what other agents know. For example, in contrast
to Li [12], Heifetz, Meier and Schipper [10] and the standard model of knowledge, it
is possible that two agents may disagree on whether another agent knows a particular
event. The model follows Aumann [2] in defining common knowledge and character-
izing it with respect to a self evident event, but departs in showing that the no trade
theorems no longer hold.

1 Introduction

1.1 Motivation and outline

The usual assumption made in economics is that agents who participate in a model perceive
the “world” the same way the analyst does. This does not imply that they have the same
information, but that they understand how the model works, that is, they know all the
relevant theorems and they do not miss any dimension of the problem they are facing. In
essence, agents are as educated and as intelligent as the analyst and they can make the best
decision, given the information and the preferences they have.

Modeling unawareness aims at relaxing this assumption, so that agents may perceive a
more simplified version of the world. This is important since there are many instances where
agents of different perception coexist in the same market. One such instance is the stock
market, where one can find investors who are highly educated about how the stock market
and the economy work, together with investors who understand only the basics.

The standard set theoretic model of knowledge without unawareness was first introduced
into economics by Aumann [2], using partitions of a state space. Its simplicity and the fact
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that it did not rely on the theory of logic led to many economic applications.! However, it
can be criticized on the grounds that it only models a highly sophisticated and rational agent,
who is aware of everything, knows all the possible theorems that can be derived and has no
constraints on the amount of calculations he can perform. A more realistic approach would
permit a boundedly rational agent, who can make mistakes, not know some of the relevant
theorems and be unaware of some of the dimensions of the world. This paper attempts to
provide such a model, without departing from the set theoretic approach of Aumann [2] and
its advantages.

Consider the following example, which has been cited numerous times in papers that
model unawareness. Sherlock Holmes and Dr. Watson are investigating a crime where a
horse was stolen from a stable and the keeper was killed. Holmes is the highly sophisticated
and intelligent agent who has already solved the mystery, while Watson is the boundedly
rational agent who struggles to keep up. After they conclude the interrogation, Watson
has no suspects in his mind, so that he cannot even start his reasoning in order to find a
solution. Hence, the first effect of unawareness is a limited state space, which restricts the
agent’s perception of the world, and subsequently the things that he can potentially know,
or know that he does not know.

The first step in solving any problem, is being able to formulate it correctly, or ask the
appropriate questions. Watson is unaware of the appropriate questions, and this unawareness
limits his reasoning. Suppose that Holmes asks him: “Was there an intruder?”. Before the
question, Watson didn’t know whether there was an intruder, and he didn’t know that he
didn’t know. This possibility simply never crossed his mind, he was unaware of it.

Once he is aware of the new question, Watson can enlarge his state space and include
the possibility of an intruder. Watson can now reason that if he is able to exclude the
possibility of an intruder, he can at least formulate a list of suspects. But how can one
answer this question, and how has Holmes already solved the mystery, when they conducted
the interrogation together and therefore have the same information? Watson asks for Holmes’
help:

“Is there any other point to which you would wish to draw my attention?”
“To the incident of the dog in the night-time.”

“The dog did nothing in the night-time.”

“That was the curious incident,” remarked Sherlock Holmes.

Doyle [4]

Watson is already aware of the possibility of an intruder, but he does not know the answer
to this question. Although the information about the dog not barking is available to him,
he is simply unaware of it, until Holmes points out that the incident of the dog in the night
time is important. Once Watson becomes aware of this, he can collect the information that
was always available to him, make the inference that no barking implies no intruder, and
answer his question.

LAn overview of the standard model of knowledge is given in Rubinstein [14]. A more philosophical
treatment is given in Hintikka [11].



The second effect of unawareness is that readily available information cannot be used by
an agent. More importantly, increased awareness can lead to answering questions that one
was already aware of. Watson was able to answer the question he was already aware of, by
becoming aware of another question (did the dog bark?), answering it and connecting the
answers of the two questions with a theorem (no barking implies no intruder).

The third effect of unawareness is that it impairs the agent’s ability to reason about the
knowledge of others. Unawareness of the theorem “no barking implies no intruder” results
in Watson not knowing whether there is an intruder, but also in reasoning that Holmes does
not know either. In fact, Watson may be aware of many ways (or theorems) in which Holmes
could have known (for example, because he asked a police officer), but Watson has correctly
deduced that none of these ways were employed. He therefore inevitably concludes that
Holmes does not know. In other words, Watson’s state space is not rich enough to include
Holmes’ knowledge of no intruder through that specific theorem. Moreover, Watson is not
making a mistake, as he is merely constrained in his reasoning by his unawareness. Since
in the standard model partitions are common knowledge, a situation like that cannot be
accommodated.

To conclude the example, Holmes and Watson are exposed to the same information and
the standard model would predict that they would have the same state space and the same
partition. However, Watson’s reasoning is limited in three ways. Firstly, his state space is
smaller than Holmes’, limiting the events that he knows and the events he knows that he
does not know. Secondly, information readily available to Watson is left unexploited, simply
because he is unaware of its existence. Finally, his unawareness constrains his knowledge
about questions that he is aware of, and his reasoning about Holmes’ knowledge.

The paper builds a model around these observations. Firstly, following Li [12], awareness
is expressed by a set of questions that the agent has in his mind. For example, the agent
may be aware of the question “Is it raining?”, so that this question enters his mind, and
he is wondering about its answer. These questions and their possible answers construct the
agent’s subjective state space. A subjective state is a vector answering only some of the
available questions, so that it provides an incomplete description of the world. A full state
is a vector which provides an answer for all possible questions, and thus it is a complete
description of the world. If an agent is aware of only some of the available questions, his
subjective state space will provide an incomplete description of the world.

Secondly, the agent has some raw information. More specifically, for some questions he
is aware of, he always knows the answer. An example of such questions are those that refer
to his senses: sight, hearing, touch, smell and taste. These are the main tools he has in
order to acquire his initial information about what has occurred in his environment, and
there is simply no other means he can utilize. More importantly, he does not need to use
any elaborate thinking, just to trust his senses. For example, if he is aware of the question
“Do I see that it is raining?”, then he is able to trust his sight and know whether he sees
that it is raining or not. In the formal model it will also be assumed that the agent always
knows the answer to questions that refer to his own awareness of questions and theorems.

Thirdly, the agent has some theorems in his mind. Theorems are just a way of connecting



pieces of information together - they connect answers of different questions. For example, the
theorem “If I see that it is raining, then it ¢s raining”, connects the answer “yes” to question
A: “Do I see that it is raining?” with the answer “yes” to question B: “Is it raining?”. We
can conveniently model a theorem as an answer to another question. In this example, this
question would be: “What states in the state space generated by questions A and B does
the agent consider impossible?”. The theorem would be the state that specifies “yes” to A
and “no” to B, so that the agent is excluding any state that specifies that while he sees that
it is raining, it is actually not raining. An agent may or may not be aware of that question,
and may or may not know its answer; but if he does, then he can use the theorem in order
to connect the answers of the questions “Do I see that it is raining?” and “Is it raining?”.
Thus, the formal model works as follows: when state w occurs, it prescribes what ques-
tions the agent is aware of, which are of his immediate perception, and which represent
theorems that he knows. By combining these three elements we can construct the possibility
correspondence P(w), which represents the states that the agent considers possible at w and
consequently what the agent knows. The multi agent case is a natural extension. When
7 is reasoning about j, he first has to reason about what questions and what theorems j
is aware of and what is j’s immediate perception, in order to reason about what j knows.
Consequently, i’s unawareness can constrain his reasoning about what events j knows.

1.2 Related literature

One of the first attempts to model unawareness was by Geanakoplos [7], using non-partitional
information structures. However, Dekel, Lipman and Rustichini [3] showed that modeling
unawareness necessarily precludes the use of a standard state space. On the other hand,
Halpern [9] and Modica and Rustichini [13] used syntactic models, relying on the theory of
logic. The two main papers that try to circumvent the problem and provide a set theoretic
generalization of the standard model are Li [12] and Heifetz, Meier and Schipper [10]. They
depart from the standard model in that they use multiple state spaces. Feinberg [5] and
Feinberg [6] model unawareness in the context of games.

The standard model includes a unique state space and the possibility correspondence P
maps states (of that one state space) to subsets of the same state space. The interpretation
is that for any w € €, the set P(w) denotes the states that the agent considers possible, when
w has occurred. In contrast, modeling unawareness using multiple state space implies that
the possibility correspondence maps states of any possible state space to subsets of possibly
different state spaces. The reason is that awareness varies with the state. For example,
suppose that state w € () specifies that the agent’s awareness is smaller, so that if w occurs,
the agent’s state space is 2 and not 2. Then, the set of states that the agent considers
possible, P(w), is a subset of € and not of . In other words, while w belongs to €2, P(w)
is a subset of another state space, €. As a result, a model with unawareness has to impose
additional axioms on the possibility correspondence P, restricting what it prescribes across
different state spaces.

One of the main differences between this model and the two set theoretic models which
deal with unawareness, namely Li [12] and Heifetz, Meier and Schipper [10], is that weaker
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restrictions are imposed on what the possibility correspondence P prescribes across state
spaces. This is achieved by explicitly modeling the use of theorems.

In particular, Li assumes a possibility correspondence P, just as in the standard model,
which maps full states to subsets of the full state space ¥, which in Li’s terminology is the
most complete state space.? For each full state w* € %, P(w*) denotes the set of full states
that the agent would consider possible, if he were aware of all the possible questions. In
Li’s words, P(w*) denotes the agent’s factual information. If the agent is not fully aware
at w* (i.e. he is aware only of a subset of all the possible questions), so that his state
space is different from the full state space, then what he actually perceives as possible is the
projection of P(w*) to the set of questions that he is aware of. Similarly, when i is reasoning
about j’s knowledge, he projects j’s full state partition to his state space. Heifetz, Meier and
Schipper [10] follows a similar approach. Their property “Projections Preserve Knowledge”
requires that if the agent considers subjective states in P(w) as possible at subjective state
w, then at the projection of w to a more limited set of questions V', he considers possible only
the projection of P(w) to the set of questions V. In essence, these two properties place a
restriction on what the possibility correspondence can prescribe across different state spaces.

In order to illustrate why these two properties are restrictive, recall the Holmes example.
Suppose that Watson is only aware of the question “Was there an intruder?”, without being
aware of the theorem that the dog not barking implies there is no intruder. Moreover,
suppose that Holmes is fully aware and the only state that he considers possible is the one
that specifies that there is no intruder. According to Li’s approach, Watson’s view of Holmes
knowledge is the projection of Holmes’ partition to Watson’s state space. That is, Watson
is able to reason that Holmes knows that there is no intruder, although Watson himself is
unaware of any theorem that could lead to such a conclusion. Heifetz, Meier and Schipper
[10] would make the same prediction, due to the “Projections Preserve Knowledge” property.

It is therefore argued that unawareness of theorems has a much more profound effect than
just to limit one’s knowledge. It also constrains the agent’s reasoning on what others know,
indicating a significant departure from the standard model, where partitions are common
knowledge. In particular, if in the standard model an agent does not exclude the true state,
(i.e. he is not making any mistakes), then he can never make a mistake about another
agent’s knowledge. A property of this model, however, is that even if a limitedly aware
agent includes a constrained view of the true state, he may still reason that another agent
cannot know an event, when in fact he does. This also implies that the standard model
is not a good approximation of a situation where agents have a common state space that
we wish to model, but nevertheless there is some background, unmodeled unawareness that
influences their knowledge on that state space.

The paper proceeds as follows. Section 2 introduces the basic one agent model, while its
main results are presented in Section 3. Section 4 includes the multi agent model, where
common knowledge is defined and characterized with respect to a self evident event. Section
5 examines the so-called no-trade theorems. Proofs are contained in the Appendix.

2Since the full state space * is the most complete state space, only an agent who is aware of all possible
questions, is also aware of Q2*. A full state w*, is an element of the full state space.



