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Abstract: In this article, we investigate a functional coefficient vector autoregressive model for
conditional quantiles, in which the interdependences among tail risks such as Value-at-Risk are
allowed to vary smoothly with a variable of general economy. Methodologically, we develop an
easy-to-implement three-stage procedure to estimate functionals in the dynamic network system
based on basis function approximation, LASSO-type penalties and the local linear smoothing
technique. We establish the consistency and the asymptotic normality of the proposed estimator
under strongly mixing time series settings. The simulation studies are conducted to show that
our new methods work fairly well. The potential of the proposed estimation procedures is
demonstrated by an empirical study of constructing and estimating a new type of nonparametric
dynamic financial network.
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1 Introduction

Since the seminal work by Koenker and Bassett (1978), quantile regression, also called con-
ditional quantile or regression quantile or dynamic quantile, has become an increasingly popular
tool for risk analysis in many fields in economics such as labor economics, macroeconomics and
financial risk management. It is well known that quantile regression is concerned with esti-
mating a collection of conditional quantiles over the entire conditional distribution, instead of

investigating the conditional mean function of dependent variable. The reader is referred to the
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review papers by Koenker (2005) and Koenker, Chernozhukov, He and Peng (2017) for more
applications of quantile regression.

In the recent two decades, a great deal of attention has been paid to modeling the tail
dependence in the financial statistics/econometrics literature. Among the toolkits of quantile
methods, dynamic quantile models are naturally suitable for capturing tail dependence. For
example, White, Kim and Manganelli (2015) proposed an innovative method to directly estimate
the sensitivity of Value-at-Risk (VaR) of a given financial institution to shocks to the whole
financial system by constructing a vector autoregressive (VAR) model for dynamic quantiles,
while Hérdle, Wang and Yu (2016) developed a model to describe the network relationship
among VaRs of financial institutions by a flexible nonparametric quantile model with L;-penalty.
Recently, Zhu, Wang, Wang and Hérdle (2019) constructed a quantile autoregressive model that
embeds the observed dependency structure in a dynamic network.

A first important question arising in modeling dynamic quantiles is how to capture the
nonlinearities of tail dependence. To the best of our knowledge, much of the existing literature
assumed constant tail dependence in their models. However, numerous studies have documented
time-varying risk interdependence in financial time series and discussed their possible origins and
relation to risk spillover; see, for example, Billio, Getmansky, Lo and Pelizzon (2012), Diebold
and Yilmaz (2014), Hérdle et al. (2016), Yang and Zhou (2017), Liu, Ji and Fan (2017), Ando and
Bai (2020), and references therein. The driving force for the variations of risk interdependence
may be the institutional changes or the policy interventions, such as the changes of exchange
rate systems and the U.S. quantitative easing policy. A second crucial issue is how to model
the dependence among conditional quantiles of financial return distributions. Indeed, since the
VaR processes are witnessed to be significantly autocorrelated and interdependent with each
other by Engle and Manganelli (2004) and White et al. (2015), some important types of tail
dependence (e.g., the co-dependence between VaRs) can be excluded if a model does not allow

for interdependence among conditional quantiles.



To deal with the aforementioned issues in a simultaneous way, we propose a nonparametric
approach involving multivariate dynamic quantile models with nonlinear structures. Different
from previous studies, we allow coefficients of the multivariate dynamic quantile models to vary
with a smoothing variable, which is chosen based on an economic theory or some data-driven
methods. In addition, the model allows the latent quantiles of several random variables to depend
on lagged quantiles and other lagged covariates, which forms a VAR model with unobserved
autoregressors. Thus, this model is termed as a functional-coefficient VAR model for dynamic
quantiles (FCVAR-DQ) and is presented in (1) later. Since coefficients of dynamic quantile
models play an important role in reflecting interdependences among dynamic quantiles, under
our model setup, one can easily illustrate the variation of tail dependence and its relation with
the variable which is of interest.

Our contributions to the literature can be summarized as follows. First, the model setting in
(1) is general enough to nest many well-known dynamic quantile models in the literature; see,
for example, the conditional autoregressive value at risk (CaViaR) model proposed by Engle and
Manganelli (2004) and further studied by Xiao and Koenker (2009), the threshold CaViaR model
in Gerlach, Chen and Chan (2011), and the static VAR for VaR model constructed by White et al.
(2015). Second, by allowing coefficients to vary with a smoothing variable, a FCVAR-DQ model
provides a new tool to estimate the relationship between the time-varying interdependence of risk
and the state variable of economy. Third, a new and simple-to-implement estimation procedure
is developed for estimating the proposed quantile model with highly nonlinear structure and
latent covariates. In addition, large sample theories for the proposed estimator are established
to construct confidence intervals for functional coefficients in the empirical study. Finally, our
empirical analysis provides a strong evidence to show that interdependences among VaRs of
four world major financial indices’ return series vary significantly with the change of U.S. dollar
index. This empirical finding is new to the literature and cannot be revealed from using a

standard constant-coefficient model



With coefficients being functionals and autoregressors being latent conditional quantiles, the
proposed FCVAR-DQ model is highly nonlinear and conventional techniques of nonlinear quan-
tile regression are not directly applicable. Indeed, as pointed out by Xiao and Koenker (2009), es-
timation of specific class of fixed-coefficient CaViaR models involves fitting a restricted nonlinear
quantile regression, which is complicated both computationally and theoretically. The estimation
of FCVAR-DQ model makes this problem become more challenging, since the FCVAR-DQ model
nests the fixed-coefficient CaViaR model as a special case and all coefficients in our model are
allowed to vary with a smoothing variable. To overcome these difficulties, we develop a nonpara-
metric three-stage procedure to estimate functional coefficients in the FCVAR-D(Q model. In the
first and second steps, latent conditional quantiles are approximated via a set of tensor-product
B-spline basis functions, and LASSO (least absolute shrinkage and selection operator)-based
approaches are applied for dimension reduction and variable selection. In the third stage, we
perform locally weighted estimation for functional coefficients using the estimated conditional
quantiles as autoregressors.

The rest of this paper is organized as follows. In Section 2, the model setup and the three-
stage estimation procedure are presented for the FCVAR-D(Q model. In addition, large sample
theories for the proposed estimator are investigated in this section too, together with construct-
ing a consistent estimator of the asymptotic covariance matrix and corresponding confidence
interval. A Monte Carlo simulation study is conducted in Section 3 to illustrate the finite sam-
ple performance of the proposed estimation procedure. In Section 4, our proposed model and
its modeling procedure are applied to constructing a novel class of nonparametric financial net-
works based on the real example. Finally, a conclusion remark is given in Section 5, and the
descriptions of some important notations, assumptions, and mathematical proofs are gathered

in Appendix.



2 FCVAR Model for Dynamic Quantiles

2.1 Model Setup

Let Y (1 <i<&k,1<t<n),ascalar dependent variable, be the ith observation at time ¢
for fixed K, F;_1 represent the information set up to time ¢t — 1 for all individuals 1 < i < k, and
¢-+; be the 7th conditional quantile of Y;; given F;_;. Then, we study the following functional-

coefficient VAR model for dynamic quantiles, termed as FCVAR-DQ model, given by,

q p
Ariti = ﬁYiO,T(Zit) + Z IYZS,T(Zit)qT,t—S + Z /BZZ,T(ZZ'QYt*l (1)
s=1 =1
for some p and ¢, where q,; = (¢ry,1, - - -, Grix) is a kX 1 vector of conditional quantiles at time

t, and Y, is a k1 X 1 vector of covariates with fixed k1, including possibly some or all of {Y;;}5_,
and/or some exogenous information {x;}. In addition, ;0 ,(-) is a scalar function and is allowed
to depend on 7, both v, ; (-) = (Vsir (), -+ Yeinr ()T and By (1) = (Bur()s -+ Buimy ()T
are k X 1 and k1 X 1 vectors of functional coefficients, respectively, and they are allowed to
depend on 7 too. Here, Z;; is an observable scalar smoothing variable, which might be one
part of Y, ; and/or other exogenous variables {z;} or their lagged variables. Of course, Z;
can be an economic index to characterize economic activities. Also, note that Z; can be set
as a multivariate variable. In such a case, the estimation procedures and the related theory for
the univariate case still hold for multivariate case, but more complicated notations are involved
and models with Z; in very high dimension are often not practically useful due to the “curse
of dimensionality”. In addition, note that both x and x; in model (1) are assumed to be fixed,
which might be relatively strong settings.! It is also noted that similar to the setting of the multi-

quantile CaViaR model as in White, Kim and Manganelli (2008), one may further generalize

Indeed, in our empirical study, it is sufficient to consider VAR model with finite dimensions in the sense that
we are interested in measuring tail dependence among four major financial market indices. If both x and k; (or
one of them) are allowed to diverge (a function of sample size and going to infinity when sample size goes to
infinity), then, model (1) becomes to a high-dimensional VAR model, which involves completely new theories and
is out of the scope of this paper.



model (1) by allowing 7 in ¢,;; to vary across different equations, only with mild changes on
asymptotic theory in this paper. Thus, in order to meet our empirical motivation, all of 7’s in
model (1) are the same throughout this article.

Importantly, in the case of estimating dynamic financial network in empirical studies, by
following White et al. (2015), we consider only the tail dependence between current state and
the state of one-period lagged, and take Y; to be Yy = (|Yy|,...,|Yue|)" with | - | representing
absolute value.? Furthermore, the smoothing variable Z;, varies only across different time periods
but keeps constant over individual units. Therefore, in this paper, for easy exposition, our focus
is on the simple case that ¢ = p = 1, k = k1, Yy = (|[Yi|,...,|Yu|)", and Z; = Z,; for all

1 <i < k. Then, model (1) can be rewritten as
driti = QZT(Zt)Xt, (2)

where g; () = (Vior (), Yir,r () - 5 Yiryr ()5 Birr (-)s - - -, Binr(+)) T s @ (26 + 1) X 1 vector of func-
tional coefficients and X = (1, ¢r—115 - - s ri—1,05 |[Yig=1)|s - - - 5 \Yn(t,1)|)T. As discussed in Engle
and Manganelli (2004), taking absolute value on lagged Y;; allows for illustrating the case when
both very positive and negative returns increase the VaR in the future.

It is worthwhile to note that if ¢,;; in model (2) is defined as VaR of return Y, then,
{%ijr(Z) }ioy j=1 in model (2) becomes to the dependence of VaR for one portfolio at time ¢ on
that of another at time ¢ — 1. With these functional coefficients {7i;,(Z;)}i; ;—;, define the

following k X k matrix

T17(Ze) = (Vigr (Z6)) e (3)

which can be used to characterize the cross-sectional dependence among conditional quantiles

{q-+;}7, at time ¢t.*> Then, (2) can be expressed as a matrix form, which is a FCVAR model for

20f course, Y; can be any covariates.

3Tt is well known that it is not easy to characterize the cross-sectional dependence among individual conditional
quantiles {g¢;}7_; at time ¢ for given 7. Therefore, 'y +(Z;) defined in (3) can be used as one of measures to
capture the dependence.



q.; with exogenous variables,
qd-; = ’YO,T(Zt) + FLT(Zt) q:1-1 + F,B,LT(Zt) Yt—la (4)

where v, ,(Z;) and T'g1,(Z;) are defined obviously. Therefore, I'; ;(Z;) in (4) can serve as a
dynamic network system changing with both 7 and some information variable Z;, and it is
in a nonparametric nature, so that it is a nonparametric dynamic network. Note that the
general setting in the dynamic network system (4) covers some famous network models for
characterizing financial risk system, including the one formed by VAR for VaR model in White
et al. (2015), which assumes the tail dependence {vi;-(Z)}i, ;—; to be constant and the static
financial network in Adrian and Brunnermeier (2016) and Hérdle et al. (2016) as special cases.

