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1 Introduction

I analyze a general equilibrium model of overlapping generations with two goods in
which identical agents live for two periods and face idiosyncratic risk either on endow-
ments or on preferences. The only available asset is money and there is a policy maker
whose intervention is constrained to existent markets. Consumption of agents in their
second period of life includes two goods while all people from the young generation con-
sume only one of these two commodities. The model varies by considering either shocks
on old’s endowments or on their preferences. Shocks are either positive or negative, with
the same absolute value. I show that the pattern of the young generation’s consump-
tion, determined by which good they demand, affects the constrained optimal monetary
policy. As in the standard definition of constrained optimality,! only reallocations of
existent assets are allowed. In this model, only spot and money markets are open.

To obtain a Pareto improvement the policy maker must induce changes of rela-
tive prices, unattainable without intervention. Prices’ reaction to monetary policy is
sufficient information for determining if the intervention must be expansionist or con-
tractionist.

I also consider degenerated cases. The degenerated case of shocks on endowments
is the one in which old agents may have zero units of one commodity. The analog for
shocks on preferences is when in some possible event only one good is desired by the old
agent. Results obtained remain valid in the degenerated case of shocks on endowments.
However, this is not true for shocks on preferences. Besides information about relative
prices, the policy maker must be aware about agents’ preferences.

Hart (1975) shows that when markets are incomplete, competitive equilibria are
typically Pareto inefficient. It is natural to expect that economies in which agents cannot
insure for every possible contingency do not converge to optimal equilibria. Geanakoplos
and Polemarchakis (1986) formalize the notion of Pareto constrained optimality. An
allocation is constrained efficient if, with the same financial structure, no other allocation
can make agents better off, in the strict sense for at least one of them. They show
that when assets pay in a numeraire commodity, competitive equilibria are generically
constrained suboptimal. Polemarchakis and Carvajal (2005) extend this result for the
case of idiosyncratic risks. Since constrained sub-optimality is proven, I investigate
what type of policy should be implemented. The advantage of the model I present is
that the information necessary for the implementation of the constrained optimal policy

is publicly available, since it consists on the reaction relative prices with respect to the

1See Geanakoplos and Polemarchakis (1986).



policy.

The second section presents the general model. In the third section I analyze the case
of risk on endowment and in the fourth section I consider risk on preferences. In both
sections there is an example followed by the presentation of the model. The constrained
optimal policy is analyzed in section 5 and the last section presents the degenerated

cases. Proofs are left to appendix.

2 The General Model

Generations overlap and in each generation there is a continuum of individuals
indexed by i in the interval [0, 1] with identical preferences. Each person lives for two
periods. Old people derive utility from two goods: a and b. To simplify notation I
also use a and b to denote old’s initial endowments. Young generation’s endowment is
denoted by e, which can be either good a or good b. 1 denote numeraire as the good
consumed by young generation.

For shocks on endowments and shocks on preferences, I consider two cases: one in
which the numeraire is the same good as the one subject to a shock, so that e = ay,
and another in which the numeraire is the same commodity as the one not subject
to shocks, implying e = b;. Preferences of young and old people are different: young
generation wants to consume only the good they are endowed with. Utility functions are
uy = ul : R — R, where g indicates if people are from the young generation (g = 1)
or from the old generation (g = 2).

Individuals face some type of uncertainty, so that either a positive or a negative shock
can be realized at their last period of life. These shocks are represented by a parameter
¢ whose value is in the interval (0,a). The absolute value of this parameter is the same
for all individuals. The probability of realization of a positive shock is 7, 7 € [0, 1], while
a negative shock occurs with probability 1 — 7. The amount of numeraire consumed by
a young agent ¢ is x%. In case of a positive shock old consumers demand J:fl+ of good a
and xj, of good b. Similarly, demands in case of realization of a negative shock are z;,_
and z; . When shocks affect endowments, individuals calculate their expected utility

during their lives as:

a—"’

U' = uj () + muy(ar, @, ) + (1= muy(ag 7 ) (2.1)



If shocks affect preferences, expected utility of agent ¢ is:
U' = uj(ay) + muy(ag, + e 2p,) + (1= muy(ag, —e,2;.)

In the model of endowments, shocks affect good a by determining different distribu-
tions of it across agents. Although good b’s endowment is state independent, its demand
varies according to the shock realized. When shocks occur on preferences, utility func-
tions are directly affected by the shock parameter e. With a positive shock, individual

1 prefers good b better than when a negative shock is realized.

Assumption 1. The function ué, g = 1,2, satisfies:
1. continuity and smoothness: u; is C™ on NI, .

i. monotonicity’: for two commodity bundles x,y € R, x> y = ul(z") > ul(y").
. strict concavity: for any x,y € R, and any a € (O,l),u;(a:ci + (1 - a)y) >

au (2°) + (1 — a)ul (y°).

From now on I omit superscripts ¢ when not necessary. Individuals’ probabilities
of receiving a shock are such that no aggregate uncertainty exists, that is, I assume
that m and 1 — 7 are the proportion of the population who receives a positive and a
negative shock, respectively. Idiosyncratic shocks’ distributions are not required to be
independent among consumers.

Besides exchanging commodities in a spot market, young agents can trade a nominal
asset, called money. The purchase of one unit of this asset gives the consumer the
right to receive one unit back when old. No other market exists other than spot and
money markets. By using exclusively the markets already available in this economy, it
is possible to make transfers whose outcome is a preferred allocation in the strict sense
for all consumers.?

Let m, m € R, be the amount of money agents carry from young to old age and
7 be the transfer made by the policy maker. The monetary transfer can be expressed
as a function of m: 7 = dm, 6 € R. This transfer is made exclusively to old agents
and there is no discrimination, in the sense that everybody receive the same amount
of money 7 in their last period of life. Note that 7 can be either positive or negative.