2 The Model

2.1 Preliminaries

Consider a set of questions (), and denote by A, as the set of possible answers for question
q € Qo. Everything that is relevant for the description of the physical world can be expressed
using questions in (Qy. That is, a state of the world is a vector, specifying an answer for each
question in ()y. Refer to these as the “basic questions”. An epistemic state is much bigger,
as it contains a full description of the world, together with the awareness and the knowledge
of the agent about the world and about his knowledge and awareness. If there is more
than one agent, an epistemic state also specifies what each agent knows about the other
agents’ awareness and knowledge of the world, and of their own and others’ knowledge and
awareness, and so on. All these extra dimensions can be expressed by having more questions.
Denote by @) the set of all such questions, including those in Q)y. Say that a full state is a
vector, specifying an answer for each question in ). More formally, the full state space €2 is
a subset of the Cartesian product XQAq, where A, contains all possible answers for question

q € Q. A full state w* is an element of the full state space (2*. The set A, can contain one,

two, or more answers. The notion of awareness that will be defined in the followmg sections

requires that if an agent is aware of a question, then he is aware of all possible answers.
Given any set of questions V' C @, a subjective state space €2 is the projection of Q2*

to the Cartesian product x A,. A subjective state w is an element of the subjective state
qeVv

space {2 € x A, and it is a vector specifying an answer only for the questions that belong
qeVv

to V. Each subjective state w belongs to only one subjective state space 2. A collection of
subjective states of a particular subjective state space ) constitutes an event E. In other
words, an event E' is a subset of a subjective state space {2 (and given Q*, there is a unique
subjective state space € satisfying this inclusion). Define Vg to be the unique set of questions

V such that E C Q C x A,. Define the negation of E to be the complement of £ with
qeVvV

respect to the subjective state space ) of which it is a subset:
-FE=0Q\F.

Note that Vg = V_g, since they are both subsets of the same subjective state space, 2 C

x A,. Denote the complement of 2 by the empty set associated with it, y,,. This empty set
qeVv

can be thought of as the contradiction, expressed with the vocabulary or questions available
in VQ

2.2 Restrictions and enlargements of events

Take two sets of questions, V/ C V C @, and define ) to be the projection of the full state

space 2* on the Cartesian product >< Aq, and €' to be the projection of * on x A;. There
qeV’

exists a surjective projection IV, : Q — (V. For any subjective state w € Q, Iy, (w) is the



restriction of w to the smaller set of questions V. In other words, I}, (w) is the unique
subjective state w’ € € that gives the same answers as w, to all questions that belong to
V', Take an event E C €2, which is a collection of subjective states that belong to . Its
restriction to the smaller set of questions V' is denoted by IIV.,(E). To save on notation and
only when it is unambiguous of which state space F is a subset, we abbreviate II{, (E) by
EV’-

For any subjective state w’ € €V, its enlargement to the bigger set of questions V' is
the inverse image (II},)~!(w’). This inverse image (II},)~!(w’) is an event, a collection of
subjective states w € §) that give the same answer as w’ to all questions in V. Take an event
E’ C €Y, which is a collection of subjective states w’ that belong to €. Its enlargement to
the bigger set of questions V' is denoted by (II},) "' (E). Again, when it is unambiguous of
which state space F is a subset, we abbreviate (II},,) ' (E) by Ey.

2.3 The full state space

For a subset of questions V' C @)y, where g is the set of basic questions, the resulting
Cartesian product of their answers is x A,. Define mV to be the question “What subjective

qeVvV
states in x A, does the agent consider impossible?”. The collection of possible answers for
qeVvV
question mV is the collection of all proper subsets of x A,. The questions mV capture the

ev
agent’s knowledge of theorems, as shown in Section 2(.15.

For each question ¢, where ¢ € @y, or ¢ = mV, for V C @, define ag to be the
question “Is the agent aware of question q?”. This question captures the agent’s awareness
of questions, as shown in Section 2.4. In a multi agent model, it will also capture the agent’s
knowledge about each agent’s awareness. The possible answers for this type of questions
are just two: “yes” and “no”. Questions of the type aaq, aaaq, aa...aq are not defined.
Justification for this restriction will be given in Section 2.4, where awareness of questions
will be defined.

The set of all questions () contains the basic questions @)y, together with all questions
mV, where V' C @)y, and all questions aq, where ¢ € )y, or ¢ = mV, for V C )y. The full

state space (2" is a subset of the Cartesian product of the answers of all questions in Q:

" C x A,
q€Q

Define S to be the union of all state spaces:

S=Jmg@): 0 £V CQ}

A state space () € S is generated by a non empty set of questions V' C @, and it is the
projection of the full state space €2* to V. The construction of the full state space in the
multi agent case is more complicated, as an agent has to reason about other agents’ reasoning
as well. The details are given in Section 4.2.



2.4 Awareness

The awareness of an agent is given by W, which is a mapping from the union of all state
spaces S to sets of questions. For any state w € S,

W(w) = U {{a,aq} C Vi) : waq = “yes”

denotes the questions, of which the agent is aware if w € S occurs. If w specifies “yes” to
question agq, then the agent is aware of question ¢ at w. We then assume that he is also
aware of question ag. In other words, the agent is always aware of pairs of questions, that
is, ¢ with its respective ag question. Recall that Vi, is the set of questions V' such that
w € TI2(Q).

As stated in Section 2.3, questions of the type aaq, aaaq, aa...aq are not permitted by
the model. The first reason for this restriction stems for the definition of W, which specifies
that the agent is aware of ¢ and aq if w specifies “yes” to question aq. Therefore, question
aaq, which would also specify whether the agent is aware of question aq, is not needed.
Another reason why these higher orders of questions would seem necessary is to express that
if an agent is aware of something, then he is aware that he is aware of it, he is aware that
he is aware that he is aware of it, and so on. One of the results of Theorem 2 is exactly
this property and it does not require these higher order questions. In the multi agent case,
questions of the type a‘a’a*q where i # j and j # k arise naturally when common knowledge
is defined and thus they will be included in the formal model.

The agent’s subjective state space at w € § is

Qw) = H%/(w)(Q*%

which is the projection of the full state space 2* to the set of questions he is aware of at w.
3

Take an event F and define U(F) to be the set of states w € S that describe that the
agent is unaware of it:

UE)={weS: Vg W(w)}.

A state w belongs to U(FE) if the agent’s awareness at w, W(w), does not contain Vg. In
other words, the agent is not aware of all the questions for which each state in E gives an
answer. Note that U(E) is not an event, since it contains states of different state spaces.

Given a set of questions V' that generate the state space €}, we define Uy (E) to be the
states of that particular state space, which describe that the agent is unaware of E. Hence,
Uy (FE) is an event. It is natural to require that V' is big enough so that the generated state
space (2}, can adequately express £/ and the agent’s awareness of it. Hence, we first require
that V should contain all questions in Vg. Secondly, we require that for each question ¢ € Vg,
V contains its respective counterpart aq. Denote this set of questions by a(V).* Then, the
condition is that Vg U a(Vg) C V.

3If W(w) = 0, then define Q(w) = 0. In that case, Q(w) is not an event and carries no awareness.
4The respective counterpart of aq is aq itself, since question aaq is not allowed in the model. Formally,

a(V)={ag:qeV,q#aq forall ¢ €e Q} \U{g eV :q=1aq ¢ € Q}.



The event
Uv(E) =QynU(E),

contains all states w € j, where the agent is unaware of event E. The set of states in (2},
that describe that the agent is aware of F is ~Uy (£), the complement of Uy (E) with respect
to state space 2},. Denote this event by Ay (F).

2.5 Theorems and impossible states

A theorem of the form “A implies B” can equivalently be expressed as the impossibility of a
particular state. To give an example, suppose that V' contains the following two questions:
(43 2

“Is p true?” and “Is r true?”, each with two answers: “yes” and “no”. The state space
generated from these two questions contains the following states:

(pyv Ty) (pya Tn) (Pn, Ty) (DnsTn),

where for example, (p,,7,) is the state that specifies “yes” for both questions. Suppose
that the following theorem is true: “p, implies r,”. This can equivalently be expressed by
characterizing the state (p,, 7,) as impossible. Therefore, an agent who knows this theorem is
able to exclude this state from happening, irrespective of how much information he has. The
theorem “p, if and only if r,” would require that states (p,,r,) and (p,,r,) are impossible.
Alternatively, the theorem “r, implies p,” would require that (p,,r,) is impossible.

More generally, consider the set of questions V' = {py,ps,...,pr}. The theorem “py,
and po, and ...pg_1, implies py,” can be expressed by requiring that the subjective state
(P1ys P2ys - - - » Pk—1ys Dikn) 1s impossible. That the agent knows the theorem can be expressed by
including (pi1y, P2y, - - -, Pk—1ys Dkn) as an answer of the question mV'. That the agent considers

subjective states £ C x A, to be impossible can be expressed by answering F to question
qeVv

mV . Note that the agent does not need to be aware of all questions in () in order to know
that theorem. He merely has to be aware of question mV and all questions in V. Moreover,
knowledge of a theorem does not imply anything about its validity. The agent may very well
have a wrong theorem.

The agent’s knowledge of theorems is given by the function M, which maps S to subsets
of §. For any w € S,

M(w) = {wl € Qw) : TV (1) € Wy, IMVIUV C W(w)}

denotes the set of subjective states that the agent considers impossible at w, and expresses
what theorems he knows at that state. An element w; € Q(w) of the agent’s state space
at w, is considered impossible if two conditions are met. Firstly, at w the agent is aware of
question mV and all questions in V. Secondly, the projection of w; to the set of questions V'
is contained in w,,,, which is the answer that w specifies for question mV: “What states in

x A, does the agent consider impossible?” This answer, w,,y, is an event, a subset of the
qeVv

Cartesian product x A,.
qev



To give a simple example, suppose that V' contains two questions: “Is it raining?” and
“Is it snowing?” and suppose that the agent knows the theorem “rain implies no snow”. This
knowledge of the theorem is modeled firstly by making him being aware of both questions in
V and question mV. Secondly, by answering ws to question mV', where ws specifies that it

is both raining and snowing. Note that wy is an element of the state space x A,. Since the
qeVv

agent will typically be aware of much more questions, ws is not an element of his state space.
But it is natural that any state in his state space that specifies that it rains and it snows,
should be considered impossible. This is formally captured by requiring that if a state in his
state space, when projected to V' is equal to ws, it is considered impossible.

2.6 Immediate perception

For some questions it is the case that if the agent is aware of ¢ € @), then he always knows
the answer. For example, questions that describe what the agent sees, hears, touches, smells
and tastes are questions that the agent can always answer for himself, when he is aware of
them. Denote by X the set of all such questions. Note that X naturally depends on the
agent, a feature which will be captured in the formalism.

The following Axiom is assumed throughout the paper. Define E to be the set that
contains all epistemic questions aq € ) for ¢ € Q) and any mV € @, for V C Q:

E={age@Q:qeQtUu{mV €@ :V CQ}.
Axiom 1. E C X.

The Axiom states that X contains at least all the epistemic questions that belong to Q.
These epistemic questions are of the type aq for ¢ € @ or of the type mV', for some set of
questions V' C ). This implies that if the agent is aware of an aq or an mV question, then
he always knows their answer, which in particular means that he knows whether he is aware
of question ¢, and which subjective states in Hg(Q*) he considers impossible.> Of course,
some basic questions may also be included in X, such as those referring to the agent’s five
senses, such as what he sees, hears, touches, tastes and smells.

2.7 The possibility correspondence

In the standard model without unawareness there is only one state space, €2, and the pos-
sibility correspondence P maps elements of {2 into subsets of {2. The interpretation is that
if w € Q occurs, then the agent considers all states in P(w) as possible. In a model with
unawareness there are many state spaces, and the domain of the possibility correspondence
P is the union of all state spaces, S.