To investigate the large sample behavior of the proposed estimator (see Theorem 3 later), it
is assumed throughout this article that the process {(Yi, Z;)} in model (2) is strictly stationary
and a-mixing (strongly mixing).? Indeed, in Appendix D, we show that under some regularity
conditions, the joint process {(Yi, Tit, Zt, ¢-+.i)} generated by model (1) is strictly stationary and
a-mixing. By letting p = ¢ = 1, these sufficient conditions for the process {(Yit, Zit, Zt, ¢r1.4)}
in model (1) can be directly applied for verifying the aforementioned probabilistic properties of
{(Yit, Z;)} in model (2). The derivation of these two properties in this paper is of independent
interest, since our main interests in this article are to derive the asymptotic theory for model
(2) and estimate a new class of dynamic financial networks. Therefore, we provide some suffi-
cient conditions that imply these important probabilistic properties and corresponding rigorously
theoretical justifications in Appendix D.

Before introducing our estimation procedure in Section 2.2, it should be noted that model
(2) can be transformed into a functional-coefficient quantile function, which can serve as an
approximation for latent ¢,;; in (2) in the preliminary step of our estimation. To see this, we

first focus our attention on (4), which is a vector form of (2). Under Assumptions Al and A7

4If some regressors or some of {¢,;;} are nonstationary, say, unit root or local to unit root, the model in (1)
and its asymptotic theory become very complicated and it needs definitely a further investigation, warranted as
a future research; see, for example, the paper by Cheng, Han and Inoue (2022) for details.
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given in Appendix A, by recursively substituting in (4), one has

4y =Lori + Z L (Z11)Ye, (5)

=1
where Lo, = > 00 T (Zy) and Zyy = (Zy, Zy—1, ..., Zy—141) " is a vector of lagged smoothing
variables. Here, T'io,(Z:1) = 7v0,(Z:) and Ty ,(Z;;) = 2;% Ly (Zio)vor(Zioi41) for 1 >
2 Ty, (Z0,) = Tp1.(Z) and T1(Zy)) = [[22 T2 (Zi0)Ts1-(Ziots1) for I > 2. Now, let
io.(Z11) = V1 (Z) (T2 Tar(Zet) Vo, (Zeeiin)) for 1> 3, i (Z102) = V] 1 (Z)v0 - (Zimn),
and a0 (Z11) = Yo (Z1); let cuijr(Zeg) = 71 (Z)( 2;21 1 (Zi—0)T1jr(Zi—141)) for 1 > 3,
@2ijr(Zip) = Vi1 (Z0)Tp57(Zi-1) and nijr(Zen) = Bijr(Z;). Here, i (-) and By-(-) are
defined in (2), ')IZLT(-) is the ith row of I'y -(-), T's1;,(-) is the jth column of I's; ,(-). Then,
a0 () and aIT() = (aun+(+), .., inr(-)) are the ith row of I'j,(-) and I';,(-), respectively.

Thus, the ith row of (5) is written as
Grei =) o (Zeg) + Y ol (Z0))Yeor. (6)
I=1 =1

As discussed in Section 2.2, in the first stage of our estimation procedure, a truncated version of
(6) is used to approximate latent ¢, ;; and is modeled globally by a tensor product of normalized
B-spline basis functions. To handle the issue of high-dimensionality, a two-stage LASSO approach
is introduced for dimension reduction and variable selection.

Note that equation (6) corresponds to a functional-coefficient quantile autoregressive (AR)(o0)
process, which can be used as an underlying data generating process for Y in model (1). In-
deed, denote U (1 <i < k, 1 <t < n) as independent and identically distributed (iid) standard
uniform random variables on the set of [0, 1]. Then, following the same argument as in Koenker
and Xiao (2006), by assuming that the right side of (6) is monotonically increasing in 7, model
(6) corresponds to a functional-coefficient quantile AR (oc0) process as follows

Y=Y (Ui, Z0)) + > oy (Us, Z01)Yiy (7)
=1 =1

where ay(+, ) is a scalar and measurable function of Uy and Z;,; (from R x R to R) and ay; (-, -)
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is a vector of measurable functions from R x R! to R. Since our objectives in this paper are
estimation of model (2) and modeling time-varying tail dependence among dynamic quantiles,
we only present identification assumptions for (2) and (4) in Appendix A, instead of focusing on
model (7) with more complex coefficients. Therefore, further investigating the properties of (7),

omitted in this paper, is left as a future study. Next, we make some remarks on our model in

(1).

Remark 1. (Special Cases) The proposed FCVAR-DQ model (1) is related to the papers by
Engle and Manganelli (2004) and Xiao and Koenker (2009), which discuss the relation between
modeling dynamic structures of conditional quantiles and conditional volatility of returns. Indeed,
if kK = k1 in (1), Yy in (1) takes a simple form as Yy = o0y ey, where o is the conditional
variance of Yy and ey is an 1id sequence of random variables with mean zero and unit variance,
then, ¢r4; = 03 H(T), where F.(+) is the distribution function of e;,. Furthermore, if Yy, = 04 ey
is generated from a functional coefficient multivariate GARCH (p, q)-type process for k (k > 1)

returns extended from the setting in Taylor (1986) as follows

q p
oir = Yio(Zt) + Z’YIS(Zt>Et—s + ZIBZZ(Zt)Yt—h

s=1 =1
where Xy = (04, ...,04)" and Yy = (Y|, ..., |Yae|)", then, model (1) reduces to following
dynamic quantile model:
q P
Gri = Yior(Z) + Y V(2 + Y B2V, (8)
s=1 =1

where Yio,r () = Yio(VE (1), Vis() = (Gsin (s Ysin() T and By () = (Brinr (), -+, Buir ()
with Biij-(-) = Buj(-)F. ' (7). Note that if 's and B's in (8) are constant, model (8) reduces to
those in Engle and Manganelli (2004) and Xiao and Koenker (2009), respectively. For details,
the reader is referred to the aforementioned papers. Finally, note that if q., would be observable

and all coefficients are threshold functions, model (1) covers the model in Tsay (1998).

Remark 2. (Monotonicity). The issue of monotonicity is frequently discussed for the quantile

autoregression model. A specific case for the monotonicity of (1) to hold is that {~; , .(Z1) }i2% =1

9



and {B;, - (Z) }i2h 1=, are all monotone increasing functions with respect to T, and Y, is a positive
random vector. In other cases, the assumption of monotonicity can be satisfied by conducting
certain data transformation techniques; see Koenker and Xiao (2006) and Fan and Fan (2006)

for detailed discussions.

Remark 3. Let k = ky and Zy = Z;. Then, the matriz form of model (1) is given by q,, =
Yor(Z) + 2 Csr(Z) @rys + 3001 Tpur(Ze) Yooa, where T (Zy) and T,.(Z;) are defined
obviously. Note that for 1 <t <mn, 1 <s<qand1 <1 <p, if all eigenvalues of T's ;(Z;) and
T's,-(Z:) have modulus less than 1, then, the matriz form of model (1) corresponds to a recursive
form similar to equation (5). Thus, under this additional assumption, the proposed estimation
procedure and theories for model (2) are extendable to model (1), with more complicated notations

being involved.

2.2 Three-stage Estimation Procedure

In this paper, we only focus on estimating functional coefficients g, () in (2) for simplicity,
rather than jointly forecasting ¢.;; or doing impulse response analysis. So, it is sufficient to
estimate g, () in an equation-by-equation way for different 4. Thus, by abuse of notation, 4 is
dropped in what follows.

By Assumption Al in Appendix A, ay,(-) and each entry of ey, (-) = (1,(), ., Qe ()"
defined in (6) decrease at a geometric rate; that is, there exist positive constants p < 1 and
¢, such that 11,;1%)7(1|alj’7-(zt71)| < ¢p for j =0,...,k. Since oy, (-) decreases geometrically, by

choosing truncation parameter m,, = m(n) = m, (6) becomes to

Qrt = Zalof(zt,z) + Z o (Z)Yi = Zall-r(zt,l)wt~l =, (Z)W, = ¢:(Z;, W),
=1 =1 =1

where e, () = (@10, (), ()T = (@107 () 1 (s, Qe ()T Wi = (LY])T, e (22) =

(a]y(Z1),.... o (Zyn))" and W, = W/, ... w7

10



Now, denote b5 (2) = (by(2), ..., bk, (2))T as a vector of normalized B-spline basis functions
on a compact interval [a, b], where a < b are finite numbers. Here, K,, = K =k, + A+ 1, with &
being the degree of polynomial and k,, being the number of quasi-uniform internal knots; see Schu-
maker (1981) for details on the construction of normalized B-spline bases. Then, for 1 <1 < m,
define a K x 1 vector of tensor-product B-spline bases as follows. Define By, = ( ®i;g bE (Z-.))®

~1/2
l;K(Z,HH) for [ > 2 and By, = BK(Zt), let By, = (%l S BltBlI> K'Y2B,,. Similar trans-
formation to the basis functions is also conducted in Tang, Song, Wang and Zhu (2013), which
guarantees that the last part of Assumption A9 in Appendix A is satisfied. Then, there ex-
ist vectors ¢y, € RE'" and cijr € RE' such that a0,-(Zy;) and oy -(Z;;) can be approxi-
mated by a,(Z:)) ~ Bjecp, and a;,(Z,;) ~ By ¢j,, respectively. Furthermore, denote

P, =W, ,®Byasa(1+r)K"x1 vector and IT, = (P],,..., P! )". Finally, let M, = (1 +

k)Yt K' = (14 k) K (555) be the dimension of IT; and define ¢; = (¢f ..., ¢, )T € R,
where ¢;, = (CI)’T, e clT,{’T T = (cp,cm,. .. ,cl((HH)KZ))T. Thus, ¢.+ can be approximated by

~ T
qT,t ~ Ht Cr.

Remark 4. (Tensor-product B-spline bases) The tensor-product B-spline approximation is a
standard approach to generate linear sieves of multivariate functions from linear sieves of uni-
variate functions. Different from the paper by He and Shi (1996) using bivariate tensor-product
B-splines to approximate unknown functions under M-type regression setting, in this article, the
length of the tensor-product By is K' and can diverge to infinity very fast. To overcome this
ultra-high-dimensional problem, in the first stage of our procedure, we apply LASSO penalty to

the Ly norm of each coefficient group for dimension reduction.

First-step: In the first stage, we apply LASSO penalty to the L; norms of ¢, [ = 1,...,m.