When it is positive, old agents have more money than what they saved when young.

2I use standard notation for inequalities of vectors: z >> y means that every component of z is
strictly greater than every coordinate of y; x > y indicates that all coordinates of x are greater than
its respective coordinates of y and at least one coordinate of x is strictly greater than its respective
coordinate in y; x > y denotes that all elements of = are at least as great as its respective coordinates
in y.

3Except in a set of economies with measure zero.



On the contrary, they end up with less money than what was saved in their first period
of life. Prices grow at the same rate as money, since there is no aggregate risk and all
generations are identical. For I, = a,b, with g = 1,2, let p;, be the price of good [ that
an individual faces when young and p;, be the price of good [ that the same individual
faces when old. Then, for every generation p,, = (1 + 0)py,, as stated in the following

assumption.

Assumption 2. In an overlapping generations model without population growth and
with idiosyncratic risk, if money is the only available financial asset, then equilibrium

prices grow at the same rate as money.

From assumption 2, in the absence of a social planner, prices are constant along
the time. Since there is no population growth and agents have identical preferences,
it is reasonable to expect that their maximization problems do not vary. This would
not be true if prices were allowed to change. Then, I assume that without intervention
every generation takes as given the same level of prices. In the case of an intervention
that satisfies 7 = dm, observe that at each period of time consumers’ endowments of
assets differ by dm from the previous period. If prices grow at this rate, each generation
demands (1 4 ¢) times their previous generation’s demand for money.

Young agents decide about x1, x4, , a_, %5, , ,_ and m. They have no influence
on the decision of 7. Let X' = (Z1, Ta,, Ta_, Tv,, Tp_) be the equilibrium allocation
of goods and V(e, a,b,d) be individual’s indirect utility function.* Because agents are
identical, in the sense that they face the same type of risk and have the same expected

utilities, the planner’s problem is to find money’s growth rate § that satisfies:

arg max V"
s
This problem is static, since the proportion of people who receive a positive or negative
shock does not vary across time.
Call expansionist the monetary policy that sets a positive value for 9§, neutral the
one that establishes 6 = 0, and contractionist the one that defines ¢ to be negative.
. o N . N 8‘/
For a given policy d, Pareto improvement occurs if and only if Fzdd > 0. Hence, the
oV oV

optimal policy is expansionist when $¢ > 0, neutral when 5% = 0 and contractionist

v
when 5% < 0.

4To make notation simpler I omit the arguments of the function V?, which are endowments e, a and
b, and money’s growth rate, 9.



3 Shocks on Endowments

3.1 An Example of Shocks on Endowments

Endowments of old agents are uncertain. With half probability, individual’s endow-
ment of good a increases by ¢, € € (0,a) and, with the same probability, it decreases by
€. Endowment of good b is not subject to risk. Individuals’ preferences are represented
by:

(1-7)
2

7 is a preference parameter that lies in (0, 1);

@ Inz;_ (3.1)

U:x1+%lnxa++ lna:b+—|—%ln:va7—|—

x1 is young age’s consumption that can be either of good a or of good b;

Tq, (z4_) is the amount of good a consumed at the old age in the state in which a
good (bad) shock is realized;

xp, (xp_) is the amount of good b consumed at the old age in the state in which a
good (bad) shock is realized.

Under the possibility of a transfer 7, 7 € R, that satisfies 7 = dm, budget constraints

are:
pr1+m = pe

(1+9)(paa, + o1, ) =m+ 74+ (1 +9)(paa + pa€e + ppb) (3.2)
(1 +6)(Pata_ +pos_) =m + 7+ (14 6)(Pat — pa€ + pyb)

m represents the amount of money the young agent carries for his second period of
life; it can assume positive or negative values.

e is the young’s initial endowment, which is necessarily the same good as the one he
wants to consume, x1; when z; is consumption of good a, e = a; otherwise, e = b;

p is the price of the good consumed by young agents; p = p, when e = a; and p = p,
when e = by;

(1 + 0)p; is the price of good [ consumed by agents when old, [ = a, b;

0 is money’s growth rate;

€ is the value of the shock on endowment, 0 < € < a;

a is the old’s endowment of good a that increases or decreases by ¢, according to the
realization of a positive or negative shock;

b is the old’s endowment of good b.

The first equation in (3.2) represents young’s budget constraint. Besides consuming
x1, he decides how much money to save, which is m. The second equation is the old’s
budget constraint when a positive shock is realized. The value of his consumption of

goods a and b, represented by the left-hand side of (3.2), must be equal to the value



of his initial endowments, plus the value of his savings and received transfers. Since
there was a positive shock, his endowment of commodity a is increased by the amount
€. Similarly, the third equation is the old’s budget constraint in case of realization of
a negative shock. The left-hand side represents the value of his expenditure, while the
right-hand side is the value of his savings, received transfers and endowments after the
realization of a negative shock of magnitude e.

Since there is no aggregate risk, individuals take as given the same prices when they
face a positive or a negative shock. Half of the old generation demands z,, and z,,
while half of them demands x, and x; .

Consider first the case in which the numeraire is a, the good subject to idiosyncratic

shocks. In this case, system (3.2) becomes:

PaT1 + M = Paaq
(1 +8)(pata. +ppn,) = m+ 7+ (14 8) (pala+ ) + pob) 53)
(1+0)(pata_ +poxs_) = m+ 7+ (1+6)(pa(a — €) + pb)

The partial derivative of the indirect utility function with respect to ¢ evaluated at

0 is:
oV _(1—7)(1—\/1+462)<O

0 |y 21+ 4e?

Because %—‘g‘ s—o < 0, the optimal policy must decrease the amount of money the old

generation carries comparing to what they have saved.