®Note that in the multi agent setting, Axiom 1 does not imply that for each question the agent is aware
of, he also knows whether any other agent is aware of it as well. That is, uncertainty of unawareness is
permitted.
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As was indicated first in the introduction, the interpretation of P(w) is that the agent
comes to consider a set of states as possible by using three elements. The first is the set
of questions that he is aware of. The projection of 0* on these questions constitutes his
state space. Secondly, for some questions that he is aware of, he always knows the answer.
These are the questions that refer to his immediate perception, such as what he sees, hears
etc. Thirdly, the agent knows some theorems, which represent what states he considers
impossible. Summarizing, the agent is characterized by the triple

(W, M, X),

where W is a mapping from S to subsets of ), M maps S to subsets of S, and X C @ is
a designated subset of questions. As was indicated in the previous sections, the function W
models awareness of questions, M models knowledge of theorems, and X models the agent’s
immediate perception of the world. Combining the three elements in (W, M, X) we can
describe what subjective states the agent will consider possible at each w. This is captured
by a possibility correspondence, which maps S to subsets of S.

For any w € S,

Pw)={w € Q) w, =w;,q e Ww)NX}\ Mw)

denotes the subjective states the agent considers possible if w occurs. More specifically, at
w the agent is aware of questions that belong to W (w) and his subjective state space is
Q(w). For the questions in W (w) that also belong to X, he knows the answer. This is
the answer that w specifies for that question. For all other questions in W (w) he does not
know the answer, but he can utilize his knowledge of theorems by excluding the impossible
states M (w). Note that although w belongs to the state space Hg{w}((l*), P(w) is a subset

of Qw) = Hgv(w)(Q*)' These state spaces are different if and only if Vi, is different from
W(w).

The formula above may be viewed as a description of the agent’s reasoning. It is argued
that there exist some questions that the agent is aware of and which he can always answer
without invoking the use of any theorems he knows. Examples of such questions are those
that refer to his senses: what he can see, hear, touch, taste and smell. Such questions
represent the agent’s immediate perception of the world and there is simply no other means
of acquiring more raw information about what has occurred. In order to further refine the
set of subjective states he considers possible, the agent has to rely on his thinking, or put it
differently, on the theorems he knows, expressed by the set of subjective states he considers
impossible.

Consider a brief example. If the agent is aware of the question “Do I see that it is
snowing?”, then we could argue that he will always be able to answer it with a “yes” or a
“no”. On the other hand, the answer to the question “Is it snowing?” is not immediate. If
he sees that it is snowing, then he may use the theorem “if I see that it is snowing, then it
is snowing 7, but if he does not see that it is snowing, (for instance because he is in a room
without any windows), then he may not be able to determine whether it is snowing,.
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Examining the formula for P(w) we can suggest some further interpretations. Firstly, as
it will be shown in Theorem 1 the agent considers the true state possible if and only if he
has not excluded it through a theorem. That is, he will exclude the true state only if he
knows a “wrong” theorem. Since most properties of the model do not require that the agent
always includes the true state, we can model situations where agents are permitted to make
mistakes. However, a certain degree of non delusion is already built in the model. Note that
for the questions that belong to the agent’s set of immediate perception, X, he is always
able to answer them truthfully.

A more significant departure from the rational agent paradigm is when P(w) is empty.
This can happen if what the agent “sees” directly contradicts his theorems. For example,
suppose that the agent sees that it is raining and through his theorems he deduces that it is
actually raining and therefore the bus will be late. If on the contrary he also sees that the bus
arrives early, then he has contradicted himself and P(w) is empty. Hence, he understands
that he has made a mistake, he knows nothing and he therefore needs to rethink some of his
theorems. Although for most properties we do not need that P(w) is nonempty, we state
the axiom formally.

Axiom 2. For all w* € Q*, P(w*) # 0.

It is straightforward to show that Axiom 2 implies that P(w) # () for all w € S such that
W(w) # (. A stronger Axiom is that the agent never excludes the true state.

Axiom 3. For all w* € QF, H%(w*)(w*) € P(w*).

This is a generalization of the familiar Axiom of nondelusion. When w* occurs, the agent
does not exclude the true state, but his unawareness allows him to perceive only a limited
version of the truth. This is the restriction of the true state w* to his awareness W (w*).
Similarly, this version implies that for all w € S such that W(w) # 0, H?V(w) (w) € P(w).

Finally, we make two remarks on the model. Firstly, it may seem restrictive that X
is constant and does not depend on the full state. Someone could argue that there may
be some full states where a question ¢ belongs to X because the agent knows the answer
without invoking the use of any theorems, but for some other full states this does not hold
and ¢ does not belong to X. So suppose that such a question ¢ exists. The argument should
then provide a reason, or a story, explaining what is happening in some states where ¢ is
included in X, which is not happening in other states where ¢ excluded from X. In other
words, a “theorem” is provided that explains why the agent is able to answer question ¢ in
some states, and that same theorem cannot be employed in other states, where he cannot
answer question ¢. In that case, ¢ can be excluded altogether from X and the agent can use
his knowledge of theorems in order to answer it in some full states. Thus, it is without loss
of generality to assume that X is a set and not a function with 2* as its domain.

Secondly, explicitly modeling the use of theorems means that awareness of a question does
not imply anything about how well an agent “understands” the notions that this question
uses. For example, if the agent is aware of the question “Is it snowing?”, this does not imply
that he also has a clear and correct understanding of the notion “snow”. His understanding
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of this notion is captured solely by his knowledge of theorems. If he is also aware of the
question “Is it cold?” and knows the theorem “Snowing implies being cold”, then we can say
that he has some understanding of what snowing means. Knowing more (correct) theorems,
that connect the question “Is it snowing?” with other questions the agent is aware of, means
that he has an even better understanding of the notion “snow”. It is perhaps easier to
understand what it means for an agent to be aware of a question, if we imagine that for him
each question is represented by a number, and each possible answer is again represented by
a number. This way, “understanding” a notion is solely captured by knowledge of theorems.

2.8 Knowledge operator

Take an event E and define K(F) to be the set of states w € S that describe that the agent
knows it:

KE)={weS: Vg CW(w) and § # (P(w))y, C E}.

A state w € S belongs to K(FE) if it describes that the agent is aware of F and that the set
of states he considers possible at w, restricted to the set of questions Vg, is a subset of F.
Note that K (FE) is not an event, since it contains states of different state spaces.

Given a set of questions V' that generate state space 2, we define Ky (E) to be the
states of that particular state space, which describe that the agent knows E. We impose the
restriction Vg U a(Vg) C V, which means that only a state space rich enough to express F
and the agent’s awareness of it, can contain such an event. The event

Ky(E) = Oy N K(E),

contains all states w € 2}, which describe that the agent knows E. The set of states in {2},
that describe that the agent is aware of event £ but does not know it is Ay (E) N =Ky (E).

Example

In this example we model the Sherlock Holmes and Dr. Watson story. Both are investigating
a crime where a horse was stolen and its keeper was killed. After they both concluded the
investigation, Holmes already knows who did it, while Watson is still wondering. There are
two basic questions. That is, )y consists of question I: “Was there an intruder?” and
question B:“Did Watson hear the dog bark?”, with two possible answers, “yes” and “no”.
Questions al and aB refer to Watson’s awareness. For example, aB is the question “Is
Watson aware of question B?”. Finally, if we set V' = {B, I'}, then the state space ) defined
by questions in V' contains the following four states:

Wi = ([y>By) wy = (I, By) W3 = ([y>Bn) wy = (In, Bp),

where, for example state wy = (I, By) specifies that there was an intruder and that Watson

heard the dog barking. Question mV is the question “What states in x A, does Watson
qeVv

consider impossible?”, while amV is the question “Is Watson aware of question mV?”.
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The six questions, I, al, B,aB, mV,amV constitute the set of all questions, Q.° By Ax-
iom 1, questions al, aB, mV and amV belong to the set of Watson’s immediate perception,
X. We also assume that question B belongs to X.” Define the most complete state space
O* to be the Cartesian product of the answers of these six questions. First, take state
wi = (In, By, aly,aB,, (amV),, (mV),,). This state specifies that there was no intruder and
that Watson did not hear the dog barking, he is aware of question I but not of question B.
Since he is not aware of all questions in V', he cannot express any theorems in that state
space. Hence, what state w] specifies for questions mV and amV is irrelevant. Formally, we
have

W(wi) ={1,al},
Qwi) =y, aly), (Iy, aln), (In, aly), (I, aly), }
M(wy) =0,
X ={al,aB,mV,amV, B},
P(wy) =A{(1y,aly), (I,,al,)}.

When wj occurs, Watson is aware of questions I and al. Out of these questions, only al
belongs to his immediate perception, so that he knows that he is aware of I and a/, and he
is able to exclude any state that answers “no” to question al. Since he is unaware of any
theorem, his set of impossible states is the empty set and he cannot further refine the set of
states he considers possible. As a result, P(w}) consists of states (I, al,) and (I,,al,).

Define E = {I,,} to be the event “there was no intruder”. Event F is a subset of the state
space which contains only two states, I, and I,,. The agent is aware of event F at wj, but he
does not know it. In other words, he does not know whether there is an intruder, although
he is aware of the possibility of an intruder. Formally, we have that wi € Ag(E) N ~Kg(E).

The second interesting full state is wy = (1,,, By, al,, aB,, (amV),, (mV),,), which differs
from wi in that now Watson is aware of all questions, and knows the theorem “not hearing
the dog barking implies no intruder”, represented by state ws. Formally, we have () as above
and

W(w3) ={I,B,al,aB,mV,amV},

Qw;) ="
M(wy) ={w" € Q" : w] = “yes” and wj; = “no” },
X ={al,aB,mV,amV, B},
P(w3) ={(n, By, aly,aB,, (amV),, (mV).)}.

6Formally, @ contains also questions m{I}, am{I}, m{B} and am{B}. Since we do not consider states
where the agent is aware of these questions, we have excluded them from @ in order to save on notation.

"Including question B in X slightly distorts Doyle’s original story, in favor of making the example simple
and concise. The original story is that the crime took place in the previous night, while Watson was absent
from the stable. Information about the dog not barking is gathered by residents of the house, during the
interrogations.
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When wj occurs, Watson’s state space is the full state space, (2*. Firstly, because questions
al, aB, amV and mV belong to X, he considers a full state as possible only if it specifies
that he is aware of all questions and that he considers w3 to be impossible. Since he is aware
of question B which belongs to X, he is also able to exclude any state that specifies that he
heard the dog barking. Finally, considering w3 as impossible means that he is able through
M (w3) to exclude any state that specifies that there was an intruder and he heard no barking.
As a result, at wj the only state Watson considers possible is w3 itself, which specifies that
there was no intruder and he heard no barking. Summarizing, he is able to reason that since
he heard no barking, there cannot be an intruder. Therefore, at w; he is aware of the event
E that there was no intruder, and he also knows it. Formally, wj € Kg(F). This reasoning
was impossible at wj, when he was only aware of questions I and al. In other words, what
Watson is unaware of at wi hurts his knowledge about a question he is aware of at wy.

The events K (FE) and Ug(E) are subsets of the full state space (0¥, so that only an agent
who is aware of all questions in @) is aware of them. Hence, only for an agent who is fully
aware (like Holmes) do these events represent his reasoning about what Watson knows and is
aware of.® Suppose that another agent is only aware of a subset of Q, namely V' = {I,al}.
His reasoning about Watson’s unawareness and knowledge of event F = {I,}, “there was

no intruder”, will be expressed in state space ' = x A, and it is represented by events
qeVv’

Uy/(E) C Y and Ky (F) C 0, respectively. State space 2’ has only four states:
(Ly,aly)  (In,aly) (I, aly)  (In,aly).

In state space (¥, the event “Watson is unaware of E” is Uy/(E) = {({y,al,), (I, al,)},
while the event “Watson knows E” is Ky/(E) = (y. Although state space €' is rich enough
to include a description of F, it is not rich enough to include the possibility of Watson
knowing event F. In other words, an agent who is only aware of V/ would reason that it is
simply impossible for Watson to know E.

3 Results

3.1 Overview of the properties of the standard model

Consider a state space € and a possibility correspondence P : 0 — 2\ (). The interpretation
is that when w €  occurs, the agent learns that P(w) has occurred. It is assumed that the
possibility correspondence P satisfies the following properties:

P1 For any w € Q, w € P(w).
P2 For any w,w’ € , W’ € P(w) implies P(w') C P(w).