Hence, ¢ = argminQy(c), where Qq(c) is given by

n

Q€)== 3 o V- T ek + -3 (e, (10)

t=m+1 =1

p-(y) = y[r—I(y < 0)] is called the “check” (loss) function, I(A) is the indicator function of any

11



set A and py, ,(+) is a penalty function with a tuning parameter A, for the first step. It is worth-
while to note that different types of penalty function py, ,(-) are allowed to use in (10), including
but not limited to the LASSO, the smoothly clipped absolute deviation (SCAD) of Fan and Li
(2001) and the minimax concave penalty (MCP) of Zhang (2010). However, we do not attempt
to derive the theory for a general setup of penalty function, since the regularized regression is
only applied as a preliminary step of our procedure. Therefore, in this article, we choose to use
LASSO by setting px, ,(-) = Ano - () due to its theoretical and computational simplicity. Note
that minimizing (10) with py,,(-) = Ano - (-) can be written as a linear programming problem

as follows

n m (1+r)K
(gﬂg*,cﬂcfr)leifl;f"*m)“M" nt t:;rl {T§t+ + (1 — T)gt_} + % ; ; (Clt + Cl_u)
subject to & — & =Y, — I/ (ct —¢), t=m+1,...,n.

Second-step: Based on the initial estimator ¢, obtained by minimizing (10), we apply adaptive
LASSO penalty to exclude the remained irrelevant covariates survived after the first stage of
dimension reduction. Define T, = {I : ||&|l2 > 0,1 = 1,...,m}, let ¢; = 014yt for I ¢ T.,.
Then, we propose to minimizing

1 — An B
Qo)== 3 pe{Vi-T/ e} + L3 Gl (1)
t=m+1 €T,

with respect to the unknown components of ¢, where A, ; is the tuning parameter for the second
step and @, = ||&,.||;" for I € T,,. After yielding &, at 7 by minimizing (11), ¢,, can be estimated
by G-+ = HtTéT-

Third-step: With ¢, and X; = (1,drs 11, Gri1 [Yig-)s - |Yee_n])T in place, g, (-)
in (2) is estimated by a local linear estimation method; see Cai and Xu (2008) for details. In
particular, under smoothness condition of coefficient functions g, (-) presented in Assumption A4
in Appendix A, for any given grid point 2y € [a,b], when Z; is in a neighborhood of zy, g,(Z;)
can be approximated by a polynomial function as g.(Z;) =~ Y °_, ggr)(zo)(Zt — zo)"/r!, where

~ denotes the approximation by ignoring the higher orders and gg)(-) is the rth derivative of

12



g.(+). Hence, minimize the following locally weighted loss function Q2(©) at any given grid point

2p € [a, b] to obtain the local linear estimate O, where
n 1 T
Q2(0) => ps {Yt - X, 0,.(Z zo)’“} Kn(Z, — ). (12)
t=1 r=0

Here, O, , = g () /r!, K(-) is a kernel function, K, (u) = K (u/h)/h, and h = h(n) is a sequence

of positive numbers tending to zero and controls the amount of smoothing used in estimation.

2.3 Large Sample Theory

We study the asymptotic distribution of the proposed nonparametric estimator in this sec-
tion. In the first and second stages of our estimation procedure, the coefficient functionals are
approximated by a tensor-product B-spline bases. Recently, Tang et al. (2013) considered B-
spline approximation and variable selection in ultra-high-dimensional quantile varying coefficient
models, with i.i.d. assumption being imposed on observations. To prove Theorems 1 and 2 in
this paper, we follow a similar proof strategy as in Tang et al. (2013), but substantially extend

their results to allow strictly stationary and a-mixing data setting.

Suppose that each Z; takes values in a compact interval [a, b]. Forl =1,...,m, let Z; = [a, b]'
be the Cartesian product of [a,b]. Given a I[-tuple nonnegative integers, w = (wo, ..., w;_1), set
|lw| = wo + -+ +w;—; and let D™ denote the differential operator defined by D" = W.

t 0% 141

Let v € (0,1] be such that d = |w| + v > 2 and H, be the class of functions a, on Z; whose

D"« exists and satisfies a Lipschitz condition of order wv:
| D%, (z;) — Do (2))| < Cllzi — 2/||”, for z;,2, € Z; and some constant C' > 0.

In (9), for 0 < j < K, we assume that oy.(-) # 0 for 1 < I < r,; oy-(-) = 0 for r, +
1 <1< m Let Ti,, = {u: |cus] > 0,u=1,...,(1+k)K'} be a sparse support of ¢,
having card(7},) = R, nonzero components and R, = > " R;,. In addition, recall that
M, = (1+ k)Y, K" and denote A}, = {6 € RM" . ||6]|> = 1,[|8]lo < t} as the v-sparse
unit sphere in R™». Define the t-sparse maximal eigenvalue and t-sparse minimal eigenvalue of

13



E[ILII] ] as ¢(v) = sup E[(6'TL,)? and o(r) = inf E[(8'TI;)?], respectively. Similarly, define

seAy, 6€A,

p(r) = sup &7 (” D Htﬂf)& d(v) = inf E[|67IL|)/E(|§TILI). Let q = () be a
seAy, 6y,
sequence of positive numbers that characterize the strength of identification in the population,

which is defined as

q(m) = (o(m)f/4) min{1, (f/2f)9(m)}.

Here, m = ||, ||, f and f’ are defined in Assumption A6. Let p = p(m) > q(m) be a sequence

of positive constants, defined as p(m \/ e(m)(f \/ p(m

Finally, let G; = (...,U;—1,U;) C F; be an information set up to time t with {U;} being
sequence of i.i.d. standard uniform random variables and F; being defined in Section 2.1. Let
Vit = {(Yit, Z1) } be strictly stationary process admitting the following representation forms: V;; =
L(G;), where L(-) is a measurable function. Now, let Uy be replaced by an i.i.d. copy of Uj and
Vi=L(..,U},...,U_1,Up). Forp > 1, define |Vi|lpo = Yoo (E|Vie— Vii[P)"/?, which measures
the cumulative effect of Uy on {Vj;}+>0. Based on the dependence adjusted norm |||, o, we further
define ||Vi.|ly,.0 = suppss p77[|Vi.|lp0, for some v > 0. Let ¢, (Viy,e) = {I(Y; < I1) c) — 7},
be the score function of the tth observation. Similarly, define ¢Tt =, Vi, o, (Zy)) = {I(Y; <
al (Z,)W,) — 7}H1,.

Note that since Z; is exogenous, the data generating process (7) can be written in the form
of L(...,Uiu-1),Us), with L(-) being a measurable function and {U;} being sequence of i.i.d.
standard uniform random variables. Therefore, under a stronger moment condition related to
dependence adjusted norm (see Assumption A10 in Appendix A), one can apply the exponential
tail bounds proposed in Lemma B.4 of Chernozhukov, Hérdle, Huang and Wang (2021) to
obtain the error bound of ¢, and corresponding oracle properties in Theorem 1. In Appendix A,
some necessary conditions are provided, though they might not the weakest possible with some
discussions on assumptions.

By Assumption A3 in Appendix A, there exists a nonzero spline coefficient vector ¢; , such
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that alj,T(Zt,l) = Bgélj,T + dlj(Zt,l)7 1 S [ S m, Wlth sup|dlj(Ztﬁl)| = O(K_d) Let EZT =
l7j7t
T

(—T _T i

o AT o
¢! 04 )" and denote &, = (¢, ,,...,¢

T e,

)" as the minimizer of (11).

Theorem 1. Suppose Assumptions A1-A13 given in Appendiz A hold, let

2

n
mgo = M, A\ <m%> and Ao = N\/n log(n Vv M,)e(mg + R,)(mglog(n Vv M,))”

< =

for some 0 < v < 1/2, where X — 00 is a sequence of positive numbers, possibly data-dependent.

Then, (a) C, = [|&; — & [|2 Sp 2572, and (b) ||&;]lo Sp % R

nq
In order to get a consistent estimator in the first stage, Theorem 1 suggests that M,,, the
dimension of II,, satisfies R, (log(M,))™/n — 0, for some 0 < v < 1/2. Next, Theorem 2
presents the asymptotic properties of the second-stage estimator, including the oracle properties
and the convergence rate of ¢, ;.
Theorem 2. Let &y, (Z;;) = B¢, be the estimate of coefficient function cy;.(Z4y), for
1 <i<mand0 < j <k, where ¢, is the jth component of ¢, = (él-l(-)x, o ,é;,;,T)T. Suppose
Assumptions A1-A13 given in Appendiz A hold and R}L/Zén — 0. Then, (a) &y;,(Z,;) = 0,
for 1 =1, +1,...,m, with probability approaching 1, (b) ||&; — €|l = O,((R,/n)Y?), and (c)

A _ — 1/2
mfllgi(gnlq” Q'r,t| Op(Rn/n )

Before stating the asymptotic behavior of g, (29) in the following theorem, for notational sim-
plicity, it needs to define some notations. Define Q*(zg) = E [XtXtTfy‘Zyx(qT(zo, X))z = zo]
with g-(z0, X¢) = g} (20) X and fy|zx(-) = fyjzw(-). In addition, let I, = (Py,,..., P} )"
be the submatrix consisting of the first r,, compositions of IT, = (P,,..., P )T corresponding to
the active covariates. Define ®, = E|[fy|z,w (¢-(Z:, Wt))Ha,tl_Ilt], D(z) = E[Ha,tnl—,t|Zt = 2|
and let I'(zy) = E {fY|Z,X(QT(ZOa X)) X:g] (20) Tas

with Tlt = (0{xp, . Hay,... . My, 0. 5 ). Finally, let E(z) = 7(1 — 7)[Q(20) — Hi(z0) +

7, = zo} be a (2k + 1) x R, matrix,

HQ(Z())], where Hl(Z()) = E[Xt]-—-[;—’t|Zt = Zo]éger(ZO) + I._‘(Zo)@;lE[Ha7tX2_|Zt = Zo], HQ(Z()) =
['(20)®, ' D(2)®,' T (20) and Q(z) = E[X,X/|Z; = 2]. Now, the asymptotic normality of
g.(20) is presented in the following theorem with its detailed proof relegated to Appendix C.
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Theorem 3. Under Assumptions A1-A13 provided in Appendiz A, we have

Vi[9 0) — 0,0) ~ L26(0) 40, (17| 5 N (0,30,

where X7 (20) = (€2%(20)) ~"E(20) (2" (20)) ™"/ f:(20).

Note that the detailed proofs of Theorem 1 and 2 are provided in Appendix B and Appendix

C is devoted to the proof for Theorem 3.

Remark 5. Since g.(zy) is based on generated regressors Xt, it is not surprising to see that
the asymptotic variance term of g,.(zo) contains additional two terms Hi(zy) and Hy(zo), which
involve 11, in the second step. Similar results of asymptotic variance were also obtained by
Xiao and Koenker (2009), which can be seen as a nature of any multi-stage approach; see, for

example, Cai, Das, Xiong and Wu (2006) for more discussions.

2.4 Covariance Estimate

For constructing confidence intervals for the estimated functional coefficients in the empirical
study, it turns to discussing how to obtain consistent estimator of the asymptotic covariance
matrix X, (zp). To this end, one needs to estimate D(zp), ®,, I'(20), Hi(20), Ha(z0), 2(20) and
0*(z) consistently. The procedure of estimating covariance matrix and constructing confidence
interval is summarized as follows:

Step 1: Given any grid point 2z € [a,b], use the proposed three-stage procedure to obtain IT,,
Y., X; and g, (2).