Consider now the case in which the numeraire, that is, young agent’s consumption
good, is b, the commodity whose endowment is certain. The system of budget constraints
is similar to (3.2), with the appropriate substitutions in the first equation: p = p, and
e=b:

Py +m = ppby
(1+0)(pata, + pows,) = m+ 7+ (14 0)(pala + €) + pub)
(L4 0)(Paa_ +pory_) =m+ 7+ (14 6)(pala — €) + pob)

Again, we are interested on the sign of the partial derivative of the indirect utility

function V' with respect to , which, at 6 =0 is:

ov 2e2(1 —
AZ I € el ) IR
99 |5_ a? — y2e?
Assumptions about endowment a, shock € and preference parameter v assure the
above inequality: remember that v € (0,1) and € € (0,a). The constrained optimal

policy is expansionist. Equilibrium relative price is displayed in appendix and so are



equilibrium demands calculated as a function of 9.

In both cases the prescription of policy tells about consumers’ savings. When a is
the numeraire, individuals save less than they should. Without intervention, young’s
consumption x; exceeds by m(%é) what he would demand if there was an in-
tervention with negative money’s growth rate 6 < 0.

By defining a policy of money’s growth rate 6* < 0, the monetary authority makes
people of the old generation poorer, inducing higher level of savings. Observe that a
negative ¢ implies that money’s nominal rate of return is negative. However, this is not
perceived by consumers, because they see d as a function of the aggregate demand for
money, not of their own portfolio decision, m?.

When b is the numeraire and money grows at a rate 6 > 0, consumption of x; differs
from its consumption without intervention by ; d(1—)a?

(1+0)(a?—e292) "
much when § = 0. A positive transfer to old agents turns them richer and induces a

In this case, agents save too

lower level of savings.
The following graph shows different values for the constrained optimal policy ac-

cording to the parameters ¢ and v when good b is the numeraire.

Fig. 1: The optimal policy when b is the numeraire (a = 1)

The figure shows that the optimal policy increases monotonically with e and ~, the
shock and preference parameters. It is quite intuitive that the higher the shock, the
higher the distortion between market equilibrium and the contrained Pareto optimal
point. Concerning the preference parameter ~, we see that when individuals have strong
preferences for a, that is, for higher values of ~, constrained optimal transfers 7 must

assume a higher proportion of consumers’ demand for money.

3.2 The Model of Shocks on Endowments

Endowments are uncertain: when young, individuals expect that, with some prob-

ability 7, their endowment of good a will be augmented by €; otherwise, it will be

7



diminished by the same amount, €. There is no shock on the endowment of the other

good, b. Following notation of sections 2 and 3.1, preferences can be represented by:
U=wui(z1) + mus(xq,, 2, ) + (1 = m)us(ze_, 25 ) (3.4)
Consumers face the following budget constraints:

pry +m = pe
PaTa_ + Doty =m+ pa(a —€) + ppb

The variable p is equal to either p, or p,, according to which good is the numeraire.
Similarly, e can be either a; or by. For each agent i, consider Bs" as the set of allocations
x' = (af, 2,0} @, ,x; ) and m’ that satisfy (3.5) for given prices p = (pa,ps)-
Formally,

pr1+m = pe
Be' = ¢ (x',m) 1 pawa, + ppty, =m + pa(a+e)+ ppb

PaZa_ + Ppy. = m + pa(a —€) + ppb

Let (x!(pa, ps), m'(pa, p»)) be a plan for individual i. Agents choose plans in Bg¢* in order
to maximize their utilities. At every period of time there is one young generation’s
plan, yielding a sequence of plans along the time, indexed by ¢. Let this sequence be

{(=, )}z

Definition 1. A competitive market equilibrium with idiosyncratic risk on endowments
1 a sequence at time t of a collection of individuals i’s plans and two prices

{(&, M), (as Po)i )22 that satisfies:

i. X' € argmax {U(X) X! € Be'} for all individuals and, at each period of time,

i.a. T) + 77, + (1 =), = aj + a" when good a is the numeraire, or

5

11.b. WEZ+ + (1 —7)T. = a' when good b is the numeraire.

When there is a social planner who uses 7 as an instrument policy, consumers’ budget

constraints become:

pr1+m = pe
(L4 0)(paay + o, ) =m~+ 7+ (14 6)(pac + pac + pob) (3.6)
(14 6)(paza_ + o) =m~+ 7+ (1 4+ 6)(pat — pa€ + pib)

In the presence of a social planner, the definition of equilibrium is the same as before,

51 do not state commodity b’s market clearing condition, since it is satisfied once market a clears.



with the budget constraints in Be’ substituted by equations (3.6). Variables 7 and ¢ are
given to consumers. Equilibrium is characterized by a system of market clearing and
agents’ first order conditions, denoted by E, when commodity a is the numeraire or by
Ey, when b is the numeraire. These equilibrium conditions are presented in Result 2 in
appendix.

The planner must choose ¢ that maximizes individuals’ utilities restricted to system
E, when a is the numeraire or E, when b is the numeraire. Relative prices depend on 9,
the policy maker’s choice variable, and the indirect utility is also a function of 4.