P3 For any w,w’ € Q, ' € P(w) implies P(w') 2 P(w).

8Since the analyst is always aware of all questions in @, these two events represent his reasoning about
Watson’s unawareness and knowledge.
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The first property says that the agent never excludes the true state from being possible.
The second property states that if w' € P(w), then it cannot be that for some state w”,
Ww” € P(w') but w” ¢ P(w). If it were the case, a rational agent would argue the following
at w: Since w” is excluded, it cannot be that w’ has occurred, but this contradicts that
W' € P(w). Similarly, the third property states that if &’ € P(w), then it cannot be that
w” € P(w) but w” ¢ P(w'). A rational agent would argue at w that since he cannot exclude
W" and w” ¢ P(w'), it must be that «’ has not occurred, a contradiction of w’ € P(w).?

An event E is just a subset of ). The set of states where the agent knows event E is
given by the knowledge operator K : 2% — 2% In particular, for any event E C (2,

KE)={we: Plw)CE}.

The interpretation is that the agent knows event E at w if in all the states he considers
possible, F is true. Note that K(FE) is also an event, since it is a subset of €.
The following properties hold for the knowledge operator:

K1 Necessitation: K () = Q.
K2 Monotonicity: £ C F = K(F) C K(F).
K3 Conjuction: K(E)NK(F)=K(ENF).
K4 The Axiom of Knowledge: K(E) C E.
K5 The Axiom of Transparency: K(F) C K(K(F)).
K6 The Axiom of Wisdom: =K (E) C K(-K(E)).
Properties K1, K2, K3 are derived from the definition of the knowledge operator K, while

property P1 implies K4, P2 implies K5 and P3 implies K6.

3.2 Results for the one agent model with unawareness

The following Theorem generalizes properties P1, P2 and P3 of the standard model without
unawareness. All the results of this Section are valid for the multi agent case as well.

Theorem 1.
1 Awlww) & M(w) <= {wlww) € P(w)."”

2. w € P(wy) implies P(w) = P(w1).

9The interpretations for P2 and P3 are taken from Rubinstein [14].
10 The following property is also true. Suppose M C H‘Q,)(Q*) is a set of impossible states. Then, if w ¢ M

Vior \_ Vi
and (IIy{¢))) 71 (M(w)) € M, then IIJ[7 () € P(w).
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The first part of Theorem 1 says that the agent includes the true state if and only if he
does not consider it an impossible state through a theorem. In other words, he will exclude
the true state only if he knows a wrong theorem. Note that state w belongs to the state
space generated by questions Vi, but the agent’s awareness at that state is W (w), which a
subset of Vi,y. Therefore, the agent’s perception of w when w occurs is the projection of w
to his state space.

The second part of Theorem 1 is the generalization of properties P2, P3, that if w belongs
to P(wq), then P(w) = P(wy). It states that if the agent considers w to be possible when
wy has occurred, then the agent’s view of what states he would consider possible if w had
occurred is the same as the states he considers possible now that w; has occurred. In other
words, if the agent considers states z and 2z’ to be possible, then these two states should not,
in his view, differ in their specification of what is the agent’s knowledge of theorems and his
awareness of questions.

It is important to emphasize that w and w; do not belong to the same state space. State
wy belongs to state space Hg{wl}(Q*), while w belongs to state space Q(w;) = H%(wl)(ﬁ*),
which is the state space the agent has at w.

The next property is the most important departure from other models dealing with
unawareness, and stems from the explicit use of theorems in the construction.

Property 1. Awareness Leads to Knowledge
Suppose Axiom 2 holds. For any event E, if Vg U a(Vg) C Vo C Vi, then Ky, (E) C
Iy (Kv; (E)).

The condition Vg U a(Vg) C V,, V) ensures that Ky, (E), Ky, (E) are well defined, as
explained in Section 2.8. The property says that state spaces which are generated by more
questions give a more complete description of the agent’s knowledge of an event E. Hence, if a
more complete description of the world w belongs to Ky, (E), its projection to a less complete
state space generated by questions V5, may not belong to the less complete description of
the agent’s knowledge, Ky, (F).

The intuition is that if a state space is generated by more questions, then it may also
include more mV questions that represent theorems, and in effect contain more ways in which
an agent can know the event. An implication is that an agent can gain knowledge of an event
he was already aware of, by gaining more awareness and more theorems. Conversely, what
an agent is unaware of hurts his knowledge about events he is aware of. Axiom 2 is needed in
order to exclude the possibility that the agent knows nothing, because the theorems that he
knows contradict each other. In the multi agent case an agent’s limited awareness may lead
to incomplete reasoning of other agents’ knowledge. See Section 4.1 for further discussion
and illustration of this property in the multi agent context.

For the one agent case, suppose that the agent’s awareness is V5, so in his state space
the event “the agent knows E” is given by Ky, (F). If instead his awareness was increased
to Vi, then in his view the event “the agent knows E” would be Ky, (F). Suppose now
that w € Ky, (E) has occurred, so that the agent with awareness Vi knows event E. The
agent with awareness V5 though, is only aware that the projection of w to V5 has occurred.
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The property says that this projection H% (w), may not belong to Ky, (F), and therefore the
agent with the more limited awareness will not know (but be aware of) event E.!!

This feature is new, at least in the economics literature. On the one hand, the standard
model assumes an agent who is aware of everything and knows all relevant theorems. On
the other hand, the property Projections Preserve Knowledge of Heifetz, Meier and Schipper
[10] implies that H%(Kvl(E)) = Ky, (F), so that if a state w specifies that the agent knows
an event F, its projection w’ to a smaller state space will also specify that he knows it.!?
The one agent case of Li [12] is unrestricted, so that there is no implied relationship between
Hg;(KVl(E)) and Ky,(E). In fact, one can construct examples where a state w specifies
that the agent does not know an event E, and yet its projection w’ to a smaller state space
specifies that the agent knows event E. In that case, the less complete description of the
world w’ would specify that the agent knows more, a possibility that is excluded by the
present model. In Li’s multi agent model, when ¢ is reasoning about j, the equality holds:
M (K, (E)) = K7, (E).

Concluding, more awareness can lead to increased knowledge of events that we were
already aware of. For example, becoming aware of (and knowing) Newton’s theory enabled
us to explain how the planets move, a question of which we were aware since ancient times.
Equivalenlty, what we are unaware of hurts our knowledge about things we are aware of.
The reason is that information that is readily available for us (for example, the distance
between the planets and their size) is left unexploited, either because we are unaware of
its existence, or because we don’t know the theorems that can utilize it in order to provide
answers. Aragones, Gilboa Postlewaite and Schmeidler [1] argues that these phenomena can
be partly explained by computational complexity. An agent may learn something without
getting new information, just by noticing certain regularities in the data he observes and by
forming new theorems.

The next theorem groups properties that have been proposed in the literature, or are
generalizations of the properties of the standard model.

Theorem 2. Suppose Vi U (Vi) UVrUa(Vr)U (V) C V. Then:
1. Symmetry Uy (E) = Uy (—E).
2. Plausibility Uy (F) C =Ky (E) N ~Ky(=Ky(E)).
3. Strong Plausibility Uy (F) C =Ky (E)N—Ky (—=Ky(E)N.. .N=Ky(=Ky (...~ Ky(E))).
4. AU Introspection Uy (E) C Uy (Uy(E)).

HU)More awareness leads to being aware of more events, and consequently knowing some of these. This
feature is standard and covered by other models as well. The new feature is that of knowing an event that
you were already aware of.

12T fact, this equality is essential in Heifetz, Meier and Schipper [10], since it ensures that K(E), as
defined in their paper, is an event. Their paper has a different definition of what an event is. In particular,
an event is the union of a subset of a state space and all its enlargements. Therefore, an event contains
states of different state spaces, which is not true in this paper.
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*

5. Subjective Necessitation Suppose Aziom 2 holds. Then, for all w € Qf, w €
Ky (Qw)).

Generalized Monotonicity By, v, C Fy,ov,., Vr C Ve = Ky (E) C Ky (F).13
Conjunction Kv(E) N Kv(F) = KV (EVEUVF N FVEUVF>-
AA-Self Reflection w € Ay (E) <= w € Ay(Aw)(E))."

AN T R

AK-Self Reflection w € Ay(E) <= w € Ay(Kww)(E))."”

10. The Axiom of Knowledge Suppose Aziom 3 holds. Then, Ky (E) C Ey .

11. KU Introspection Ky (Uy(E)) = (.16

12. A-Introspection Suppose Aziom 2 holds. Then, w € Ay(E) <= w € Ky(Aww)(E)).""
13. The Axiom of Transparency w € Ky (F) <= w € Ky(Kww(E)).

14. The Axiom of Wisdom Suppose Aziom 2 holds. Then, w € Ay (E)N-Ky(E) <~
w € Kv(AW(w)(E) N ﬁKW(w)(E)).

The condition Vg Ua(Ve)UVrUa(Vr)Ua(V) C V only ensures that the events Uy (E),
Ky(E), Uy(Uy(F)) are well defined. Symmetry, AA-Self Reflection, AK-Self Reflection
and A-Introspection have been proposed by Modica and Rustichini [13] and Halpern [9].
Plausibility, AU Introspection, and KU Introspection have been proposed by Dekel, Lipman
and Rustichini [3], while Strong Plausibility has been proposed by Li [12]. The remaining
properties are generalizations of the six properties of the standard model, cited in Section
3.1. Some of these generalizations are proposed by Li [12].

Symmetry states that if an agent is unaware of an event, then he is also unaware of its
negation. Strong Plausibility states that if the agent is unaware of an event, then he does
not know it, he does not know that he does not know it, and so on for any higher order of
not knowing that he does not know. AU Introspection says that if an agent is unaware of
an event, then he is unaware that he is unaware of it.

Subjective necessitation states that at any state w, the agent knows his state space, which
is Q(w). For this property to hold we need that the agent considers at least one state as
possible. Generalized monotonicity says that if at w the agent knows event E, he is aware
of F' and F implies F', then he knows F. These two events may be subsets of different state
spaces, so the usual notion of implication, £ C F', is not defined. Li [12] has proposed a
generalized version of implication: The event E implies the event F' if the enlargement of

13A variant of this property states that if w € Ky (E), Vr C W(w) and Ey iy, € Fypuvye, then w €
Ky (F).

1A variant of this property is w € Ay (E) <= {w}w(w) € Aw(w)(Aw(w)(E)).

A variant of this property is w € Ay (E) <= {w}w(w) € Aw(w) Ew(w)(E)).

16° A variant of this property is w ¢ Ky (U (o) (E)) for all w € Q.

TA variant of this property is w € Ay (E) <= {w}lw(w) € Kw(w)(Aw(w)(E)).
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E to the set of questions Vg U Vp is a subset of the enlargement of I’ to the same set of
questions. Conjunction states that the agent knows events E and F' if and only if he knows
that E and F' have occurred. Since E and F' may be subsets of different state spaces, their
intersection is not defined. Li [12] has proposed a generalized version of intersection to be
the intersection of their enlargements to the set of questions Vg U Vp.

KU Introspection states that the agent cannot know that he is unaware of an event F.
Note that for this property to hold we do not require that the agent does not exclude the
true state, as in Li [12] and Heifetz, Meier and Schipper [10]. Properties AA-Self Reflection,
AK-Self Reflection and A-Introspection say that equivalent conditions for an agent to be
aware of an event is that he is aware that he is aware of it, he knows that he is aware of it
and he is aware that he knows it.

The last two properties generalize the axioms of transparency and wisdom. The axiom
of transparency states that the agent knows an event E at w if and only if he knows that
he knows it at w. Note that Ky (,)(E) is the event “the agent knows event E”, expressed
in the awareness of the agent at w. The axiom of wisdom is similar. The agent is aware of
but does not know event E if and only if he knows that he is aware of and does not know
it. For this property to hold, we need Axiom 2 to exclude the possibility that the agent has
an empty P(w), and therefore knows nothing.