Step 2: Obtain estimators D(zy) = Yoy HaytHaT’tKh(Zt — 2)/n, B, = Y s wltﬂavtﬂlt/n
and B, (z0) = Yp X, Ky(Z, — 2) /n, where wy, = I(Gry — 01n < Yi < Gry + 010)/(201) for
any 01, — 0 as n — oo.

. -1

Step 3: Construct estimators H,(z) = Exw(zo)iglf‘T(zo) +T(20)®, (Euu(z))7,

. . A A . " .

Hy(z) = I'(20)®, D(20)®, I'(20), ['(20) = Y1 wou X9 (20) Yau Kn(Ze — 20) /1,

. n oo o T A, " Y T

Nz0) = > iy Xu X, Kn(Zy — 29)/n and Q(2) = >, wu X, X, Kn(Z, — 20)/n, where wy, =
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1G] (20) Xy — 62 < Vi < G (20) Xt + 62n) /(26,) for any 8, — 0 as n — co.

Step 4: Obtain estimator Z(z) = 7(1 — 7)w[Q(20) — Hi(z0) + Ha(z)]. Then, 3, (z) =
(2 (20)) "B (20) (2" (20)) " is a consistent estimate of X, (z).

Step 5: With 5. (z) at hand, let se(3;-(20)) = [Var (G- (z0))/nk]  » where Var (g (o)) is
the jth diagonal element of 3, (z), with §;,(zo) being the jth element of g_(z).

Then, for given 0 < a < 1, the 100(1 — )% confidence interval for g;,(zp) without the
asymptotic bias correction can be constructed by [g;,(20) — caj2 X s€(G;+(20)), G5+ (20) + Caj2 X
se(gj,-(20))], where co/2 is the upper o/2-percentile of standard normal random variables.

Finally, note that similar to the proof in Cai and Xu (2008), one can show that D(z) =
f-(20)D(2) + 0,(1) and ®, = ®, + 0,(1), respectively. Also, in Appendix C, it shows that the
above estimators are consistent; that is, ['(zo) = f.(20)['(20) + 0,(1), H1(20) = f-(20)Hi(20) +
0p(1), Ha(20) = f2(20)Ha(z0) + 0p(1), Q(20) = f.(20)2z0) + 0,(1), and Q*(z0) = f.(20) (20) +
0p(1). The proof of these results relies on the uniform consistency (in probability) of the estimator
Grt, which is guaranteed by Theorem 2(c). Therefore, it shows in Appendix C that indeed,

~ A

S (z0) = (0%(20)) 12 (20)((20)) " is a consistent estimate of 3, (z).

2.5 Practical Implementations

In real application, we need to know how to choose the smoothing variable Z;, the truncation
parameter m = m,, and the bandwidth h. To this end, some suggestions are provided below.

First, it is important to choose an appropriate smoothing variable Z; in applying functional-
coefficient VAR model for dynamic quantiles in (2). Knowledge on physical background or
economic theory of the data may be very helpful, as we have witnessed in modeling the real data
in Section 4 by choosing Z; to be the first difference of daily log series of the U.S. dollar index.
Without any prior information, it is pertinent to choose Z; in terms of some data-driven methods
such as the Akaike information criterion, cross-validation, and other criteria. Ideally, Z; can be

selected as a linear function of given explanatory variables according to some optimal statistical
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selection criterion such as LASSO type methods, or an economic index based on some economic
theory; see, for instance, Cai, Juhl and Yang (2015). Nevertheless, here we would recommend
using a simple and practical approach proposed by Cai, Fan and Yao (2000) or Cai et al. (2015)
in practice.

Second, with the help of the first stage, the truncation parameter m can be set such that
the dimension of II; (M, = (14 &)Y~ K') becomes much larger than the sample sizes n.
Under Assumption A2 in Appendix A, it suffices to select a truncation m such that m > r,.
Here, the rate of r, is given in Assumption A2. In practice, one may apply the forward selection
method introduced by Cheng, Honda and Zhang (2016) to select m. Of course, other data-driven
methods such as the Akaike information criterion, cross-validation, and other criteria can also be
considered for selecting m. To reduce computational burden, we choose m as a sufficiently large
constant multiple of n'/®, which is used in our simulation study in Section 3 and the empirical
analysis in Section 4.

Finally, we would like to address how to select the bandwidth A at the third step. It is well
known that the bandwidth plays an essential role in the trade-off between reducing bias and
variance. In view of (12), it is about selecting the bandwidth in the context of estimating the
coefficient functions in the quantile regression. Therefore, we recommend the method proposed
in Cai and Xu (2008) for selecting h in (12), which is used in our simulation study in Section 3

and empirical example in Section 4.

3 A Monte Carlo Simulation Study

In this section, we provide a simulation example to exam the finite sample performance
of the proposed three-stage estimation for functional coefficients. In the first stage of esti-

mation, we choose the tuning parameter A, by a data-driven pivotal. In particular, define

A:

S I {r — I(uy < T)}H , where {u;}7, are i.i.d. Uniform [0, 1] random variables, in-
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dependently distributed from the regressors IL,. Then, A, is set as A\, o = ¢- A(1 — «|II), where
A(1 — a|TT) is the (1 — a)-quantile of A conditional on IT = (IT;,...,IL,)", and the constant
¢ > 1 depends on the design. In this study, we set ¢ = 1.1 and 1 — o = 0.9, similar to the choice
for least squares in Chernozhukov et al. (2021). Using the the exponential tail bounds as in
Lemma B.4 in Chernozhukov et al. (2021), one can obtain the asymptotic bound for A(1— a/IT).
The proof is omitted, because it is similar to that of Lemmas B.4 and B.6 in Appendix B. In the
second stage, we select the parameter A, ; by the generalized information criterion (GIC) as in

Fan and Tang (2013) and Zheng, Peng and He (2015), defined as

GIC() = log (i/m ~Te) + s log(card () - log(log(m)

n

where ¢ is the minimizer of (11) given A, ; = A, and the degrees of freedom df, is defined as the
number of nonzero estimated components of ¢, conditional on A. At Step 3, we choose optimal
bandwidth £ by the nonparametric Akaiki information criterion (AIC) as in Cai and Xu (2008).
Finally, the Epanechnikov kernel K (z) = 0.75(1 — 2?)I(|z| < 1) is used, m = [0.8n'/%] and
K = [1.5n'/%].

In this example, for 1 < i < 4, the data generating process (DGP) is given by Yy = oy
with oy = %i0(Zt) + Yitse (Z0)O1t-1) + Vizose (Z2)Oat—1) + Vissese (Z1)032-1) + Vidpyar (Z2)Oae—1) +
Bir(Ze) YVi-v)| + Bia(Z)[Ya—1)| + Bis(Ze)[Yau—1)| + Bia(Z1)|Ya-1)l, where vi0(2) = y30(2) =
15 exp(—=3(z + 1)?) + exp(~8(z — 1)%), 120(2) = 7a0(2) = L5 exp(=3(z — 1)2) + exp(—8(= + 1)?),
€ = 0.2U2 4+ 0.8 and yi = 0.2exp(Uy) + 0.8 with U;; ~ iid Uniform [0,1]. In addition,
let Yijei(2) = 7%i5(2) * €ty Vijxu(2) = 7%5(2) - xae- Then, i, (2), Yijxu(2) and By;(z) for
1 <i,j < 4 are defined as follows. For i = 1, vy, (2) = 0.15 {1 + exp(—42)} " €ir, Yoo (2) =
(0.0422)Xit, Yizer(2) = (0.15exp(—42) {1 + exp(—42)} eir, Yians (2) = (0.1cos?(2))xu. For
i =2, Yiter,(2) = Vizerr (2) = (0.18In(—0.872) + 0.1)€it, Vioxsy (2) = 0.15{1 + exp(—4z)}_1 Xit
Yids (2) = (0.15 exp(—42) {1 + exp(—42)} " xir- Fori = 3, Yir.e,, (2) = Yise,, (2) = (0.15in(0.872)+

0.1)€its Vizie(2) = Yiays(2) = (0.1c0s(0.872) + 0.1)xi. For ¢ = 4, i1, (2) = Vizes,(2) =

19



(0.1cos(0.872) + 0.1)€it, Vi (2) = Yiax, (2) = (0.1sin(0.872) + 0.1)x;. As for f;(z), we set
Bij(z) = ij(z) for 1 <14, j < 4. Finally, £ are mutually iid from N (0,1).

Thus, for 1 < i < 4, the quantile function of our DGP is given by the model in (1) with k = 4,
Ye = (|Yiel, [Yor|, |Yae|, |[Yae)T, ¢ = p = 1 and Z;; = Z;, where Z; is generated from Uniform [—2, 2]
independently. Also, note that vio,(-) = Yio(-)2 (1), Vi1 (1) = 71 (-)(0.27% + 0.8), Vi3 (-) =
Yi3(-)(0.27% + 0.8), while yi2.-(-) = 7i2(-) (0.2 exp(7) 4 0.8), Yia.~(-) = Yia(-)(0.2 exp(7) + 0.8) and
Bijr(-) = Bij ()@ (1) for 1 < 4,5 <4, with ®(-) being the distribution function of the standard
normal. Therefore, v,o.-(-), 7ij.-(-) and B;;,(-) are functions of 7, suggesting different covariate
effects at different levels of 7.

It is worthwhile to note that the DGP used in this Monte Carlo study is a multivariate
GARCH model with functional coefficients, which is closely related to our real example in Section
4 for following reasons. First, as discussed in Remark 1, the conditional quantile function of
GARCH process has a representation of dynamic quantile model, which is naturally suitable
to describe interdependences among conditional VaRs in our new financial network. Second,
the types of functional coefficients in this simulation seem to be rich enough to cover different
classes of variation of tail dependence in the real application. Third, since GARCH-type models
have been proven to be highly successful in financial applications, data that are generated from
GARCH-type models may be appropriate to simulate the real example in this paper.

To assess the finite sample performance of the proposed nonparametric estimators, we utilize

the mean absolute deviation error (MADE) for vo.-(+), vi;j~(-) and f;;-(-), defined as

MADE(y) nOZm %) — 7+(21)], and MADE(B;;,) = wazk — Bijr(2)],

where 7,(-) can be either v,;+(-) or %io-(-), both 4.(-) and f;;,(-) are local linear quantile es-
timates of v, (-) and f3;;.-(-), respectively, and {z;, = 0.1(k —1) — 1.75 : 1 < k < ny = 36} are
the grid points. Also note that in this example, ¢,;; = 04 F-'(7) = 0 when 7 = 0.5, which

leads the quantile regression problem to be ill-posed so that the results for 7 = 0.5 are omitted.
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Therefore, we only consider 7’s level to be 0.05, 0.15, 0.85 and 0.95 and the sample sizes are
n = 500, 1500 and 4000. For each setting, we replicate simulation 500 times and compute the
median and standard deviation (in parentheses) of 500 MADE values. Finally, the results are
reported in Tables 1 - 4 only for 7 = 0.05, 0.15 and 0.95 but the results for 7 = 0.85 are omitted
due to the space limitation, available upon request. One can see clearly from Tables 1 - 4 that
both median and standard deviation of 500 MADE values steadily decrease as the sample size

increases for all four values of 7.

Table 1: Simulation results for v10.-(-), ¥20.-(), V307 (*), Ya0.+(-), and Yijr(+) for i =1,2 and for 1 < j < 4.