The first order condition for max Vi is:

[WM (1 W)M} [a(m/pw _ Lga(m/p)} 4

8Z‘b+ Oxp o) 140 pp a0 (3 7)
+ [ﬂa%j(a te—wo)+(1—m)g(a—e- xa_)} Aealm) = @

Equation (3.7) may be rewritten according to which good young generation con-
sumes. Let the first case be the one in which commodity a is the numeraire, so that
P = Pa-

From budget constraints (3.6), at 6 = 0, the left hand side of equation (3.7) becomes:

__ {W(b—xm) Oz (1 Z 1y (b= 2y ) 2 K@)M (3.8)

—0 Oy, Oxp_ |\ Pa 00

o
26

If, instead, young generation consumes commodity b, the planners’ first order con-

dition evaluated at O is:

mY\ Ouy mY\ Oua | py\ O(Pa/Db)
S — = 1— _ e 1
5=0 [W (b Tor T pb) Oy, * ™ (b fo- pb) 31‘1)} (Pa) 90

(3.9)

av
a6

Proposition 1. In an overlapping generations model in which agents live for two periods
and face symmetric idiosyncratic risk on endowments, the sign of the derivative of the
relative price p,/py with respect to the money’s growth rate ¢, a(pg—gpb), evaluated at 6 = 0,
determines the constrained optimal policy. When this derivative is positive (negative),
the optimal policy is contractionist (expansionist). There must be no intervention if

relative prices are not affected by monetary transfers.

Proof: see appendix.



4 Shocks on Preferences

4.1 An Example of Shocks on Preferences

When young, people own and consume only one good. They are not sure about
their preferences in the future. The information they have is that, with half probabil-
ity, their utility derived from good a is augmented by a shock parameter € and, with
half probability it is diminished by the same parameter e. Their preferences can be

represented by:

Inz,_, where:

(1—7) (1—7)
2 2

U:x1+%ln<$a++€>+ 1nxb++%ln(xa7—e)+

7 is a preference parameter that lies in (0, 1);

x1 is young age’s consumption that can be either of good a or of good b;

Tq, (x,_) is the amount of good a consumed at the old age, in the state in which
good a’s utility is augmented (diminished);

xp, (2p_) is the amount of good b consumed at the old age, in the state in which
good a’s utility is augmented (diminished);

€ is a shock parameter satisfying 0 < € < a.

With the possibility of transfers 7 of money, budget constraints are:

pT1 +m = pe
(1+6)(pata, +poxs,) =m~+ 74+ (14 6)(pac + pub)
(1+6)(paza_ + o) = m~+ 74 (1 4+ 6)(paa + psb)

Consider first the case in which the numeraire is good a, the one subject to idiosyn-
cratic shocks. When 0 = 0, the optimal policy is to make transfers such that 7 < 0, that

is, to set 0 < 0. This result comes from the calculation of %—‘5/ evaluated at 0 = 0:

ov _(1—7)(1—\/1+462)<0
Wl T2 itie

When b is the numeraire, the effect of a monetary transfer at § = 0 is:

ov
25

262
7 >0

~ 9 2.2
soo @2 — %€

Equilibrium relative price and demand functions that determine V' in cases of nu-

meraire a and b are in appendix. As in Example 3.1 of shocks on endowments, when

10



good a is the numeraire there are too little savings, since without intervention z; is lower

than it should be. When b is the numeraire, opposite result prevails.

4.2 The Model of Shocks on Preferences

When old, people can have augmented or diminished utility derived from consump-
tion of good a. In the first case, their utilities are a function of what they consume of
this good, plus a parameter €. In the second case, the function’s argument is what they
consume of a, subtracted by the same parameter €. Let x; be young’s consumption,
xy, (z;_) be consumption of good [ = a, b when the agent has augmented (diminished)
utility derived from good a. Shocks on preferences satisfy 0 < € < a and utility functions

representing these preferences are:

U=wui(z1) +mus(xq, +€,2p,)+ (1 —mus(z, —€,25 )
Consumers face the following budget constraints:

pry + m = pe
Pala, + DoTv, = M + pea + ppb (4.1)
DaZa_ + PoTp_ = M + paa + ppb

Endowments do not vary between states: young individuals own e, which can be
either commodity a or commodity b, while old people always have a and b. Then, either
P = DPa OY P = Db-

For each agent i, consider Bp' as the set of allocations x' = (4,2}, ,x} ,x} )

and m' that satisfy (4.1) for given prices p = (p4, py). Formally,

pr1 +m = pe
Bp' = q (X',m') 1 pata, + pes, =m + pea + pyb
PaZa_ + DoTo_ = M + paa + pub

Let (x!(pa, ), m*(pa, p»)) be a plan for individual 4. Agents choose plans in Bp' in order
to maximize their utilities. At every time ¢ there is one young generation of people

deciding about their plans. This yields a sequence of plans along the time.

Definition 2. A competitive market equilibrium with idiosyncratic risk on preferences
15 a sequence at time t of a collection of individuals i’s plans and two prices

{(&, M), (ay Po)e )220 that satisfies:

i. X' € argmax {U(X) X! € Bp'} for all individuals and, at each period of time,

11



i.a. Tp + 77, + (1 = 7)), = aj + a" when good a is the numeraire, or
i.b. 7T, + (1 —m)T, = a" when good b is the numeraire.
When intervention is possible, the social planner chooses 7 to be the amount of

money received by the old generation. Budget constraints become:

pr1+m = pe
(1+06)(pata, +poxs,) =m~+ 74 (14 60)(pac + pub) (4.2)
(1 + 5)<paxa_ "‘pbxb_) =m-+7+ (1 + 5)(paa —|—pbb)

With intervention, competitive equilibrium is as in Definition 2, with the budget
constraints in Bp' replaced by equations (4.2). Result 4 in appendix presents these
equilibrium conditions when either a or b are the numeraire.

The planner’s problem of choosing a policy instrument 7 that maximizes individuals’

utilities is to solve max Vi, The first order condition of this problem is:

u us | O(m ug | O(m 9(pa
_pﬂb[”aaxbi +(1- W)aibi] e +7Taib2+[ Uph (o = q,) M5 | +

u a(m 0 a a
+<1—7T>aii[ (n/p) 4 (g — g, ) 2ealz) +§‘J —0

(4.3)

When a is the numeraire, the left hand side of this equation, evaluated at § = 0, is

equivalent to:

ov
a6

_ {ﬂ(b - xb*)%i +(1—m)(b— xb_)gzi] <@>%

6=0 Pa

When b is the numeraire, at 6 = 0 (4.3) becomes:

mY\ Ouy mY\ Oua | py\ O(Pa/Db)
- _ - = 1— _ o) 2 £
6=0 [W (b Tor T pb) Oy, * ™ (b -t pb) 31‘1)} (Pa) 90

The expressions of %—‘g evaluated at § = 0 are the same as those for the model of

av
a6

shocks on endowments, namely, equations (3.8) and (3.9).