4 Multi agent model

Extending the model to the multi agent case is straightforward - the main difficulty arises
from the use of slightly more involved notation. But the mechanics are the same. Consider a
set I of agents, with generic elements 7, 7 and k. As in the one agent case, agent 7 is able to
“construct” his possibility correspondence P* by singling out the epistemic questions that he
is aware of and refer to him (m‘V, a'q) and combine them with the basic questions and the
set of his immediate perception X¢. When i is reasoning about j’s possibility correspondence
PJ he analogously has to single out the epistemic questions that ¢ is aware of and refer to 7,
(m?V, a’q) and combine them with the basic questions and j’s set of immediate perception
X7. Analogously, when i is reasoning about j’s reasoning about k, he first has to determine
which of the questions in X* and of the type (m*V, a*q) is j aware of. In essence, i only needs
to determine j’s subjective state space, since this will be the most complete description of the
world according to j. Naturally, i’s own unawareness prevents him from having a complete
image of j’s state space.

In the one agent case we constructed Ki,(F), U{,(E), where V is any set of questions
that is big enough to express F and agent i’s awareness of it. Note that V' generates the
state space (j,. If ¢’s awareness is given by V' and he is reasoning about j’s knowledge and
unawareness, he will use events K7,(E), Ui,(E), since these events give the most complete
description of j’s knowledge and unawareness according to i. If i’s view of j’s awareness is
V', then i’s view of j’s reasoning about k is given by events Kt (E), Uk, (E), since in i’s
view, V' generates j’s most complete description of the world. This can be extended for any
sequence of agents. Once we have determined that i’s view of j’s view of ... of m’s awareness
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is V", then K{.,(E), U, (FE) represent i’s view of j’s view of ...of m’s reasoning for any
agent n.

Note that by definition, for ¢ to be aware of question a’q, he also has to be aware of
question a’a’q. Higher orders of reasoning require more complicated questions of the type
a‘a’a*ala™q. Moreover, although agent i always knows the answer to questions of the type
a'q, m'V when he is aware of them, this does not necessarily hold for questions that refer to
other agents, such as a’q, m’V, which are basic questions from i’s perspective. Therefore,
uncertainty of other agents’ awareness is permitted.

4.1 Unawareness and reasoning about others

In a multi agent context, the Awareness Leads to Knowledge Property implies that i’s limited
awareness may also impair his reasoning about j’s knowledge. For example, it may be that
while 7 is aware of F/, he wrongly deduces that 7 does not know it, exactly because i is unaware
of the theorem that led j to know E. This clearly distinguishes the present approach from
that of Li [12] and Heifetz, Meier and Schipper [10], which do not allow for such situations.
In this paper though, the knowledge operator Ky is indexed by a set of questions V', and
the Awareness Leads to Knowledge Property shows that a bigger set of questions V' gives a
more complete description of one’s knowledge.

To illustrate, suppose that agent i has awareness V', agent j has awareness V7 and
V7 C V. They are both reasoning whether agent k knows event E. Suppose that both i
and j are informed that the true state has occurred, namely w for ¢ and its projection to
questions V7 for j, IIV; (w). Moreover, suppose that w € K7, (E) but II};(w) ¢ K{,(E). In
that case, 7 says that k knows E, while j says that & does not. More importantly, since ¢
knows that w has occurred and j knows that II};(w) has occurred, it is also the case that i
knows that k knows event E, while j knows that k& does not know event E! In other words,
1 and j disagree on what k£ knows.

This feature is certainly not standard, since in the usual model we can never have two
agents who disagree on what another agent knows. To be more precise, it can never be that
i knows that k knows an event, while j knows that k& does not know this event.'® Li [12] and
Heifetz, Meier and Schipper [10] also exclude such a possibility, because they assume that
i’s view of j’s knowledge is the projection of P7 to i’s state space.

It is important to emphasize that this inability of j to know that k£ knows FE is not
because j has made some mistake (like excluding the true state from being possible), but
because he is unaware of something & is aware of. In effect, one of the main postulates of the
standard model, namely that partitions are common knowledge, is not true with unawareness
of theorems.

18Tn the standard model, the partitions of the agents are common knowledge. This means that the agents
not only agree on what every other agent knows at each state w, but this is also common knowledge. In a
model with unawareness this property does not hold, mainly because the agents have different state spaces.
However, the “Awareness Leads to Knowledge” property is needed in order for agents to disagree on what
another agent knows.
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Consider the following example which illustrates how two agents can disagree on what a
third agent knows. Suppose that agent k is inside a basement with no windows, and that
it is raining. Agent j is informed that £ is inside the basement, so he reasons that because
k cannot see what is happening outside, he does not know that it is raining, and j knows
that this is the case. On the other hand, agent ¢ is aware of and knows the existence of a
computer in the basement, connected with a camera outside the building. If he is informed
that k is also aware of and knows this, then he can reason that k can see whether it is raining
by checking the computer. Moreover, he knows that this is the case. Concluding, the more
aware agent ¢ knows that k£ knows that it is raining, while the less aware agent 7 knows that
k does not know whether it is raining.

It is important to note that the source of the two agents’ disagreement stems from their
different awareness, not from their different information. Had j been aware of the possibility
of a computer in the basement, even if he didn’t know whether it is connected with a camera
or whether k was aware of it, would enable him to say that he didn’t know whether £
knows that it is raining. In that case, ¢ and j would not disagree, but ¢ would have more
information. It is precisely the fact that j is unaware of the possibility of the computer that
makes him know that k£ does not know that it is raining. Moreover, j is not making any
mistakes, because it is true that with this limited awareness, k would not know whether it
rained. Finally, this disagreement can only occur if what one agent is unaware of, hurts his
knowledge about what he is aware of, so that the “ Awareness Leads to Knowledge” property
is necessary.

As an epilogue to this example, suppose that agent k performs a specific action if and
only if he knows that it is raining. Moreover, suppose that agent j knows this and k’s action
is visible to him. Since j knows that k£ does not know that it is raining, he reasons that
k should not perform this action. Nevertheless, he observes him performing it. If agent j
excludes the possibility that he has made some mistake in his reasoning, then he can only
conclude that k is aware of something that j is not aware of, that led him to know that it is
raining. In other words, agent j understands that he is unaware of something that he cannot

specify.

4.2 The full state space

This section gives a detailed construction of the full state space, which is the state space of
the analyst or of a fully aware agent. The construction is similar to that of a beliefs space:
starting from an initial state space S, define each player’s first order beliefs on S, then each
player’s second order beliefs on S and all other players first order beliefs, and so on. The
difference with this formulation is that instead of beliefs we have the epistemic questions
a‘q and m'V, that describe the awareness of questions and knowledge of theorems for each
agent 7.

For any state space 2, the set of epistemic questions £(2) of agent i about  consists

of the questions a’q and m'V about . In particular, suppose 2 = X A, is generated from
qeVv

a set of questions V. The set of all questions of the type miV;, for all nonempty subsets V;
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of Vis

{mVi: 0 £V cV}. (1)
These questions represent all the theorems that agent ¢ can potentially have about state
space €.
The set ' '
{dg:qeVUu{m'Vi:0£V, CV}} (2)

contains all the a'q questions, for all questions in V and {m'V; : ) # V; C V}. Denote
the union of the two sets of questions in (1) and (2) by £%(Q). An element that gives an
answer to all questions in £(€) describes agent i’s awareness of questions and knowledge of
theorems, about state space (2.

To construct the full state space 2*, we begin with an initial state space S = x A,
q€Qo
which is generated from a set of basic questions (Jy. A state of nature s € S gives a detailed

description of the world, but not what agents are aware of or know. Let Q! = S be each agent
i’s first order state space. Questions in £°(Q2}) describe agent i’s awareness of questions and
knowledge of theorems about state space Q¢. Define the set of all combinations of answers
for these questions to be T7:

Ti= x A

f q»
qESl(Ql)

which we interpret as the first order type of agent i. The second order state space for agent
1 1s
Q=8 x xTj.
J#i

An element in % describes the state of nature s € S, together with the awareness of questions
and knowledge of theorems about S, for all agents besides i. The set £/(€2%) contains all the
epistemic questions of agent i about state space Q5. Note that there are some questions in
E(€) that also belong to £(Q¢). For example, if ¢ is a basic question and belongs to Qo,
then a’q belongs to (%) N E'(Q4). To avoid any duplication of questions, we define the
second order type of agent 7 to be

T = X A,
q€E (Q5)\E7(Q)

An element in T} x Ty specifies the questions the agent is aware of and the theorems he
knows in state space 5. Accordingly, the third order state space of agent 7 is

QL = Qb x Tj.
J#
Continuing inductively, we define for all £ > 1,
L= x TV,
k+1 Lo

Tip= % A,
q€62(92+1)\62(92)
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Define T° to be the Cartesian product X T!. An element in 7" contains an answer for all
n=1

epistemic questions about agent 7. In particular, it gives an answer to only questions of the
type a'q, or of the type m‘V, where q can be either a basic question or an epistemic question
about another agent (e.g. ¢ = a’a*a’q’), while V can contain both basic and epistemic
questions for all other agents. Note that questions of the type a‘a’...a’q are not created.
Summarizing, an element in 7 describes agent i’s awareness of questions and knowledge of
theorems for each successively bigger state space ), where k£ > 1.

Interpreting T as the set of all types for agent i, we can define the full state space 2* to
specify a state of nature s € S, together with a type for each player i € I:

O CSx xT
iel
The set of all questions that generate the full state space 2* is denoted by ). Formally,

Vo =Q and Q* C x A,.
q€Q

4.3 Common knowledge

An event FE is common knowledge if everyone knows it, everyone knows that everyone knows
it and so on, ad infinitum. The extra complication that arises when defining common
knowledge in a setting with unawareness is that every agent has a possibly different state
space. More importantly, agents have to reason about other agents’ awareness, before they
reason about their knowledge. For example, before ¢ claims that he knows that j knows that
k knows event FE, he first has to reason which questions he knows that j is aware of.

To give a simple example, suppose that full state w* occurs and agent ¢ has awareness
W (w*) and state space Q(w*). Agent i’s reasoning about whether agent j knows event E is
represented by event K7, . (w*)(E), which is a subset of his own state space Q(w*). Similarly,
when ¢ is reasoning about j’s reasoning about whether agent k knows FE, he first has to
specify what is his view of j’s awareness. If we denote this view by set V% (w*), then 4’s
view of j’s view of k’s knowledge of E would be the event K., (m)(E)’ which is a subset of

W o (§27), i’s view of j’s state space.

What remains to be determined is the set V% (w*), i’s view of j’s awareness at w*. Firstly,
any state w € Q'(w*) specifies exactly what is i’s view of j’s awareness at that state. But ¢
does not necessarily know what state has occurred, he only knows that one state in P*(w*)
has occurred. In other words, it may be that for some questions that 7 is aware of, he does
not know whether j is aware of them as well. The set V¥ (w*) denotes the questions that ¢

knows that j is aware of, at w*:

Vi = (] Wi

w€e Pt (w*)

More formally, V% (w*) is the set of questions that i and j are aware of in all the states
that ¢ considers possible, when full state w* has occurred. Note that this set depends only

24



on full state w* which determines i’s awareness and knowledge, and not on any state of i’s
subjective state space.
If we set V*(w*) = W'(w*), then i’s view of the event “j knows that k knows E”, is the

set K7 K k y(E). The analyst’s view that ¢ knows that event is the set

Vz (w* Vij (w*

KK oy K (o) ().

Note that KQK’ Vi )K"‘CﬂJ (w )(E) is a subset of the full state space 2*. This event depends
on full state w*, which determines ¢’s awareness, and therefore i’s view of j’s awareness.
Continuing recursively, we can define the set of questions that ¢ knows that j knows that
k is aware of, in order to construct events of higher order reasoning of 7 knowing that j knows
that & knows that [ knows event E. To facilitate such an extension, we need to define, for
any agent i € I and any event F, the set P'(E), which denotes the set of states that agent

1 considers possible when the true state lies somewhere in E.