T n = 500 n = 1500 n = 4000

0.05
0.15
0.95

MADE(710)
0.666 (0.120)
0.357 (0.074)
0.694 (0.109)

MADE(720)
0.748 (0.202)
0.415 (0.091)
0.715 (0.165)

MADE(710)
0.456 (0.059)
0.245 (0.047)
0.484 (0.066)

MADE(720)
0.599 (0.087)
0.330 (0.046)
0.603 (0.094)

MADE(710)
0.347 (0.042)
0.202 (0.030)
0.328 (0.045)

MADE(720)
0.501 (0.043)
0.234 (0.043)
0.492 (0.047)

0.05
0.15
0.95

MADE(730)
0.742 (0.160)
0.455 (0.083)
0.707 (0.204)

MADE(740)
0.690 (0.203)
0.442 (0.093)
0.693 (0.205)

MADE(730)
0.545 (0.102)
0.337 (0.061)
0.557 (0.120)

MADE(740)
0.655 (0.090)
0.325 (0.080)
0.555 (0.121)

MADE(730)
0.455 (0.072)
0.264 (0.042)
0.439 (0.070)

MADE(740)
0.500 (0.066)
0.260 (0.049)
0.469 (0.066)

0.05
0.15
0.95

MADE(y11)
0.182 (0.074)
0.165 (0.074)
0.176 (0.082)

MADE(712)
0.137 (0.058)
0.135 (0.060)
0.140 (0.063)

MADE(y11)
0.106 (0.032)
0.108 (0.040)
0.112 (0.034)

MADE(712)
0.094 (0.033)
0.081 (0.046)
0.084 (0.030)

MADE(711)
0.087 (0.029)
0.092 (0.036)
0.107 (0.032)

MADE(712)
0.061 (0.018)
0.075 (0.026)
0.071 (0.020)

0.05
0.15
0.95

MADE(713)
0.157 (0.067)
0.148 (0.062)
0.152 (0.071)

MADE(714)
0.141 (0.060)
0.127 (0.052)
0.129 (0.063)

MADE(713)
0.086 (0.031)
0.100 (0.041)
0.101 (0.032)

MADE(714)
0.071 (0.027)
0.084 (0.030)
0.083 (0.028)

MADE(713)
0.070 (0.027)
0.069 (0.025)
0.088 (0.031)

MADE(714)
0.068 (0.023)
0.069 (0.023)
0.075 (0.022)

0.05
0.15
0.95

MADE(721)
0.214 (0.095)
0.206 (0.085)
0.201 (0.088)

MADE(722)
0.175 (0.071)
0.171 (0.062)
0.184 (0.080)

MADE(721)
0.109 (0.044)
0.113 (0.050)
0.120 (0.054)

MADE(722)
0.111 (0.047)
0.101 (0.045)
0.115 (0.042)

MADE(721)
0.088 (0.027)
0.105 (0.039)
0.102 (0.040)

MADE(722)
0.074 (0.032)
0.096 (0.032)
0.101 (0.031)

0.05
0.15
0.95

MADE(723)
0.169 (0.075)
0.177 (0.073)
0.183 (0.080)

MADE(724)
0.164 (0.064)
0.165 (0.067)
0.176 (0.072)

MADE(723)
0.099 (0.035)
0.108 (0.049)
0.111 (0.042)

MADE(724)
0.098 (0.033)
0.102 (0.038)
0.122 (0.040)

MADE(723)
0.080 (0.029)
0.094 (0.030)
0.099 (0.033)

MADE(724)
0.077 (0.028)
0.086 (0.026)
0.091 (0.033)

Finally, we illustrate the finite sample performance for the consistent covariance estimation
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Table 2: Simulation results for Vijr(+) for i =3,4 and for 1 < j < 4.

0.05
0.15
0.95

n = 500

n = 1500

n = 4000

MADE(731)
0.194 (0.083)
0.187 (0.083)
0.257 (0.087)

MADE(732)
0.165 (0.063)
0.153 (0.069)
0.220 (0.071)

MADE(y31)
0.132 (0.036)
0.121 (0.058)
0.142 (0.045)

MADE(y32)
0.134 (0.042)
0.107 (0.059)
0.134 (0.040)

MADE(y31)
0.090 (0.028)
0.110 (0.038)
0.115 (0.039)

MADE(732)
0.084 (0.026)
0.101 (0.036)
0.109 (0.029)

0.05
0.15
0.95

MADE(7s3)
0.161 (0.066)
0.171 (0.073)
0.215 (0.069)

MADE(734)
0.162 (0.065)
0.154 (0.061)
0.196 (0.070)

MADE(7s3)
0.110 (0.035)
0.109 (0.046)
0.124 (0.045)

MADE(734)
0.116 (0.034)
0.105 (0.045)
0.126 (0.035)

MADE(7s3)
0.095 (0.030)
0.088 (0.030)
0.115 (0.037)

MADE(734)
0.081 (0.025)
0.092 (0.031)
0.102 (0.026)

0.05
0.15
0.95

MADE(741)
0.235 (0.099)
0.187 (0.086)
0.234 (0.084)

MADE(742)
0.191 (0.076)
0.176 (0.077)
0.210 (0.078)

MADE(741)
0.108 (0.041)
0.133 (0.066)
0.156 (0.040)

MADE(742)
0.106 (0.036)
0.123 (0.059)
0.152 (0.048)

MADE(741)
0.084 (0.032)
0.110 (0.034)
0.105 (0.037)

MADE(742)
0.083 (0.026)
0.103 (0.038)
0.119 (0.035)

0.05
0.15
0.95

MADE(743)
0.201 (0.076)
0.160 (0.073)
0.204 (0.072)

MADE(744)
0.176 (0.064)
0.153 (0.072)
0.197 (0.075)

MADE(713)
0.086 (0.043)
0.125 (0.064)
0.139 (0.040)

MADE(744)
0.100 (0.042)
0.123 (0.044)
0.148 (0.049)

MADE(713)
0.083 (0.037)
0.088 (0.028)
0.094 (0.038)

MADE(744)
0.078 (0.030)
0.093 (0.031)
0.090 (0.032)

Table 3: Simulation results for Bij,T(-) fori=1,2 and for 1 < j < 4.

0.05
0.15
0.95

n = 500

n = 1500

n = 4000

MADE(f11)
0.232 (0.088)
0.140 (0.059)
0.206 (0.086)

MADE(f12)
0.165 (0.068)
0.116 (0.047)
0.164 (0.069)

MADE(f11)
0.130 (0.050)
0.103 (0.033)
0.124 (0.043)

MADE(f12)
0.105 (0.036)
0.077 (0.028)
0.105 (0.033)

MADE(f11)
0.092 (0.025)
0.065 (0.024)
0.091 (0.027)

MADE(f12)
0.071 (0.020)
0.048 (0.018)
0.071 (0.022)

0.05
0.15
0.95

MADE(Si3
0.155 (0.071
0.115 (0.047
0.173 (0.071

~

~— ~— ~—

MADE(B14
0.161 (0.065
0.116 (0.046
0.155 (0.068

~—

o

MADE (B3
0.109 (0.036
0.086 (0.030
0.107 (0.038

~

N T

MADE(f14)
0.101 (0.040)
0.082 (0.028)
0.096 (0.031)

MADE(813)
0.068 (0.028)
0.052 (0.018)
0.080 (0.024)

MADE(f14)
0.074 (0.024)
0.052 (0.018)
0.068 (0.022)

0.05
0.15
0.95

MADE(821)
0.257 (0.103)
0.180 (0.075)
0.260 (0.101)

MADE(f22)
0.194 (0.077)
0.139 (0.053)
0.195 (0.092)

MADE(21)
0.159 (0.063)
0.112 (0.045)
0.155 (0.062)

MADE(f22)
0.122 (0.053)
0.083 (0.034)
0.114 (0.050)

MADE(21)
0.106 (0.042)
0.082 (0.029)
0.116 (0.042)

MADE(f22)
0.078 (0.033)
0.063 (0.021)
0.072 (0.034)

0.05
0.15
0.95

MADE(23)
0.215 (0.094)
0.145 (0.056)
0.197 (0.089)

MADE(B24)
0.196 (0.084)
0.134 (0.053)
0.195 (0.084)

MADE(23)
0.140 (0.055)
0.091 (0.034)
0.136 (0.051)

MADE(f24)
0.103 (0.044)
0.082 (0.032)
0.108 (0.044)

MADE(23)
0.087 (0.028)
0.064 (0.024)
0.095 (0.032)

MADE(24)
0.080 (0.029)
0.065 (0.021)
0.076 (0.026)
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Table 4: Simulation results for 3;; -(-) for i = 3,4 and for 1 < j < 4.

T n = 500 n = 1500 n = 4000

MADE(B31) MADE(B32) MADE(B31) MADE(B32) MADE(B31) MADE(832)
0.05 0.249 (0.110) 0.193 (0.082) 0.192 (0.059) 0.141 (0.047) 0.113 (0.038) 0.089 (0.030)
0.15 0.163 (0.068) 0.142 (0.057) 0.118 (0.043) 0.087 (0.039) 0.088 (0.028) 0.067 (0.020)
0.95 0.302 (0.111) 0.238 (0.079) 0.190 (0.056) 0.158 (0.051) 0.119 (0.038) 0.097 (0.030)

MADE(f33) MADE(fS31) MADE(fS33) MADE(fS34) MADE(fS33) MADE(Ss4)
0.05 0.191 (0.076) 0.178 (0.075) 0.150 (0.049) 0.145 (0.052) 0.101 (0.034) 0.096 (0.026)
0.15 0.137 (0.054) 0.133 (0.057) 0.092 (0.031) 0.094 (0.039) 0.071 (0.021) 0.069 (0.024)
0.95 0.246 (0.076) 0.230 (0.078) 0.149 (0.047) 0.135 (0.041) 0.098 (0.033) 0.092 (0.030)

MADE(fBs1) MADE(Bs2) MADE(Ss1) MADE(Bs2) MADE(S41) MADE(Ss2)
0.05 0.201 (0.107) 0.242 (0.086) 0.167 (0.053) 0.149 (0.062) 0.119 (0.045) 0.096 (0.034)
0.15 0.172 (0.075) 0.145 (0.057) 0.127 (0.044) 0.104 (0.034) 0.082 (0.028) 0.069 (0.024)
0.95 0.283 (0.107) 0.243 (0.075) 0.206 (0.058) 0.169 (0.059) 0.109 (0.040) 0.095 (0.032)

MADE(f43) MADE(B44) MADE(B43) MADE(S4) MADE(B43) MADE(S44)
0.05 0.234 (0.086) 0.235 (0.073) 0.134 (0.049) 0.149 (0.057) 0.092 (0.035) 0.100 (0.036)
0.15 0.147 (0.059) 0.134 (0.053) 0.107 (0.039) 0.110 (0.038) 0.067 (0.024) 0.071 (0.025)
0.95 0.224 (0.074) 0.221 (0.089) 0.160 (0.056) 0.172 (0.049) 0.091 (0.033) 0.093 (0.029)

given in Section 2.4 via evaluating the pointwise confidence intervals (CI) with the asymptotic
bias ignored. To do this, define @’() as the asymptotic variance calculated by the estimators
presented in Section 2.4. Then, we compute the average of empirical coverage rates (AECR) of
95% pointwise CI of 7, ,(-) and S;; -(-) without the asymptotic bias correction for 1 <4, j < 4,

defined as,
B

1 & X X
B DD L{viir(2k) € Fijr(2) £ 1.96 X se(%ir(21)) )
k

b=1

AECR(%J}T) =

where se(;;-(-)) = [@’(’yiw())/nh] 1/2, In{ij.r (+) € ij- () £1.96 x se(%j.-(-)) } is an indicator
function which equals to 1 if 7,5 ,(+) is covered by the interval 4;; -(-) & 1.96 x se(9;;-(+)) in the
bth time of replication (equals to 0, otherwise), and the number of replication times is B = 500.
Similarly, AECR(8i;.+), se(Bij-(-)), and L,{Bij+(-) € Bijr(-) £ 1.96 x se(fB;;-(-))} can be defined
in the same fashion. The simulation results are presented in Table 5, for n = 4000 and 7 = 0.05,
0.15 and 0.95. From Table 5, one can see basically that for each setting, AECRs of 95% pointwise

CIs are close to the nominal level 95% for all settings. In general, the results of this simulated
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experiment demonstrate that the proposed procedure is reliable and works fairly well.