Proposition 2. In an overlapping generations model in which agents live for two periods
and face symmetric idiosyncratic risk on preferences, the sign of the derivative of the
relative price p,/py, with respect to the money’s growth rate §, %, evaluated at 6 = 0,
determines the constrained optimal policy. When this derivative is positive (negative),
the optimal policy is contractionist (expansionist). There must be no intervention if

relative prices are not affected by monetary transfers.

12



Proof: exactly the same proof of proposition 1.

5 The Constrained Optimal Policy

As shown by the Examples in sections 3.1 and 4.1 of shocks on endowments and on
preferences, there are situations in which printing money is efficient, others in which it
is better to decrease the amount of money transferred from one generation to another.

In fact, in both models the sign of depends on the sign of the derlvatlve of relative

op “/ P The expressions for v at § = 0 vary

prices with respect to the policy 1nstrument
depending on what young people own and consume, that can be either good a or good b.

However, they are the same for the models of shocks on endowments and on preferences:

Numeraire o ‘ 5o
a - [ (b= m,) e+ (L= m)(b— ) KH Oz /)
b - [W(b ~ oy T ﬁ)aiﬁ +(1- W)(b —xp + )8‘1"22 }(1%) pa /1)

Propositions 1 and 2 show that equilibrium relative price p,/py is too high without

A(pa/pb)
k)

intervention. For > 0, the constrained optimal policy is contractionist. By

setting 6 < 0 the policy maker induces a decrease of the relative price ’;—Z. By the same
argument, % < 0 determines a choice of § > 0 and the effect of the constrained
optimal policy is to reduce 1;—‘;.

Regardless of which good is the numeraire, a decrease in the relative price % increases
old generation’s consumption of good a relatively to b. This is easily verified by the first
order conditions:

Ous  __ pa Oua Ouz  __ pa Oug

O, - p_baxb+ and Oxa_ ~ pp Ozp_

These results are important because they tell us that relative price contains sufficient
information for prescription of the optimal monetary policy. The policy maker does not
need to know about agents’ preferences, only about the response of prices to the policy.
If, by setting § > 0, an increase in relative price is observed, then the policy must be
reversed, that is, the optimal intervention would be to set § < 0.

Conditions for a Pareto improvement are basically two:

e Agents must see the transfer 7 as independent of their choice of m, although it is

in fact defined as 7 = dm. Since there is a continuum of agents, one agent’s choice
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does not affect the equilibrium allocation. Then, agents see 7 as a function of the

aggregate amount of money in the economy, not of their own choice of m.

e The policy maker must know how relative prices react to the policy: in any case
the policy maker must induce a decrease of the relative price of a, the good subject

to a shock.

The optimal policy ¢ still depends on preference parameters. However, the social
planner can induce a convergence to the best value of § by trying small changes of it and
observing the reaction of relative prices. The optimal point would be achieved when no

reaction is observed anymore.’

6 Degenerated Cases

In the previous sections, shocks were assumed to lie on the interval (0,a). What
if the shocks are stronger than that and achieve limit cases? In this section I analyze
extreme situations, such as the one in which old’s endowment of good a is zero in some
state of the world. Concerning preferences, there can be a contingency in which old
agents derive utility only from one good. I call this situations as degenerated. Everything

follows the general model of section 2, except for the assumption € € (0, a).

6.1 Degenerated Shocks on Endowments
6.1.1 An Example of Degenerated Shocks on Endowments

Agents are uncertain about their future endowment of good a. With half probability
they do not own any unit of it. With half probability, they have a units of this good.
Utility functions are the same as equation (3.1), the example of shocks on endowments.

Budget constraints are:

pr1 +m = pe
(1+6)(pata, +poxs,) =m~+ 7+ (14 6)(pac + ppb) (6.1)
(14 0)(paa_ +poxs ) =m~+ 7+ (14 0)ppb

6This conclusion depends crucially on the assumption of risk aversion. If agents were risk neutral,

then 88“2 = 8‘9“2 and intervention would not be necessary.
"Eb+ Th_
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When good a is the numeraire, the social planner’s first order condition, evaluated at
0 =0, is:
ov
o)

_ —(1—1)a?
s=0 2(1+V1+a?)V1+a?

The constrained optimal policy is contractionist. In case of numeraire b, when there is

<0

no intervention, indirect utility varies with § according to the following expression:

2

)

s=0 1+7

v
a6

The policy maker shoul implement an expansionist intervention. Equilibrium prices and
demands are displayed in Result 5 in appendix. The results are comparable to those in
section 3.1, where idiosyncratic shocks are symmetric on wealth. They are exactly the
same when in section 3.1 e is substituted by a/2 and a is divided by 2. Observe that

budget constraints are exactly the same after these substitutions.