Definition 1. For any event E, let Vi = mWZ(w)

weFk
If Vi #+ 0, then PY(E U Hw (w)). Otherwise, P/(E) = By, .

welE

The definition is analogous to the definition of P!(E) in the standard model. The extra
complication is that different states in £ may describe different awareness for agent 4, and
therefore the sets P*(w) and P'(w') for w,w’ € E may be subsets of different state spaces. If
there is a nonempty set of questions Vi that ¢ is aware of for any w € E, then we project
Pi(w) and P¥(w') to that set of questions. If Vi is empty, then we define P'(E) to be the
empty set. The set of questions that at w*, ¢« knows that 7 knows that k is aware of is

ViFw) = (] WHw).
wEPI(Pi(w*))
The event “at w*, ¢ knows that j knows that k knows that [ knows event E” is
KQK\]/Z(LU* K\/”(w K\/Uk(w (E)
Adding more agents to the sequence can easily be accommodated. For any k > 2, define
Viliz...ik(w*) _ ﬂ W““(w)
wEPk-1(...(P12(P"1(w*))))

to be the questions that i; knows that iy knows that ...that ¢, is aware of at w*. The
definition of common knowledge is analogous to that of the standard model, except for the
subscripts on each knowledge operator.

Definition 2. Fvent E is common knowledge among agents i = 1,...,1 at w* if and only
if for any n € N and any sequence of agents iy, . .., in,
€ KK o (K iy - (Kl (ED)).

PR o B oy -+ (B oy (E))) i well defimed it Vet (w%) U @? (Virin 7)) €

Vitin—1(w*) for any n > 1. This is true because o' (Vi-in (w*)) C Vi-in(w*) for any n > 2.
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Just as in the standard model, there is an equivalent definition of common knowledge,
which employs the possibility correspondences P?, instead of the knowledge operators K*.

Proposition 1. Event E is common knowledge among agents i =1,...,1 at w* if and only
if for any n € N and any sequence of agents iy, ..., i,, Vg C Vi-in(w*) and

0 7£ Pln( .. (PZQ (P“ (w*)))) - Evz‘lA.Ain(w*).

4.4 Common knowledge of awareness

Define V*(w*) to be the intersection of all sets Vi (w*), for any sequence iy, i, ..., i,
n € N: o
V*(w*) _ ﬂ V“"'Z"(u)*).
N

As the next Proposition shows, this is the largest set of questions that is commonly known
at w* that everyone is aware of. In particular, for a set of questions V' C @), define the event
“everyone is aware of all questions in V"

EAV)={weQ :Viel,VCW (v}

Note that this event is a subset of state space €2},. The following proposition states that if
V*(w*) is nonempty, then the event “everyone is aware of V*(w*)” is common knowledge at
w* . Moreover, V*(w*) is the largest set of questions that it is commonly known at w* that
everyone is aware of.

Proposition 2. Suppose that V*(w*) # 0. Then, the event “everyone is aware of V*(w*)”,
EA(V*(w")), is common knowledge at w*. Moreover, if EA(V) is common knowledge at w*,
then V- C V*(w*).

Note that if an event E is common knowledge at w*, then by Proposition 1 Vg C V*(w*),
which implies that V*(w*) is nonempty.

4.5 Characterizing common knowledge

In the standard model, an event E* is common knowledge at w* if and only if there is an event
E which is self evident for all agents, it contains w* and is a subset of E*. The following two
theorems provide a characterization of common knowledge along these lines. The definition
of a self evident event is given below, and it is a direct analog of the standard definition.

Definition 3. FEvent E is self evident fori € I if E C K@E(E)

An event E is self evident for agent ¢ € I if whenever it happens, the agent knows it. If an
event E is self evident for all ¢ € I, then it is called a public event.

The first theorem gives sufficient conditions for event E* to be common knowledge. In
particular, suppose that there is a public event E, whose enlargement to the set of questions
(@ contains full state w*, it is a subset of the enlargement of event E* to () and the awareness
of E* is contained in that of E (that is, Vg« C Vg). Then E* is common knowledge at w*.
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Theorem 3. Suppose Aziom 2 holds. Moreover, E is a public event and for some event E*
such that Vg« C Vg, w* € Eg C E. Then, E* is common knowledge at w*.

The second theorem gives necessary conditions for an event £* to be common knowledge.
There is one added assumption, namely that there exists a finite sequence ji...ji, k € N,
of agents, for which the set of questions that j; knows that jo knows that ...that j,_;
knows that jj is aware of, which is V7% (w*), is equal to the largest set of questions that is
commonly known at w* that everyone is aware of, V*(w*).

Theorem 4 shows that if this assumption, together with Axiom 3 (nondelusion) hold and
event E* is common knowledge at w*, then there is a public event F whose enlargement to
the set of questions () contains w* and it is a subset of the enlargement of £* to Q).

Theorem 4. Suppose Axiom 3 holds. Moreover, E* is common knowledge at w*, and for
some sequence ji ... j, of agents, VIi-Ik(w*) = V*(w*). Then, there exists a public event E
such that Vg- C Vg and w* € Eg C EZ2

5 No trade theorems

The literature on no trade theorems stems from the well known result by Aumann [2] that
if a group of agents has a common prior and their posteriors about an event E is common
knowledge, then these posteriors are identical. Dealing with the same problem in a model
with unawareness gives rise to the following complications. The first is that agents typically
have different subjective state spaces, since they are unaware of questions that others are
aware of. It is not therefore clear on what state space this “common” prior should be applied.
Secondly, the multiplicity of state spaces also implies that each state space defines a different
posterior for agent ¢ about event E. A result which has a similar flavor to Property 1 is
that state spaces generated by more awareness will give a more complete specification of an
agent’s posterior.

This section presents a result analogous to that of Aumann [2], where common knowledge
of the posteriors implies they are identical. Nevertheless, as was shown in the previous
section, the largest state space whose subset can be common knowledge, is the state space
generated by the questions that is commonly known that everyone is aware of. Consequently,
the result can only refer to posteriors defined on that state space. If an agent’s awareness
is bigger than what is commonly known that everyone is aware of, then his actual posterior
may be different from the common one and there may be incentive to trade.

Recall that in the standard model without unawareness and given a prior p on the unique
state space ), we can define ¢’s posterior of event F at w € () using Bayes’ law:

p(P'(w) N E)
p(P(w))

Every state in () specifies a posterior of ¢ about event E, so that it is meaningful to talk
about the posteriors being common knowledge, as in Aumann’s theorem.

q'(w) = (3)
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In a model with unawareness, a posterior can be defined for each state of each state space.
Take an arbitrary set of questions V' and consider a prior x4 on the state space {2j,. Suppose
that at w € Q},, the agent’s awareness is W' (w) = V. Then, for any event £ C Q5,, define i’s
posterior of E at w to be given by Equation (3). Note that we are defining a posterior only
in the special case where the agent’s awareness at w € )}, contains all questions in V. For
cases where w specifies that the agent’s awareness is a strict subset of V', a more complicated
definition is needed. Since such a case is not considered in the theorem below, we omit the
details.

Let I = {i,j} and recall from the previous section that V*(w*) is the largest set of
questions that it is commonly known at w* that both agents are aware of. Assume that
V*(w*) is nonempty and define a prior p on the state space §2 = Hg* () (£27), generated by
these questions. Take a state w € 2 where both agents’ awareness is V*(w*) and define their
posteriors about event £ C 2 at w to be ¢'(w) = ¢' and ¢’ (w) = ¢/, respectively. Consider
the event

E={weQ:dw=7¢,¢Ww=¢}.
Event E* contains all the states in 2 where both agents are aware of V*(w*) and i’s posterior
about E is ¢*, while j’s posterior about E is ¢/. The following theorem states that if E* is
common knowledge, then ¢' = ¢’.

Theorem 5. Suppose that Axiom 3 holds. Moreover, E* is common knowledge at w*, so
that it is commonly known that i’s posterior is ¢' and j’s posterior is ¢. If for some sequence
of agents ji, ..., ji, VItIk(w*) = V*(w*), then ¢ = ¢’.

Although Theorem 5 specifies that common knowledge of the posteriors implies they are
identical, it should be stressed that these posteriors are defined on the state space generated
by the questions that is commonly known that everyone is aware of. If the state spaces of
1 and j are generated by more questions, then their posteriors may be different and there
may be incentive to trade. This is illustrated in the following example.

Example

Let I = {i,7} and suppose there are two basic questions, p: “Will the prices be high
tomorrow?” and r: “Are the interest rates low today?”, each with two possible answers,

“yes” and “no”. If we set V = {p,r}, then m'V is asking what theorems in x A, i knows.
qeVv

Define w; € x A, to be the state “low interest rates today and low prices tomorrow”, so
qeVv

that if w; is the answer to m'V/, then i knows that low interests rates today imply high prices
tomorrow.

At w* € Q* agent i is aware of both p and r, together with the epistemic questions a’r,
miV, a'm'V and all the questions of the type a’*a® ...a"p, where n € N and i), # i, for
all & < n. Examples of these types of questions are a‘a’a‘a’p and a’a‘a’a’p. Denote this set
of epistemic questions of the two agents about p by Vi:

Vi={a"a"”...a"p:n €N,iy # iy for all k < n}.
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Agent j’s awareness at w* contains p and all the questions in V. In other words, j is
unaware of question r and he therefore cannot express any theorem between interest rates
and prices, nor can he reason that ¢ has formulated such a theorem. Summarizing,

Wiw*) = {p,r,a’r,m'V,a'm'V,V;},

W (w*) = {p,V1}.

Agent i’s set of immediate perception X' contains questions 7, a'r, m'V, a'm'V and all
questions in V. Note that Axiom 1 only requires that the epistemic questions about agent
i should be included in X*. Adding the epistemic questions of j about p greatly simplifies
the example, but in general is not required. Agent i cannot immediately “see” whether the
prices will be high tomorrow, but he can infer it at w* with his theorem that connects interest
rates today with the prices tomorrow, since r is in his immediate perception X*. On the
other hand, agent j’s immediate perception X’ contains just set V;, so it is impossible for
him to infer whether the prices will be high or low tomorrow. Moreover, he is unaware of
any possibility that ¢ will know.

Suppose that w* answers w; to question m‘V, so that i knows that low interest rates
imply high prices tomorrow. Moreover, assume that w* specifies that the answer to both
r and p is “yes”, so that there are indeed low interest rates and high prices. Combining
these elements we can infer that at w*, agent i considers possible only state wy € QF(w*),
which specifies “yes” to questions p, 7, a‘r, a'm*V and all questions in V;, while it answers
wp to question m*V. On the other hand, agent j knows that the answer to all questions in
Vi is “yes”, but he does not know whether the prices tomorrow will be high or low. That
is, he considers as possible two states, ws, wy, € ¥ (w*), where ws specifies that the prices
are high. More formally, P'(w*) = {ws} and P/(w*) = {ws,w,}. Note that i has a different
state space than 7 and that the projection of wy to j’s awareness is w3. Moreover, since j’s
awareness does not include the theorem about r, his view of i’s knowledge is identical to his
own knowledge. That is, P/(w3) = P'(w3) = P?(wy) = PY(ws) = {ws,ws}. In fact, the event
E* = {ws,w,} is common knowledge at w*.

Although we omit the details here, it is straightforward to show that V*(w*), the set
of questions that is commonly known at w* that both agents are aware of, is equal to j’s
awareness W7/ (w*). Suppose that we define a common prior x on the state space €2,. (")’
such that pu(ws) = p(wy). Define event £ = {ws3} to specify that the prices will be high.
Agent i’s posteriors about F at ws and at wy are equal, and the same holds for agent j:

q¢'(w3) = ¢'(wg) = ¢,

¢’ (w3) = ¢’ (wa) = ¢’
Therefore, the event E* = {ws,w,} specifies that i’s posterior about E is ¢, while j’s
posterior is ¢. Since E* is common knowledge at w*, Theorem 5 implies that ¢ = ¢’ and
in fact they are both equal to one half. A high price tomorrow is equally likely with a low
price.
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For agent j this is the end of the story, since he is unaware of questions outside of V*(w*)
and cannot reason beyond ¢ and ¢’, which represent for him the most “accurate” posteriors
on F. On the other hand, agent 7 is more aware. His state space is generated from questions
Wi(w*), and the enlargement of E to that state space is Ewi+y. At wy, his posterior on
Eywi+ is 1, since he is certain that wy has occurred.?’ Agent i is able to reason that prices
will be high tomorrow because he is aware of question r, he knows that interest rates are
low today and he knows the theorem that connects them with high prices.