Table 5: Average of empirical coverage rates (AECR) of 95% pointwise confidence intervals for 7;; ,(-) and
Bij~(-) without the asymptotic bias correction, for 1 <¢,j < 4 and n = 4000.

T Coverage Rates of 4;; () Coverage Rates of B”T()

AMie Az s e Bie Bize Bise B
0.05 0.945 0.951 0.945 0.967 0976 0.976 0.972 0.976
0.15 0.940 0.942 0.921 0.931 0.965 0.951 0.954 0.957
0.95 0.944 0903 0.949 0.935 0.971 0.965 0.967 0.964

Aote  Aoor Ao Aear  Porr  Poor  Poss  Poan
0.05 0.946 0.963 0.955 0.969 0.976 0.980 0.977 0.973
0.15 0.950 0.944 0.905 0.930 0.959 0.960 0.959 0.961
0.95 0.969 0.934 0.963 0.939 0978 0.985 0.979 0.977

A3 Asze Asse Asar Baie Ba2e Bz Baar
0.05 0.973 0.954 0.965 0.972 0.981 0.978 0.984 0.977
0.15 0.963 0.957 0.939 0.940 0.965 0.968 0.964 0.949
0.95 0.965 0.902 0.961 0.950 0.974 0974 0.976 0.975

A Aazr  Aase Aaar Bar Baor Bazs  Buanr
0.05 0.972 0.948 0.959 0.973 0982 0.973 0.978 0.977
0.15 0.959 0.951 0.934 0.929 0.961 0.967 0.966 0.958
0.95 0.979 0903 0.961 0.956 0.969 0.981 0.968 0.975

4 An Empirical Example

4.1 Empirical Models

In this section, the proposed model and estimation methods are applied to constructing and
estimating a new class of dynamic financial networks in international equity markets. Different
from the existing literature, the interdependences of this class of networks vary with a smoothing
variable of general economy. Motivated by White et al. (2015), we consider the dependence
between current and one-day lagged VaR. In particular, we define each linkage in our network
as the dependence between VaR of return of one market index at time ¢ and that of another at

time ¢ — 1. Therefore, our network can be written as following equation system:

VaRi = v, (Zi-1)VaRi_1, i=1,2,...,K, (13)
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where VaR;_; = (VaRq-1), ... ,VaR,i(t_l))T is a vector of VaRs for all market index returns at
time t — 1 and VaR;; is the VaR of the ith market index return at time ¢, which is described as
follows VaR; = —inf{Y e R: P(Y;; > Y|F—1) <1—7} = —inf{Y e R: F(Y|F—1) > 7} for
i=1,2,--- ,kat agiven 7 € (0,1). Here, F;_; is the information set to present all information
of the ith return available at time ¢ — 1 and F'(-|F;_1) represents the conditional distribution
function of Y, given F;_;. In addition, Z; ; is a smoothing variable of general economy and
Yir() = (ire (), - Ve (-))T is @ K X 1 vector of functional coefficients. Then, we extract
the quantile estimation of functional coefficients from equation system (13) and construct the
matrix [Ty +(Zi_1)| = (|%j,r(Zt-1)]) .. as our financial network, in which, |¥;;-(Z;—1)| represents
the strength of dependence between VaR of return for the market index ¢ at time ¢ and that for
the index 7 at time ¢ — 1, under 7-th quantile level, and is driven by the smoothing variable Z; ;.
Here, taking absolute value on each 4;;.(Z;—1) enables us to calculate and analyze indicators
of connectedness, and details are reported in Section 4.3 later. Thus, matrix ‘f‘l,‘r(Zt—l)| is
useful to capture risk interdependence and how it changes with a smoothing variable Z;_;. Note
that entries [Ty +(Z;_1)| correspond to the absolute value of the estimated values of {7;;,(-)} in
the network model in (3). Therefore, our three-stage procedures can be applied here for direct
estimation of the interdependence among VaRs of returns for the market indices.

It is necessary to mention that we restrict our attention to the time-varying interdependence
between VaRs of four financial market indices’ returns at time ¢ and those at time ¢ — 1°, though
Xu, Wang, Shin and Zheng (2022) detected significant contemporaneous effect of connected nodes
on the conditional quantile function of financial return in the common shareholder network and
the headquarter location based network. Different from the predetermined networks studied

in Xu et al. (2022), the proposed financial network in our real example is constructed by tail

®Note that because of volatility persistence, the VaR of financial return may have a long memory behavior.
However, according to the empirical results in Engle and Manganelli (2004) and White et al. (2015), the specifi-
cation of autoregressive for dynamic quantile with lag one seems to perform well in out-of-sample testing. Thus,
to simplify the implementation of our methodology, we follow White et al. (2015) and only consider modeling
the dynamic pattern between VaR at time ¢ and its one-period lag in this empirical study.
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dependence among unobserved VaRs of financial indices’ returns, where observable information
of relationship among nodes (e.g., binary network data) can hardly be found. Thus, it still
remains unclear to us whether contemporaneous interaction among VaRs of financial indices is
significant in our real example or not. A rigorous study of this important issue is left as a future

research.

4.2 Data

Our dataset includes the daily series between January 5, 2006 and February 10, 2021 for four
major world equity market indices: the U.K. FTSE 100 Index, the Japanese Nikkei 225 Index,
the U.S. S&P 500 Composite Index and the Chinese Shanghai Composite Index (SSE). We model
the 4th index’s return series Y;; = 50 log(m;¢/m;:—1)), where ¢ = 1, 2, 3, and 4 corresponds to the
four aforementioned market indices in turn and 7; is ith index level at the tth day. The time
range of data includes the financial crisis in the U.S. in 2008, the European sovereign debt crisis
of 2011-2012, and the COVID-19 pandemic starting from 2019. The daily series of four market
indices are downloaded in Yahoo Finance and the estimation sample sizes n = 3254. Thus, we
take m = [0.8n'/%] and K = [1.5n'/%] in this empirical study. Similar to the example in Monte
Carlo simulation study;, h is selected by the nonparametric AIC criterion as in Cai and Xu (2008)
and the Epanechnikov kernel is used. Although it is feasible to introduce more kinds of market
index into the equation system (13), due to the computational burdens, we only consider risk
co-dependences among four major markets’ indices.

As for the smoothing variable Z;, we choose Z; = 50log(D,/D;_1), where D, is the U.S. dollar
index on the tth day and can be downloaded from the Federal Reserve Bank of St. Louis. The
U.S. dollar index measures value of U.S. dollar against the currencies of a broad group of major
U.S. trading partners, higher values of the index indicate a stronger U.S. dollar. This choice of
smoothing variable is reasonable, because the exchange rate has been regarded as an important

factor associated with international transmission of risk in many empirical studies. For instance,
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Menkhoff, Sarno, Schmelling and Schrimpf (2012) discussed the relation between innovations
in global foreign exchange volatility and excess returns arising from strategies of carry trade,
through which the risk spillover transmits from one country to others. In addition, Yang and
Zhou (2017) showed that volatility spillover intensity increases with U.S. dollar depreciation.
We do not claim that the U.S. dollar index is the only choice for smoothing variable, but we
choose the U.S. dollar index because it contains more information about risk transmission among
international equity markets. It is desirable to consider other variables of economic status as the

smoothing variable and this may be left in a future study.

4.3 Empirical Results

The empirical analysis in this section includes two steps: First, we estimate ;; ,(Z;_) for
each market index in the equation system in (13) under 7 = 0.05. Second, we use the estimated
value of 7;;-(Z:—1) to construct the matrix |IA‘1,T(Zt_1)|, and do network analysis based on this
matrix.

Before exploring the matrix |IA‘1,T(Z,&,1)|, it is important to exam whether each 7;;-(Z;_1)
in (13) varies significantly with Z;_; or not. To this end, we estimate each 7;;,(Z:—1) and
corresponding 95% pointwise confidence intervals with the asymptotic bias ignored. Figure 1
depicts the corresponding estimation results, in which ij-th panel represents the result for ~;; - (-),
respectively. The black solid line in each panel of Figure 1 represents the estimates of the v;; -(-)
for 1 < 4,5 < 4 in (13) along various values of Z;_; under 7 = 0.05, and the red dashed lines
are 95% pointwise confidence intervals for each estimate without the asymptotic bias correction.
From Figure 1, we clearly see that most of coefficient functions vary significantly over the interval
[—0.75,0.75], which means that we can not use fixed-coefficient dynamic quantiles models to fit
the data.

Next, we consider analyzing the matrix |T'y,(Z;_;)|, in which each entry is |vi;-(Zi_1)|.

To simplify notation, Z;,_; and 7 are dropped from |;;,(Z;—1)| and |¥;;-(Z;—1)| in the matrix

27



(@)
N
o
Ty)
Q -
o
-
-
o
]
© _ / - . / - | ,»\;/_
© © /! o 7| . " (@) Y
- . , . i ¢ -
(\! o /,,/ , \ _ \__’-' o /’\("/—r"ﬁ""-\-\_,-..\_
© B ; AP PAC T - ° /\'/r“un \ﬁ
N » ~ o 7 - \\\ o~ e
N — ’ LN 1 -
. o " Ay N ~ — \
c|) ’./f ,// — \\ o "\\
[ . pN N )
© e © - - ..
S o 7 S L9 ~
1 - i v -
T T T ' T T T T T T T T T
05 00 05 05 00 05 05 00 05 05 00 05
I A
. o
™~ N
o AN N
- \\ (@]
— ‘-\ '\-\
o . Thone Qe
\ o \\,. =
L . -
h = -\\‘-\. —
< \\\ N \\\
3 N ~ s
! | | T T T | Q
05 00 05 05 00 05
D
| o
< n =
o o - |
o
N o
o (=) -
o -
To) [}
‘\\ ,_r"'\/ Q @ |
o~ o
Q | [ | | | [
05 00 05 05 00 05 05 00 05 05 00 05

Figure 1: Plots of the estimated coefficient functions 7;;,(-) for 1 <i <4 and 1 < j <4 in (13) in the main
article under 7 = 0.05 (black solid lines), in which ij-th panel represents the result for v;; - (-), respectively. The
red dashed lines in each panel indicate the 95% pointwise confidence interval for the estimate with the asymptotic
bias ignored.
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Ty +(Z_1)], in what follows. Then, |%;| in the matrix |T'y,(Z, )| represents the magnitude
of dependence between the risk of market index ¢ at time ¢ — 1 and that of market index j at
time t. For the purpose of visualization, by following Hérdle et al. (2016), we first define the
levels of connectedness. The connectedness with respect to incoming links (CIL) is defined as
2?21 |9ji|, which measures the risk spillover that was emitted from all four market indices one
day ago and is received currently by a certain market index. Analogously, the connectedness
with respect to outgoing links (COL) is defined as 3"+, |%;|, which measures the risk spillover
emitted from a certain market index one day ago and is received currently by all market indices.
Here, 7,5 = 1,2, 3,4 correspond to the four aforementioned market indices in turn. Intuitively,
the CIL measures exposures of individual indices to systemic shocks from the financial network,
while the COL measures contributions of individual indices for risk events in the network. Other
than the CIL and COL, we also analyze the total connectedness in the global market, which is
equal to 2?21 Z?:l 94| and indicates the total risk spillover in the global market, see Hardle et
al. (2016) for more applications about these types of connectedness.