6.1.2 The Model of Degenerated Shocks on Endowments

Individuals have the same preferences and expect that, with a probability = they
do not receive endowment of good a when old. Otherwise, they have a and b as initial
endowment. Let z,_ and z;,_ be their demands for the former case, and z,, and x, be
their demands for the latter. Utility functions are expressed exactly as in equation (3.4)

in the model of shocks on endowments. Budget constraints are:

pr1+m = pe
Pala, + Doy, = M+ pea+ ppb (6.2)
DPaZa_ + Doy = M + ppb

For each agent 4, consider Bpg' as the set of allocations and m? that satisfy (6.2) for

given prices p, and py:

pxr1+ m = pe
Bpe' = ¢ (X', m") 1 paxa, + ppry, = m+ pyb
PaTa_ + DpTy_ = M + Paa + ppb

Defining (x!(pa, ), m*(pa, pp)) as a plan for agent i, there is a sequence of plans

along the time and competitive equilibrium is defined as:

Definition 3. A competitive market equilibrium with degenerated idiosyncratic risk on

endowments is a sequence at time t of a collection of individuals i’s plans and two prices
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(X, M1, (pa, Po)e )22, that satisfies:
i. X' € argmax {U' (X)X € Bpe'} V individuals and, at each period of time,
ii.a. T, + WEZJr + (1 —m)T, = al + ma’ when good a is the numeraire, or

i.b. 7T, + (1 —m)T, = ma' when good b is the numeraire.

When intervention is possible, the concept of equilibrium is the same, except that
equations (6.2) are replaced by the system (6.1).

Result 6 in appendix shows the equations that characterize competitive equilibrium
with intervention. The expressions of %—‘g evaluated at 6 = 0 are the same as equation
(3.8) for numeraire a, and as (3.9) for numeraire b. In words, the result obtained for
shocks on endowments stated in Proposition 1 is also valid in its degenerated version.
In fact it is only a particular case of the model of symmetric shocks when a is divided
by 2 and € is substituted by a/2.

6.2 Degenerated Shocks on Preferences
6.2.1 An Example of Degenerated Shocks on Preferences

Shocks on preferences are such that, when young, agents don’t know if they will
derive utility from two goods, a and b, or only from good a. Preferences are represented
by:

1 1
U=z + 5111%7 + §[VIH%+ + (1 —7v)Inwz, ]

Z,_ is the demand for a when the old agent wants to consume only good a;
Tq, (xp,) is the demand for good a (b) when the old agent likes both goods.
Young agents must observe:

pry +m = pe

Budget constraints of people from the old generation vary according to the shock

received. For those who like both goods, it is:
PaTa, + PpTp, = M+ T + pea + pypb
If the agent likes only good a, budget constraint is:
Dala_ = M + T + pga + ppb

The numeraire can be either good a or good b. In the former case, budget constraints
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are:
PaT1 + M = PaQq

(1+6)(pata, +poxs,) =m+ 7+ (14 6)(pac + pb) (6.3)
(14+0)paxa. =m~+ 7+ (14 6)(paa + ppb)

Result 7 in appendix lists equilibrium relative price and equilibrium demands. When
the social planner takes the derivative of the indirect utility function with respect to ¢,

first order condition is:
oV 1+~ 1+~

86 2(140)2 2(1+0)

Clearly, the value of § that maximizes V' is zero.

=0

When the numeraire is good b, budget constraints are like (6.3), except for the first
equation, substituted by p,z1 +m = ppb;.
Result 7 in appendix presents relative price and equilibrium demands as functions

of 9. Social planner’s first order condition is:

8_V_ -9  1-9y
a5 2(1+0)2 2(1+90)

Again, it determines that the best choice is to set 6 = 0. In both cases there is no

room for intervention.

6.2.2 The Model of Degenerated Shocks on Preferences

There is uncertainty on preferences: with some probability = an old agent derives
utility just from good a. Otherwise, both goods, a and b, are desirable. Utilities satisfy

Assumption 1 and are represented by:
U =ui(z1) + mua(x,_,0) + (1 — m)us(zq, , 2s,)
Consumers face the following budget constraints:

pri+m = pe
PaZa_ = M + paa + ppb (6.4)
Paa, + Dby, = M + Pa@ + ppb

Denote as Bpp' the set of allocations x' = (x, z, 2% ,x} 2} ) and m’ that satisfy
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(6.4) for given prices p = (pa, pp). Formally,

pr1+m = pe
Bpp' = (Xi7 mz) ! PaTa_ = M+ paa + ppb
PaTa, + PpTp, = M + P + ppb

A plan for individual 4 is represented by (x!(pa,s), m*(pa, py)), such that along the

time t there is a sequence of individuals plans.

Definition 4. A competitive market equilibrium with degenerated idiosyncratic risk on
preferences is a sequence at time t of a collection of individuals i’s plans and two prices

{(X, M), (Day Po)e )22, that satisfies:
i. X € argmax {U'(X))[X € Bpp'} V individuals and, at each period of time,

i.a. T + 7T, + (1 —m)T, = ai+a" when good a is the numeraire, or
i.b. 7T, + (1 —m)T, = a" when good b is the numeraire.

In the presence of monetary transfers 7, agents’ budget constraints become:

pxr1+m = pe
(14 0)(paza_) =m~+ 7+ (14 9)(pac + ppb) (6.5)
(14 0)(paa, + Py, ) = m~+ 7+ (14 9)(paa + psb)

The equilibrium is characterized by market clearing and consumers’ first-order con-
ditions, summarized by the system of equations shown in Result 8 in appendix. With
intervention, instead of facing restrictions (6.4), equations (6.5) characterize consumers’
budget constraints. The social planner optimizes the welfare function over §.