Discussion

Theorem 5 shows that whenever the posteriors defined on the common state space of the two
agents are common knowledge, they are identical. On the other hand, the example showed
that if ¢ is aware of more questions, his “true” posterior may be different and beyond the
other agent’s reasoning. Hence, there may be incentive for trade.

Intuition for this result can be obtained if we interpret the equality of the posteriors as
the outcome of the following procedure, described in the context of the standard model by
Geanakoplos and Polemarchakis [8]. Suppose that initially ¢ and j have different posteriors
about E, and in particular ¢ has a posterior above a half and wants to buy, while j has
a posterior below a half, and wants to sell. Suppose that they meet and they announce
their posteriors and their willingness to trade. Then, ¢ can use j’s announcement in order to
further refine what he knows, by taking the intersection of his own information with the set
of states that describe a posterior below a half for j. Agent i can now announce a possibly
different posterior which reflects his new information, which now can be used by j to refine
his. Geanakoplos and Polemarchakis [8] shows that if the partitions are finite, then the
agents will agree on the posterior, after finitely many steps.

A necessary condition for this result is that each agent knows the other agent’s partition,
which is certainly true in the standard model. This is also true in this model but only for the
state space which is generated from the questions that it is commonly known that everyone
is aware of. Therefore, the updating of the posteriors that was described above, can only
refer to this common state space. If agent 7 is aware of more questions, then announcing his
“true” posterior will be of no value to the unaware agent j, because he is simply unaware of
the states that would enable i to announce such a posterior. As a result, j cannot further
refine his own knowledge. Concluding, it is possible that two agents with different awareness
will engage in trade, simply because the revealment of new information by the different
posteriors is constrained by the agents’ common awareness.

20A technical detail is that we have not defined a prior u’ on i’s state space at w*, generated by questions
Wi(w*). As long as this prior assigns a positive probability to ws, his posterior will be 1, so we omit the
details. Moreover, there is nothing special with a posterior of 1. An alternative example would produce a
posterior higher than 1/2 but lower than 1.
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A Appendix

Proof of Theorem 1.

1(a). The proof is immediate from the definition of P(w).

1(b). For footnote 10 we have that w ¢ M = w ¢ (Iy,)) ' (M(w)) = Iy, (w) ¢
M(w) = Ty, (W) € Pw).

2. First, we prove the following proposition.

Proposition 3. w € P(w;) implies

i) W(w) =W(w).
i) M(wy) = M(w).

Proof.

i)

i)

Suppose ¢ € W (wy). There are two cases. Either ¢ # aq’ for any ¢’ € Q, or ¢ = aq’
for some ¢’ € Q. In the first case, we have that w,, = “yes” and ag € W(w;). In
the second case, wi,y = “yes” and aq’ € W (w;). The proof is identical in both
cases, so we just illustrate the first case. From Axiom 1, ag € X N W (w;). Since
w € P(wy), we have w,, = “yes”, which, together with {¢,aq} C W(w;) = V,
implies {¢q,aq} € W(w). The other direction is immediate since V,, = W (w;).

Suppose wy € M(wy). Then, there exist {mV'}, V such that {mV} UV C W(w;)
and IT}, “(w,) € wymy. From i) we have W (w;) = W (w), which implies {mV } U
V C W(w). Moreover, from Axiom 1 we have that mV € X N W(w;). Thus,

w € P(wy) implies wy,,y = win,y and therefore wy € M(w). The other direction is
identical.

O

Sets P(w;) and P(w) are repeated below:

P(wy) ={w2 € Qw1) 1 wey = wig, ¢ € W(w1) N X} \ M(wy),

P(w) ={ws € Qw) : wey = wy,q € W(w)NX}\ M(w).

From Proposition 3 we have W (w;) = W (w) and M(w;) = M(w). Since w € P(wy)
implies that w, = wy, for all ¢ € W(w1)NX = W(w)N X, we have that P(w;) = P(w).

O
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Proof of Property 1.

First we prove that if Vo C Vj, then (K, (E))y, € Ky, (E). Suppose w € (Ky,(E))y,.
Then, {w}y, € Ky, (E), which implies that § # P({w}v,) C Ew({u},,) and Ve C W({w},).
We have to show that Vg C W(w) and ) # P(w) C Ew(,). Firstly, since Vo C V; we also
have W ({w}y,) € W(w). Therefore, Vg C W(w). Non emptiness of P(w) is guaranteed by
Axiom 2.

Secondly, we show that (P(w))w({wh,) € P({w},). Suppose that w’ € (P(w))w ({w},)-
Then, there exists w; € P(w) such that {wi}w((w},,) = «’. Moreover, w; € P(w) implies
that wi, = w, for all ¢ € W(w) N X, hence w; = w, for all ¢ € W({w}y,) N X. Next, we
need to show that w’ ¢ M({w}y,). Suppose that w’ € M({w}y,). Then, there exist V' and
mV such that V U {mV} C W({w}y) and {w'}v € wpy. Since {wilw(wy,) = @' and
Vu{mV} CW({w}y,) € W(w), we have that {w;}y € w1, which implies that w; € M (w)
and wy ¢ P(w), a contradiction.

We have shown that (P(W))W({w}x@) C P{w}y,) C EW({w}v2)7 and Vg C W({w}y,) C
W (w). Therefore, P(w) C Ew(.), which implies that (Ky,(E))y, € Ky, (£). Finally, since
Vo C Vi, we also have that Ky, (E) C (Ky, (E))v,.

U

Proof of Theorem 2.

1. Symmetry Follows from Vg = V_g.

3. Strong Plausibility By assumption, Vg CV = V_k, (5) = V-ky (~Ky (E)) = V-Ky (-Ky(
Suppose w € Uy(E). Then, Vg € W(w) and therefore V- ¢ W(w). Hence, w €
-Ky(E)N-Ky(-Ky(E)N...N=Ky(-Ky(...~Ky(E))).

4. AU Introspection Suppose w € Uy (E), Then, Vi ¢ W(w) and since Vp C V =
Vuy (B), we have Vy, gy € W (w), which implies w € Uy (Uy (E)).

5. Subjective Necessitation First, note that Ky (Q(w)) is well defined becasue W (w)U
a(W(w)) € V. Subjective necessitation then follows from Vo) = W(w) and 0 #
P(w) C Q(w).

6. Generalized Monotonicity Suppose w € Ky (FE). Then, Vg C W(w) and ) #
P(w) € Ew(,). Also, Vp C W(w) which implies that Ey,) € Fw(y. Therefore,
w e K\/(F)

7. Conjunction We have that Vg C W(w) and Vp C W (w) if and only if Vg U Vr C
W(w). Also, § # P(w) C Ew, and 0 # P(w) C Fy(, if and only if § # P(w) C
Eww N Fww = (Bvyuvy N Foguvg)wiw)- The latter equality follows because w; €
(Bvpuve Vv, ) wiw) = {wihvewve € Evoove NFo o, <= w1 € Eww) N Fw(w)-

8. AA-Self Reflection w € Ay (E) implies W (w) U a(W(w)) C V and Vg U a(Vg) C
W(w). Therefore, Ay (Aw,)(E)) is well defined and w € Ay (Aw () (£)). For the
other direction, suppose that w € Ay (Aw ) (F)). Since Ay (,)(E) is defined only if
Ve Ua(Vg) C W(w), we have that w € Ay (F).
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10.

11.

12.

13.

14.

AK-Self Reflection The proof is similar.

The Axiom of Knowledge w € Ky (F) implies Vg C W(w) and 0 # P(w) C Ew ().
Axiom 3 implies {w}w () € P(w). Hence, {w}w(w) € Ew (), which implies w € Ey.

KU Introspection Suppose w € Ky (Uy(F)). Then, W(w) = V and there exists
wy € P(w) C Uy (FE). From Proposition 3 we have that W(wl) = W(w) = V. Moreover,
the definition of Uy (E) 1mphes that Vg C V. Therefore, Vg C W(wy). Butw; € Uy (E)
implies that Vg € W(w1), a contradiction.

The proof of footnote 16 is identical. Suppose w € Ky (U (w)(E)). Then, there exists
w1 € P(w) C Uy (£). From Proposition 3, we have that W (w;) = W(w). Moreover,
the definition of Uy () (F) implies that Vg C W (w). Therefore, Vg C W(w;). But
w1 € Uw () (E) implies that Vg € W(w,), a contradiction.

A-Introspection Suppose w € Ay (FE). Then, Vg Ua(Vg) C W(w) CV and W(w) =
Vay (&), 50 we just have to show that ) # P(w) € Aw)(£). That P(w) is non
empty follows from Axiom 2. Suppose that w; € P(w). From Proposition 3, we
have W (w) = W(w;) which implies Vg € W(w;) and w; € Aw (. (£). For the other
direction, suppose that w € Ky (Aww)(£)). This implies that w € Ay (Aw () (EF)) and
w € Ay (F) follows from AA-Self Reflection.

The Axiom of Transparency Suppose w € Ky (F). Then, Vg Ua(Vg) C W(w) and
0 # P(w) € Ew(,). We have to show that ) # P(w) C Ky (E), or that w; € P(w)
implies Vi C W(wl) and () # P(w1) € Ew,). From Proposition 3, we have that
wy; € P(w) implies W (w;) = W(w). Hence, Vg C W(w;) = W(w). From Theorem 1
we have that w; € P(w) implies P(w) = P(wy). Thus, § # P(w1) € Ew(w) = Ew(w,)-

Suppose w € Ky Ky () (E), which implies that ) # P(w) C Ky (F). Hence, for
all w; € P(w), we have that w; € Ky (E), W(w) = W(w), P(w) = P(w;) and
0 # P(w1) C Ew(). Therefore, ) # P(w) C Ew (., and w € Ky (E).

The Axiom of Wisdom Suppose w € Ay(E)N=Ky(E). Then, VeUa(Vg) € W(w)
and either P(w) =0 or § # P(w) € Ew(.. Axiom 2 implies that P(w) # 0, so we just
have to show that P(w) C AW(W (E)N ﬂKW( (E). Suppose w; € P(w). Proposition
3 implies that W (w;) = W(w). Hence, Vi C W(wl) and w; € Aw () (£). Theorem 1
implies that P(w) = P(w;). Thus P(w1) € Ew(w) = Ew(w) and wi € 7Ky () (E).

Suppose w € Kv(AW(w) N ﬁKW(w)(E)). Then, () # P(w) C AW(w) N ﬁKW(w)(E). Since
Aw () (E) is defined only if Vg U a(Vg) C W(w), we have that w € Ay (F). It remains
to show that w € =Ky (E), or that P(w Q Ew (. We know that for all w; € P(w),
wi € ﬁKW(w)(E), which implies that P (w1) & EW(W Since P(w) = P(w1), we have
that P g EW(w

O

The proof of Proposition 1 is an immediate consequence of the following Proposition.
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Proposition 4. For any sequence iy .. .1i,, the following two statements are equivalent:
o Vg C V(W) and ) # P (... (P?*(P*(w*)))) € Eyirin (),

o W e KG (K, (- Ky, oy (B)):
Proof. First, we show that Vg C Vi-in(w*) implies Vg U o' (Vg) C Vi-in=1(w*), so that
K“(K‘Z/{l(m (.. K:/"Zl i o )(E))) is well deﬁngd. Since Vi (w*) C V“""'”*l(u)*)‘, we have
Vg C Vit-in1(w*). Take a'"q € a’»(Vg). If a'»q € Vg, we are done. Suppose a'"q ¢ Vg.
Then, ¢ € Vg, which implies that ¢ € V- (w*). But then, a»q € V% (w*) and a'"q €
Vi-in=1(w*). The rest of the proof is by induction:

e Forn =1 and since V" (w*) = W (w*), by definition we have that w* € K (E) if and
only if Vg C V' (w*) and 0 # P (w*) C Eyiy (-

e For n = k, suppose that Vg C V- (w*) and P*(...(P"(w"))) C Eyir.i( if and
only if w* € K5 (.. K‘Zf” e (e )(E))
e For n =k+1, we need to show that Vg C Vit-i+1(w*) and () #£ P+1(... (P (w*))) C

Eyir.oings ey if and only if w* € K§ (.. K5, o (B)).