Figures 2 and 3 display the corresponding results along the same values of Z; ;, under
7 = 0.05, respectively. In Figure 2, each panel displays the CIL and COL subject to the U.S.
dollar change. The solid line in each panel represents values of COL and the dashed line indicates
values of the CIL. For Figure 3, the vertical axis measures the total connectedness appeared in
international equity markets and the horizontal axises in both figures are the same as those in
each panel of Figure 1.

Figure 2 shows that the curves of all four major market indices vary greatly over the interval
[—0.75,0.75] and become larger when there is either appreciation (Z;—; > 0) or depreciation
(Zi—1 < 0) of U.S. dollar. In particular, when the U.S. dollar experiences appreciation and during
the “bad times” of the market (when Z;_; > 0 and 7 = 0.05), domestic prices of commodity
in Europe, Japan and China may increase, which pose risks on domestic companies. Then, all

investors who invested corporations in the European, Japanese and Chinese markets suffer from
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Figure 2: Connectedness with respect to outgoing links and connectedness with respect to incoming links for
four market indices with 7 = 0.05. The solid line in each panel represents values of connectedness with respect
to outgoing links and the dashed line in each panel indicates values of connectedness is for incoming link.

loss of returns, causing both CIL and COL to go up in all three markets. For the U.S. market,
U.S. assets may become favorable among global investors during the U.S. dollar appreciation,
while investors in the U.S. market who invested corporations in the rest of the world face loss of
returns. These two forces lead the U.S. market to be both more important to the global market
and to be more vulnerable to risk events in the global market, respectively. Thus, both curves
in the panel of S&P 500 index increase.

As for the case when U.S. dollar depreciated (Z;_; < 0), profits of investment on domestic
corporations in European, Japanese and Chinese markets may increase, which encourage in-
vestors to give leverage in investing corporations in these three markets. Therefore, both types
of curves in all three markets, as well as the CIL in the U.S. market increase. Nevertheless, global
investors who invested assets in the U.S. market subject to adverse situation, which results in

an upward movement of COL of S&P 500 index. In addition, due to the increase of leverage,
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European and Japanese markets can affect the global market more easily, causing COL to dom-
inate CIL in these two markets and CIL to dominate COL in the U.S. market. In the Chinese
market, corporations associated with export subject to harmful impact. Under this unfavorable
environment, investors in China may be more willing to invest assets from outside of the Chinese
market. This trend makes the Chinese market become more vulnerable to global risk events,
causing CIL to dominate COL.

It is interesting that in the European and Japanese markets, during the U.S. dollar appre-
ciation (Z;—; > 0.5), the COL dominates CIL. These dynamic patterns in the European and
Japanese markets may be explained by the so called “carry trade”. The carry trade refers to
borrowing a low-yielding asset and buying a higher-yielding foreign asset to earn the interest rate
differential plus the expected foreign currency appreciation. Due to the relatively lower interest
rate in the European and Japanese markets within our time span of study, as Z; ; > 0.5, carry
traders who borrowed low-yielding assets from the Japanese or European markets and bought
assets from the U.S. market enjoy the increase of excess returns to carry trade. As a result,
these two markets become less vulnerable to risk events caused by carry traders, which makes
the CIL become smaller than COL in these two markets. While in the U.S. market, since the
price of risky assets relies heavily on the demand of carry trade during U.S. dollar appreciation,
it becomes much easier for the U.S. market to be affected by the global market. Therefore, the
CIL dominates the COL in the U.S. market.

Figure 3 sheds light on the variation of risk spillover in the global financial market. Observed
that in Figure 3, the total connectedness of all four market indices demonstrates an U-shaped
pattern. It means that total risk spillover in the four major markets decreases when Z; _; becomes
larger within the interval [—0.75,0]. As Z;,_; exceeds 0, the risk spillover intensity is magnified.
In general, Figure 3 shows that the relationship between total risk spillover and the U.S. dollar
change switches its pattern at a certain threshold of the U.S. dollar change, which is a relatively

new result in literature.
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Figure 3: Total connectedness in international equity markets with 7 = 0.05.

5 Conclusion

In this paper, we investigate a functional coefficient VAR model for conditional quantiles,
which is new to the literature. A three-stage procedure is proposed to estimate coefficients func-
tionals and the properties of asymptotic normality for the proposed estimators are established.
The simulation results show that our new estimation methods work fairly well. In addition,
there is little literatures regarding the relationship between the variation of financial network
and the general state of economy. Based on our approaches, the proposed framework allows to
study how the network characteristics of risk spillover in a financial system vary with the state
of economy.

There are several issues still worth of further studies. First, it is interesting to visualize the
topological change of our financial network and to measure the transition of risk spillover among
different market indices when the general economy is shifting. Technically, these studies can be
realized by our econometric model. Second, the asymptotic properties of functional coefficients
in our model provide solid theory to test the abnormal variation of financial network. Third, it is
meaningful to allow for cross-sectional dependence in the current model. Although some methods

have been developed to deal with cross-sectional dependence in the literature of conditional mean
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models, due to the nature of conditional quantile model, it is not obvious to extend these under
the quantile setting. Finally, if Z; in (2) is time, then the model in (2) provides a good start for
studying conditional quantile estimation of ARCH- and GARCH-type models with time-varying
parameters; see, for example, the papers by Dahlhaus and Subba Rao (2006) and Chen and Hong
(2016) for the time-varying GARCH type models. We leave these important issues, together with

some possible extensions as mentioned earlier in the paper, as future research topics.
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Appendix to “A Functional-Coefficient VAR
Model for Dynamic Quantiles and Its
Application to Constructing Nonparametric
Financial Network”

Appendix

Appendix A: Notation and Assumptions

Notation

Throughout this article, 0, stands for the (a xb) matrix of zeros and I, is the (a x a) identity
matrix. For a vector v = (vy,...,v,)", let ||v|le = maxi<j<, |v;] and |v]ls = ( 1 lv;[*)Y¢,
s > 1. Specifically, let ||v]|2 = ||v]| be the Euclidean norm. For a set of vectors {wv;}*,, let
R, v =v; @ ®v,. Given two sequences of positive numbers a, and b, write a, < b,
if there exists constant C' > 0 (does not depend on n) such that a,/b, < C. For a sequence
of random variables z,,, we use the notation z, <, b, to denote x, = O,(b,). For a set A, we
denote card(A) as the number of elements contained in A. For any finitely discrete measure Q
on a measurable space, let £9(Q) denote the space of all measurable functions f : X — R such
that || fllo, = (Q|f]9)Y? < oo, where Qf = [ fdQ. For a class of measurable functions F,
the e-covering number with respect to the £7(Q)-semi-metric is denoted as N'(e, F, || - [|g,4), and
let ent(e, F) = logsupo N (e[| Flla.q: F, || - lla,q) with F' = supscx|f| (the envelope) denote the

uniform entropy number. Detailed discussions about the uniform entropy number can be found

in the Section 2.6 of Van Der Vaart and Wellner (1996).
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Assumptions

First, some necessary conditions are provided for the theoretical proofs of Theorems 1, 2 and
3 as well as the consistency of the estimated covariance matrix, together with some discussions

on the assumptions. Note that the same notation is used as in the main text.

Assumption A.

Al: For all z € [a,b], let A;(x) = Ts1.(2)x and B, (z) = I, — I'1 -(2)z, where T'z1,(2) and
Iy -(2) are defined in (4) of the main text. Suppose that A,(x) and B,(x) have no common
factors so that A (x) # 0, for |x| <1 and B,(x) # 0, for |x| < 1.

A2: For d > 2 defined in Section 2.3 of the main text, K = O(n®) and R, = O(n®) for some

o < 1/3 and 2(?33(1) < ¢1 < ¢o. In addition, the number of nonzero components r, satisfies
rn = 0(n==).

A3: There are vectors ¢y;r € RX, ¢,;i. € RE and ¢s;5, € RE such that SUD,e(q,) |Vio,r(2) —

bKT(Z)CO,i,T| = O<K_d); SUPe[q,b] |’7ij,T(Z> - bKT(Z)C%ij,T

= O(K™") and sup,ci,y |Bij-(2) —
VAT (2)epij| = O(K™), for 1 <i,j < k.

A4: For1 <1<r, and0<j <k, oyj.(-) € H;, where H; is defined in Section 2.3 of the main
text. Each entry in the vector g_(-) is (s+1)th order continuously differentiable in a neighborhood
of zy for any zy € [a,b]. Here, < is defined in Section 2.2 of the main text.

A5: f.(z) is a continuously marginal density of Z and f,(z9) > 0.

A6: The distribution of Y given Z and W has an everywhere positive conditional density
fyizw(-), which is bounded from below by f and above by f, and satisfies the Lipschitz con-
Raw O < T,

where f)(/1|)ZW() is the first derivative of fy|zw (). Finally, the kernel function K (-) is a bounded,

tinuity condition. Here, W is defined in (10) of the main text. In addition,

symmetric density with a bounded support region. Let po = [12K(v)dv and vy = [ K*(v)dv.
AT: {(Yi, Z)} in model (2) is a strictly stationary sequence with c-mizing coefficient a(t) which
satisfies Y oo, t'a®=2/5(t) < oo for some positive real number § > 2 and v > (§ — 2)/6.

A8: There exist (small) positive constants ty > 0 and wy > 0 such that P{maxi<;<, Y? >
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n=1} < exp(—n®2).

A9: EW W/ |Z, = 2] and E]W W fyzw(q-(20, W))|Z, = 2] is positive-definite and con-
tinuous in a neighborhood of zy. In addition, E||Y||*" < oo with §* > 6. Finally, there exists
postive constants Cy, Cy, ¢1 and cq, such that ¢(v) < Cq, @(r) < Cy, o(t) > ¢ and ¥(t) > ¢y for
any t < n.

A10: The class of function F. = {v — .(v,¢),]lc]lo < v,1 < v < n} is pointwise mea-
surable and satisfies the entropy condition ent(e, F.) < Ctlog((nV M,)/e€) for some constant

C > 0 and for all 0 < ¢ < 1. In addition, for some v > 0, maxscr,

f@)llg0 < o0

and |92 |ly,0 < co. The map ¢ — E{¢-(V;,c)|F} is twice continuously differentiable and
¢ o = [[maxeee O E{Y7(V., €)|F }Hp,0 < 00, for some fized and closed interval C.