In case of numeraire a, the planner’s first-order condition is:

u n d(m/pq
e (R e

(6.6)
(0= — 2y, ) 2o + mbfea- ) o) — g
If, instead, b is the numeraire, the relevant rule is:
6 du Ou o(m/pa)
T+ <(1 - ﬂ-)amai + Wami> 55T (6.7
m Oug O a m Ouy O o ’
(1) (b= o, + chyz) g2 (b ) o2 = 0

Given the results obtained in Example 6.2.1 and the general constrained suboptimal-
ity proved by Polemarchakis and Carvajal (2005), it becomes interesting to confirm that

the neutrality verified in section 6.2.1 does not hold for other types of utility functions.
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When a is the numeraire, the partial derivative 2% evaluated at § = 0 is:

26
oy Ouy B B Ous 1 (py\’ O(pa/ps)
|~ [Wba% + (1 —m)(b xl”)(?xmj (pa) 5 (6.8)

and when numeraire is good b:

m\ Ouy m\ Qus | (o (pa/Ps)
= — e 1 — — _— _— —_ e ——
5=0 {W <b * pb) Oq_ +d=m (b Tor ¥ pb) 3xa+] (pa) 90

(6.9)

ov
o)

Proposition 3. In an overlapping generations model in which agents live for two peri-
ods and face degenerated idiosyncratic risk on preferences, the optimal policy limited to
transfers of money depends on the sign of the derivative of relative price with respect to

9(pa/pb)

the money’s growth rate, =55, evaluated at 6 = 0. It also depends on the difference

between the marginal utility of the commodity that suffers a shock, a, for the two types

of old individuals: 8@“2 , which is of the old who consume only good a, and 81”2 , the
a__ a+

marginal utility of people who consume both goods. This difference must be evaluated at

0=0.

Proof: see appendix.

Even if interventions affect relative prices, there can be situations in which it does
not increase welfare. The case of degenerated shocks on preferences in section 6.2.1 is
an example: in equilibrium, the marginal utilities of both types of old consumers with
respect to good a is equal, even when evaluated at ¢ # 0.

When relative price p,/py increases with the monetary policy, it must be that the
marginal utility of those who consume only good a is lower than of the remaining old
population. The population who consumes only a always prefers a low relative price
Pa/Pp- Since on the margin they are better off than the other old agents, the increase in
relative price creates a Pareto improvement.

When shocks on preferences achieve an extreme case in which preferences can pos-
sibly become degenerated, conditions for a success of the policy are stronger. Besides
the information about relative price, the policy maker must know about old generation’s
preferences.

Situations in which there are idiosyncratic shocks on endowments or in which the
shocks on preferences are not of the degenerated form seem to be much more common,

suggesting that Pareto improvement interventions may be often implementable.
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A Appendix - Proofs and Results

Proof. Proposition 1
Consider equation (3.8):

_ [W(b —2.) Oup (1)) By K@> pu /)

50 N Oy, 0y |\ pa 00

av
96

Feasibility implies that b = 7x;,, + (1 — m)z,_. Then, the expression in brackets

becomes:

8uQ

8$b+

Wﬂ—wﬁ@b—$m) am} (A1)

+ (T, — wb*)axb

By concavity and monotonicity, if z, > x5, , then Jup 6‘1’? . Rewriting (A.1) as:

8xb+

(1 =)@ — >( Qus  Dus )

8:cb+ B 8%{,_

the expression is positive for x,_ # x,,. I obtain similar result when x;,, > x;_. For
% > 0, then %—‘g evaluated at 6 = 0 is negative.

In case of the numeraire being good b, substitution of 7z}, + (1 — m)z,_ —m/p, in
the place of b yields (A.1). As already argued, this expression is always positive. The

optimal policy is defined by the derivative of prices with respect to 9. n

Proof. Proposition 3
When good a is the numeraire, b = (1 — m)x;, , implying that equation (6.8) can be

B Oug - Quz | (po ’ 9(pa/Po)
o [axa &Eaj (pa) o) (4.2)

rearranged as:

Ous Ous fpe : oV
B and dr.. ArC positive, the signal of g

these marginal utilities and also on the signal of the partial derivative of relative price

Since depends on the difference between

with respect to 9.

The same argument applies to the case of numeraire b, since b = (1 — 7)xy,, —m/p,

implies that equation (6.9) is equivalent to (A.2). O
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Result 1. Equilibrium Price and Demands of Example 3.1 - Shocks on En-

dowments

Numeraire a

Numeraire b

y23

I3

X1

Ly

Ty_

b 2(14-0)
L= \ 144/14+4(1+6)2¢2

114(140)2e2)
2(1+9) —a

7+

Y(14++/1+4(146)2€?)

art+a— 2(1+49)

1+4(1+6)2€2)
2(1+90) + e

Y(14+/14+4(146)2€2)

2(1+9) — €

71+

b 2(14-6)be

144/ 1+4(1+6)2€2

2(146)be

1 /114(110)2e2

ay
(@)

a?(1—y)
o) (07—

(1—7)a?
b+ = e

a—+ e

a — e

(1-v)a
(1+8)(a—ev)

(1-va
(146)(a+e)

Result 2. Equilibrium System - Section 3.2 - Shocks on Endowments

Depending on a or b being the numeraire, equilibrium s, respectively, E, or Ey:

(

(A+9)uwy _ x dus 1—7 Oug
Pa  Pa OTay Pa OTa_

Ouz  _ pa Quy

Oxay Py OTp

Ouz  _ Ppa Oup

Ora_ — pp Oxp_

Pa®1 + M = Paay

(14 06)(paay + o1, ) =m + T + (14 8)(paa + pac + pob)
(14 8)(paa_ +ppxs. ) =m~+7+ (1 +0)(pa@ — pa€ + ppb)

T1+ 7T, + (1 —7)Tq. —a1 —a =0
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by, =

\

(1+6)ul1 —_ 8UQ 1—_7r 8uz
Py - Pa 8330,_'_ Pa axa_

8u2 — Pa 8u2

Oxay, Py OTp,

OQuz __ pa Ous

Oxq_ Py O

D1 +m = ppby

(1 + 5)(paxa+ + pbber) =m+7T+ (1 + 5)(paa + Pac +pbb)
(1 +6)(Pata_ +pos_) = m + T+ (14 6)(paa — pac + psb)

Mo, + (1 —7)ZTq_ —a =0

Result 3. Equilibrium Demands of Example 4.1 - Shocks on Preferences

Numeraire a

Numeraire b

Pa
Py

<3

€

La_

Lp

Lp_

2b(1+5)
(1=7)(14+4/1+4(1+6)2e2)

7(1+ 1+462(1+5)2)

2(1+9) —a
ot 7(1+ 21(4;15:)(1%)2)
7 (1441442 (146)?) (1)

2(149)
b <1 n 2(148)e )
1++4/1+4€2(1+5)2

b (1-
1+

2(149)e
1+4€2(146)2

ay
)@@ —2e7)

(1—y)a?
(1+90)(a?—~2€?)