Suppose that Vg C Vi-%+1(w*) and () # P’“l( (P (w"))) © Eyirigir ey This im-
plies that (P (w)) s ey © Byinipgr oy, for all w € P(... (P(w*))) # 0. We want
to show that () £ P (... (P"(w*))) C K )( )and Vi C Vit (w*), which

ViL-ik (w vll ik o )(E')

from the induction hypothesis implies that

w* € Kh( (szll 'lk—l(w*)(K:/If:‘l“lk(w*)(E>>>>' The second claim is true by definition, so
for the first claim suppose that w € P*(...(P"(w"))). Then, (P%(w))yir g gy C
Bty ey- Since Vp C Vit (w*) C Wh(w), we also have (P*+(w)),, C E. To-

gether, they imply w € K (E).

Vll"'lk(w*) '
For the other direction, suppose that w* € Kg (... K5, (w*)(E)). From the induction
hypothesis, this implies that ) # P (... (P"(w*))) C Kz/’“fll ir (o) (E). This means that for

all w € P*(...(P"(w*))), we have w € K‘i/’fflfik(w*)(E) and therefore Vp C W+ (w) and
0 # (P*+1(w))y, € E. Hence,

Vi

N

ﬂ Wi+ () = Vi-+1(w*) and
WEPk (...(P11 (%))

@ 7& PikJrl(. . (Pn (w*))) _ U (Pik+1(w))vi1“.ik+1 (w*) Q EV”“‘ikJrl(w*)'
wEPk(...(P1(w*)))
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Proof of Proposition 2. For the first claim we are using the definition of Proposition 1. We
need to show that for any sequence i1, ... %, Vgaw=(w+) = V*(w*) C Vitin(*) and

07 Pl (P € (BA @)

Vil.uin (w*)

The first part is true by definition. Also, note that if P»(...(P"(w*))) is empty, then
Vit-int(*) is empty for any ¢ € I, which implies that V*(w*) is empty, a contradiction.
For the second part, suppose that w € P (... (P"(w*))). Then, for any i € I, we have
that V*(w*) C V-"i(w*) C Wi(w). We will show that V*(w*) € W' ({w}y+(w)), which
implies that {w}y«+) € FA(V*(w*)). Take ¢ € V*(w*) and consider the following three
cases: 1) ¢ = a'q/, for some ¢’ € Q. If w, = “no”, then ¢ ¢ W'(w), which contradicts the
fact that V*(w*) € W'(w). Therefore, w, = “yes” and ¢ € W' ({w}y+()). 1i) ¢ # d'¢
for any ¢’ € Q and a’q ¢ V*(w*). This implies that for some sequence j; ... j; of agents,
a‘q & V7-Jk(w*). But then, ¢ ¢ V719 (w*), which implies that g ¢ V*(w*), a contradiction.
iii) ¢ # a'q’ for any ¢’ € Q and a’q € V*(w*). This is identical to case i) and is omitted.
For the second claim of the Proposition, suppose that FA(V) is common knowledge at

*

w*. Since Vg = V, we have that for any sequence 4; ...7, of agents, V' C Vi (w*).
Therefore, V' C V*(w™). O

Proof of Theorem 3. First, we prove the following Lemma.

Lemma 1. Fvent E is common knowledge at w*.

Proof. Using Proposition 1, we just need to show that for any sequence i; ...1, of agents,
Ve CVin(w*) and @ # Pi(... (P"(w*))) C Eyir.in(yx). The proof is by induction:

e For n = 1, since E is self evident for 4; and from the proof of Property 1 we have
w* € Eg C (K{}E(E))Q C Kg(FE). Note that we need Axiom 2 in order to use

Property 1. Hence, Vg C W (w*) = V7 (w*) and ) # P (w*) C Eyiy ().
e Suppose that for n =k, Vg C V1% (w*) and ) # P*(... (P (w"))) C Eyirip (-
e Forn =k+1, we need to show that Vg C V-1 (w*) and () # Pi+1(... (P (w*))) C
Evil.uik+1(w*). By definition,
P (PY (W) = _ U (Pikﬂ(w))vil‘»ikﬂ(w)-
WEP (. (P11 (7))

From the induction hypothesis, for any w € P (... (P%(w*))) we have

@€ By € (K)o € KL ()

Hence, Vp C W+ (w) and 0 # P*+(w) C By (- Therefore, Vi C Vi1 (w*),
and 0 # P+1(... (P (W) C Byineirgn )
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O

Since Vg« C Vg and Eg C E¢, we have that E C Ej, . Fix a sequence i;...1, of
agents. From Generalized Monotonicity and the fact that Vg« C Vg C V“""'”*l(w*) we have

Kyilminfl(w*)(E) C K‘i;;lminfl(w*)(E{;E) - K‘i;'ilminfl(w*)(E*), By applying Qeneralized Mono-
tonicity recursively we have that K. .. (K:/"ilmiwl(w*)(E))) C Kg(.-- (Kz/"ilmiwl(w*)(E*))).

Therefore, w* € Kéj( (K

V’L'lninil (UJ*
E* is common knowledge at w*.

)(E*))) and since this holds for all sequences iy, ..., i,,

O

Proof of Theorem 4. Since E* is common knowledge at w*, we have that for any sequence
i1 dpyn € Ny Vo C Viin(w*). Therefore, Vg« C V*(w*) and the following event is well
defined: ' . .

E= () Kk o Koy -+ K o) (E7).

Since Vg = V*(w*), we have that Vp- C Vp. It remains to show that w* € Eg C £, and
that E is a public event.

o Ww'eE kg
Take any sequence i; ...17,, n € N. We want to show that
{w e € Ky o By - - K"};(w*)(E*). To ease on the notation, set
_ g 12 in *
F_KV*(w*)KV*(w*)"'KV*(w*)(E ).
Then, we need to show that {w*}y«-) € F.

By assumption, for some sequence j; ... Jj of agents, VIt-ik(w*) = V*(w*). We will
show that o .

KEK\J/QH(W*) L K‘]/khmjkfl(w*)(F) g (F)Q (4)
Axiom 3 implies that for any w € S, we have {w}yir) € P*(w). The axiom of
knowledge then implies that

K{;"jlmij (w*) (F) < (F)le“'j’c*1 (w*)"

From generalized monotonicity we have that
Kg/kj;}»jkfz(w*)Kg/kj1»~jk71(w*)(F) g K‘j/kaajkfz(w*) ((F)le“‘jkfl(w*)) .

The definition of the knowledge operator implies that K7* ! ) <(F)Vj1.4,jk71(w*)> C

le'“jk*2(w*

K7k (F). Applying the axiom of knowledge we have that K7* ' (F) C

le‘“jk72(w*) le‘“jk72(w*)
(£7) 1132 (). Combining these results we have that

Kok K (F) © (F)yin-ira e

VIl Ik—2 (w*) VI1-Ik—1 (w*)
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Continuing recursively, we obtain (4). Note that VJ/t-Jk(w*) = V*(w*) implies that
for any agent ¢ € I, VJt-Jr(w*) = V*(w*). Since E* is common knowledge at w*, w*
belongs to the left hand side of (4), and therefore also to the right hand side of (4).
Hence, {w*}v+(w) € Kih (o) Koy - - K3 o) (E7). Since this holds for any sequence
i1 .. .1, we have that {w*}v«(+) € E, which implies that w* € Ey.

[ ] EQ Q Ea
Take any sequence i1 . . .17,. Axiom 3 and the axiom of knowledge imply that K ‘Z/’? (@) (E™)

EY,. (- From generalized monotonicity and the axiom of knowledge, K z/”’(;)K o, ) (E*)
K:}Z’(iﬁ)(E‘*/*(w*)) - K:}“(;)(E*) C EY..- Continuing recursively we have that
K‘i}*(w*)K‘if*(w*) . .Kf}i(w*)(E*) C EY.(,) Since this holds for any sequence ;... 1n,
we have that £ C E\*/*(m)' Hence, Eg C EZ2

e [ is a public event. That is, for any i € I, £ C K‘i/*(w*)(E).
Fix ¢ € I and suppose w € E. We need to show that w € K\Z}*(w*)(E). By conjuction,

Koo (B) = [\ Kb on Ktk oo K ey -+ - B e (E7).
i1..0n

neN
Hence, we just need to show that for any sequence i ... i,
W € Ko K (o) K oy - - - K3 ey (EF). This is true since for any i € I, E C
K‘Z/*(w*)K‘Z}*(w*)K@(W) . K‘Z}z(m)(E*).
U

Proof of Theorem 5. From Theorem 4, there exists a nonempty public event E’ such that

Vi« C Vi and w* € Ey, C Ef). Its proof also shows that Vi = V*(w*), which implies that

E’ C E*. We need to show that E' = U Pi(w). IF w € E', Axiom 3 implies w € U Pi(w).
wekr'’ weE'!

For the opposite direction, since E’ is a public event, w € E’ implies P{(w) C E’. Therefore,

E = U P'(w), and by symmetry £’ = U Pi(w).
weR' weER'’ ]
The next step is to show that E’ is partitioned by P’. Firstly, since E’ is public, for any

w € E', W¥{w) = Vgr. Secondly, Axiom 3 implies nondelusion while Theorem 1, together
with E’ being public imply that if w,w; € E’ then either P{(w) = P'(w;) or P{(w)N P (w;) =
(). The rest of the proof is identical to that of Aumann [2].

Agent i’s posterior at w € E’ is

’ P(w)NE
o) = PO E)
u(Pi(w))
Since ¢'(w) = ¢' for all w € E’ we can sum over the disjoint partition cells of E’ and derive
w(E¢ = p(E' N E). Similarly for agent j we have u(E')¢’ = u(E' N E) and therefore
¢ =q.
0

37



References

ARAGONES, E., GILBOA, 1., POSTLEWAITE, A., AND SCHMEIDLER, D. Fact-free
learning. Forthcoming, American Economic Review (2005).

AUMANN, R. Agreeing to disagree. Annals of Statistics 4 (1976), 1236-1239.

DEKEL, E., LiPMAN, B., AND RUSTICHINI, A. Standard state spaces preclude un-
awareness. Econometrica 66 (1998), 159-173.

DovyLE, A. C. Silver blaze. In The Complete Sherlock Holmes. Doubleday & Company,
Inc., 1930.

FEINBERG, Y. Subjective reasoning - games with unawareness. Working Paper, Stan-
ford University (2004).

FEINBERG, Y. Games with incomplete unawareness. Working Paper, Stanford Univer-
sity (2005).

GEANAKOPLOS, J. Game theory without partitions, and applications to speculation
and consensus. Cowles Foundation Discussion Paper No. 914 (1989).

GEANAKOPLOS, J., AND POLEMARCHAKIS, H. We can’t disagree forever. Journal of
Economic Theory 28 (1982), 192-200.

HALPERN, J. Y. Alternative semantics for unawareness. Games and Economic Behav-
ior 37 (2001), 321-339.

HEIFETZ, A., MEIER, M., AND SCHIPPER, B. C. Interactive unawareness and spec-
ulative trade. Forthcoming, Journal of Economic Theory (2004).

HINTIKKA, J. Knowledge and Belief. Cornell University Press, Ithaca, NY, 1962.

L1, J. Information structures with unawareness. mimeo, University of Pennsylvania
(2006).

Mobica, S., AND RUSTICHINI, A. Unawareness and partitional information structures.
Games and Economic Behavior 27 (1999), 265-298.

RUBINSTEIN, A. Modeling Bounded Rationality. The MIT Press, Cambridge, MA,
1998.

38