—-b

(1—y)a?
(14-0) (a2—~2€2)

by +b—
a— (1 —e)
a+ (1—e)

(1-7)(a®+aey)
(149) (a2

(1—7)(a®—aey)
(149)(a?—72)

Result 4. Equilibrium System - Section 4.2 - Shocks on Preferences

Depending on a or b being the numeraire, equilibrium s, respectively, F, or Fy:

( (1+9u] _ 7 duy 1—7 Ouo

Pa  Pa OTay Pa OTa_
Ouz  _ pa Ouy
OTay Db OTb,
6u2 __ Pa a’u,g
8£Ea_ - anb_

DPaT1 + M = Paaq

22

(1+6)(pata, +voxs,) =m~+ 7+ (14 6)(pac + ppb)
(1+6)(pata_ +poxs_) =m~+ 74 (1 +6)(pac + psb)

\ T1 + 7T, + (1 —=m)Ty_ —a1 —a =0



( (1+6)u/1 _ T 8UQ 1—7m 8’11,2

Py o Pa ama+ Pa 8xa_
aug — Pa 8u2
O0za Py Ozp
Ouz  __ pa Ouaz
O0xq_ Py Oxp_

Fy =9 DpT1 +m = ppby

(1+6)(Paay + P, ) =m+ 7+ (14 6)(paa + pob)
(14 6)(Pata_ +poy_) = m + 7 + (14 5)(paa + pob)

T, + (1 —m)Z, —a=0

\

Result 5. Equilibrium Demands of Example 6.1.1 - Degenerated Shocks on

Endowments
Numeraire a Numeraire b
Ba 2b(149) -
Po (1—) (1+\/1+(1+6)2a2) a(1+8)(1—?)
m 'y(1+\/1+a2(1+5)2) a 1 b
P 2(1+9) ) A+0)(1+y)
o (14y/14a2(150)7) .
1 a1+ 5 = 3(179) bi +b = T
1+4/14+a?(1+6)2 a (1+7)a
Lay ( 2(1+9) + 5) 5

T ~y (HW 2) (1-v)a
a- 2

2(1+95) B

ab(1+9) 1

x b+ ———
b+ 144/1+(146)2a2 140

ab(1+9) (1—9)

- b- 14+4/1+(140)2a2 (140)(14)
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Result 6. Equilibrium System - Section 6.1.2 - Degenerated Shocks on En-
dowments

Depending on a or b being the numeraire, equilibrium is, respectively, G, or Gy:

( (1+5)“/1 _ m Ous 1—7 Ouso

Pa " Pa ama+ Pa O%a_
aug — Pa aug
8(Ea+ Db 81’b+
8u2 — Pa (911,2
O0rq_ pp O

PaT1 + M = Paay
(1 + 5)<paxa+ +pbmb+) =m+T+ (1 + 5)(paa +pbb)
(14 0)(paa_ +pors_) =m~+7+ (1+0) + ppb

T1+ 7Zq, + (1 = 7)To_ —a1 —ma=0

( (I+0)u) _ 7 dus 1—7 Ouo

Db Pa 6xa+ Pa OTa_
8u2 — Da aug
O0za, py Oy
dua DPa Ousg
O0ra_ — pp Ozp_

Gy = DpT1 +m = ppby

(14 90)(PaTa, + o, ) = m 47+ (14 0)(paa + psb)
(]‘ + 5)(paxa7 +pb$b,) =m+T7T+ (1 + 6) +pbb

TTo, + (1 —7m)T,. —ma =0

\

Result 7. Equilibrium Demands of Example 6.2.1 - Degenerated Shocks on

Preferences

Numeraire a Numeraire b
Pa 2b(1+6) 147
D 1— 2a(1+9)
m a+y) e R A
» 2(1+90) 2(1+96)
7 (14+4/1+a2(146)2
1 ap+§ — ( ) bi+b— s
2 2(149) (1+6)(1+7)
el 2ay
Lay 149 T+
1 2a
La_ 1+5 1ty
1—vy
Ty, 2b 145

24



Result 8. Equilibrium System - Section 6.2.2 - Degenerated Shocks on Pref-

erences

Let this system be called H, or Hy,, where its subscript indicates which commodity is

the numeraire:

(40 _ (1-m) duy | 1« dug
Pa Pa amaJr Pa OTa_
1 Oup _ 1 Oug

Pa O%a, P Omp,
PaX1 + M = paaq

(14 0)(Pawa_) =m+ 7+ (1 + ) (paa + psb)
(1+6)(Paay + P, ) =m+ T+ (14 6)(paa + pob)

kEl—i-7r§a_—l—(1—7r)fa+—e—a:O

(A+8)uj _ (A=m) Ous 7w _Oug
Db Pa  Oa, Pa OTq_
1 Ous _ 1 Ous

Pa Oza, — pp Oy,

pyr1 +m = ppby

(1 + §)<paxa—) =m+T+ (1 + 5)(paa +pbb)

(1 + 5)(paxa+ +pbxb+) =m+7T+ (1 + 5)<paa +pbb)

TTq + (1 —7)Te, —a=0
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