Al1l: /\n70R,1L/2n_1 — 0, n7Y2\,; — 0 and R,_LI/Q)\TL’I — 00. The bandwidth h satisfies
h=0Mn"1%), h—0, nh — oco.

A12: f(w,w|Y, Y l) < H < oo for £ > 1, where f(w,w|Y o, Y ;0) is the conditional density
of (Zo, Zy) given (Yo=Y, Y, =Y).

A13: n1/2—5/4h6/6*—1/2—6/4 — O(l)

Remark A.1. Assumptions Al is a condition for the functional coefficients to be well-defined,
which is similar to that in Chen and Hong (2016). The assumption on R, in A2 is for the
manimum signal strength of the coefficients in the true active set, which is also used in Sherwood
and Wang (2016). Assumptions A3-A6 are common in literature of spline approzimation and
nonparametric estimation. A7 is a standard assumption for a-mixing. A8 can be implied when
the mazimum of Y;? follows a generalized extreme value distribution, which is generally satisfied
for weakly dependent data; see also Xiao and Koenker (2009). The first and second parts of
A9 is commonly required for the model identification, when W is a-mixing. By Lemma 7 of
Tang et al. (2013), the last part of A9 can be satisfied under the construction of tensor-product
B-spline bases proposed in Section 2.2. The first part of A10 is adopted from Chernozhukov et al.

(2021), which requires 1. (v, €) not to increase entropy too much. The finite moment conditions

A3



in the second and the last part of A10 can be implied by some primitive assumptions provided
in Chernozhukov et al. (2021). The divergence of Ano and A\,1 in A1l are necessary to derive
Theorems 1 and 2, which are similar to the setting in Tang et al. (2013). A12 is very standard
and used for the proof under mixing conditions. A13 allows one to verify standard Lindeberg-
Feller conditions for asymptotic normality of the proposed estimators in the proof of Theorem
3; see Cai and Xu (2008) for details on nonparametric quantile regressions models for a-mizing

time series.
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Appendix B: Mathematical Proofs of Theorems 1 and 2

In this section, we give certain lemmas with their detailed proofs that are useful for proving
Theorems 1 and 2 in the paper. Of course, notations and assumptions that are used here are
the same as those in the main article. Also note that C' and M are denoted as generic constants
that may vary across occurrences. Recall that A}, = {6 € RM" : ||§], = 1,||d][o < ¢} is the
t-sparse unit sphere in R™» and we use the notation E, to represent the conditional expectation
E{|Z,W} = E{:|Fi_1}. In proofs of all lemmas and theorems, 7 is dropped from ¢, for

simplicity.

B.1 Some Lemmas

Lemma B.1. Let (3 be the minimizer of the function Y\ p,(Yi—X[ ). Then, || 21—, X (Y,—

X[ Bl < dim(X) maxi<, [|X]|-
Proof. The proof follows from that of Lemma A.2 in Ruppert and Carroll (1980). O

Lemma B.2. Suppose Assumption A1-A13 hold. Let Q.(c) = E[p.{Y, — II]c}]. For each

c € RM» | satisfying ||c — ¢€|la = ¢,, > Cr, K~ and ||c — €|l < m, we have

QT(C) - Q’T(é) > CCI("T")(QQZ N Cn)

for some constant C' > 0.

Proof. Using Knight’s identity as in Knight (1998), the law of iterated expectations and mean
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value theorem, we have, for 7 € [0,II, (¢ — €)],

QT(C) - QT(E) - E[_HtT(c - é)'lpT(Y;f - HtTé)]

1/ (c—¢)
=F / Fyizw(Il e+ 2|2, W) — Fy|zw(I1, €| Z, W)dz]
0

IT, (c—¢) 22
Y /0 2fyizw (L] €|Z, W)—i—;fS')Z’W(HtTé-i-ﬂZ, W)dz] (B.1)
>E1HT —¢))? I1'elZ W f, I, (c —¢))?
> 2{ i (e =)} fyizw(Il, e|Z, W) E||II, (c — ¢)|

Bl 8, — L gy

N’II\

where § = <€ ¢ AT, _and f" is defined in Assumption A6. Meanwhile, by Assumption A3, there
exists a constant C' > 0 such that supz, ¢ (4 yjra(ra+12 lal(Z,)W,—I1 e| < 30", sup,, ez, o (21)—

Bj¢i;.| < Cr, K= Then, we have

BT (e = ), (Y, — 10 €)]| =|E{11] (c ~ ) E[u. (v; — T1] ¢)| 2, W] }|
B (c - 0)/¢,]
2| B (e - 0)/¢,]

<fCr,K~%,

By Assumption A9, ¢(m) is bounded from above. Thus, combining (B.1) and (B.2) yields

Q.(0) - Qute) =L 6PI¢ - L By 811 - o7 VA
L prspie - L ey (B3)
“Lprerie + Leyeric: - Lopmyaric,
Next, define

f

¢ = sup {c  Qr(e+¢d) — Q.(€) = FC*E((T1] d)?, for all d € A‘}\}n}.
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By construction of ¢ and the convexity of Q,(-), for any ¢ such that ||c — ¢|lo < m, we have

inf cA™ QT((_: + Cmd) - Qr(é)
QT(C) - Qr(é> > %E[(H:(C - é))z] A {C” = C“ }
Since
infyeap, Qr(€+Cad) —Q-(€) fo()¢y
aeap, > ¢,
G 4
and
LBl (e - @) > ci—f—g(m),
4 4
we have
0.(e) - Qu(2) 2 ¢, Q(‘Z)C“‘ A Cifgflm) (B.4)
Note that for any ¢, if
Lo BIWSSP  f
©2 27 ok, plmyor 2

it follows that

i e T
S BT 8162 - LB 8¢ > o

Then, by (B.3) and the definition of {;, we have ¢y > ¢ > 2%,19(1‘71) This, in conjunction with

(B.4), implies that

0.(c) - 0.() > ¢, L2 {1 AL ﬁ(ﬁm)}@i AC) = Cra()(C A C).

1 2f
These complete the proof of Lemma B.2. O
To obtain an upper bound for m = ||&;||o, we focus on the following optimization problem,

AT



which is the dual problem of the linear programming problem of (10) in the main text:

acR”
t=1
RN A
s.t. |n 1;Plutat < ;’0, l=1,....m,u=1, ..., (1+r)K (B.5)
(T_1)<at<77t: ) , 1,
where a = (ay,...,a,)" and P is the uth element of Py,.

Lemma B.3. Suppose Assumption A1-A13 hold. The number m = ||¢,||o of nonzero components
in ¢, satisfies

. . n?@(m
= [|elo < n A M, A %.
n,0

Suppose that Y7, ...,Y, are absolutely continuous conditional on W,... W, Zy,..., Z,, then
the number of interpolated points, card({t : Y; = I &}) is equal to W with probability approaching

to 1.
Proof. The proof follows directly from that of Lemma 6 in Belloni and Chernozhukov (2011). O

Based on the rough upper bound of m = ||&,||o in Lemma B.3, one can further refine the
upper bound of m. Indeed, by the complementary slackness condition of linear programming in

Theorem 4.5 of Bertsimas and Tsitsiklis (1997), we have

a A
~ . —1 ~ _\n0
G > 0iff ™Y Puis, = .
t=1
and
él<01ﬂ:‘n—1§npla _ _2no (B.6)
u utt,r n ) .

t=1
for1 <l <mand 1l <u < (1+r)K', where Py is the uth component of P and a, =
(@17 .,0n,) " solves the dual problem (B.5).

Let ¢.(V;,¢) = {I(Y; < II] ¢) — 7}, be the score function of the tth observation, where
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Vi = {Y,, IL;}. Similarly, let . (V,, . (Z,)) = {I(Y; < o] (Z,)W,) — 7}I1;, where o, (Z;) =

(] (Za),....af , (Zy))" and W, = (W, ,,...,W/] 7. Then, define

Su(€) =0 (Vo) =n ') {I(Y; <M e) — 7},

t=1

and

P =0y 0 (Viar(Zy) =0t ) {1, < ol (Z)W,) — 7},

t=1 t=1

In addition, define the set of t-sparse vectors near & as R((,,m) = {e € RM : |lefly <
i, Cr, K~ < ||c—¢|]y < ¢, } and the sparse sphere associated with a given vector ¢ = (¢s)1<s<n,
as S(c) = {6 € RM» : ||8]|s < 1,support(d) C support(c)}, where support(§) = {y: 4, # 0,1 <

)< My, 0 = (9,)1<,<m, } and support(c) = {s : ¢; # 0,1 < 5 < M,,c = (¢s)1<s<m, }- Also,

define

ol m, M) = sup nY2[87[8° — B{S}]|

seAy,
e1(m,n, M,) = sup n1/2|5T[Sn(E) — B{S,(e)} — (S° — E{SO})H,
seAY,
EQ(Emﬁ"a n, M,) = sup nl/z‘é—r[sn(c) — E{Sn(c)} — Su(e) + E{Sn<é)}]|7

ceR((,,1),6€8(c)

and

e3(Cpym,m, My,) = sup n'2|8[E{S,(c)} — E{S.(e)}],
cER(C,,,Wm),6€5(c)

where AY, = {86 € RM" . [|§]|, = 1, [|6][o < m}.

Lemma B.4. Suppose that Assumption A1-A13 hold. Then, for any 0 < € < 1 and for some

0 <v<1/2, we have

eo(m,n, M) Sp (log((n v My)/€)"2 (147 1,0

where ¢27, is presented in Section 2.3 of the main text.
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Proof. Similar to the proof of Lemma B.10 in Chernozhukov et al. (2021), since

eo(M,n, My) = sup 02N 6T [0, (Vi, ar(Z4)) — E{:(Vi, @ (Z0)}],

5€Ax1n t=1

consider the class of function F, = {v — & ¢, (v,a,(Z;)),§ € A¥, }, the cardinality of the
set is card(F,) = nV M,. Then, for any 0 < e¢ < 1, the corresponding covering number
is given by supo N (€||Fullg2: Fa, || - lla2) = (nV M,)/e, with F, = supscz, |f|. Recall that

27t = Y. (V;, a-(Z;)) and applying the tail probability bounds in Lemma B.4 in Chernozhukov

et al. (2021), we have
eo(m,n, M,) < (log((n v My)/e))" /2 max | f(v.)[ly.0 < Clog((n v M) /€)"H2197 Nl 0-

Then, we complete the proof of Lemma B.4. O

Lemma B.5. Under Assumption A1-A13, we have

ex(t,n, My) Sp v/m((m) V o(m)).

Proof. First, write e1(m, n, M,,) as

e1(m,n, M,)) = sup nl/QéT[Sn(é) — S~ E{S,(e) - SO}H

seAy,

= sup n /2 va(a)—E(vm(a))‘
66‘4?[" t=1

< sup n~V/? va(a)—Et(vm<5))‘+ sup n~ 2> " E(Viu(8)) — E(Viu(6))
SEAY, t=1 SEAY,, t=1

EBnl + Bn2

where Vi, (8) = [0 (Y; — 1] &) — . (Y; — o] (Z,)W,)]6 'TI,.

Now, we derive the upper bound of B,,;. For any 0 < ¢ < 1, covering the ball A‘}V\}n with cubes
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C = {C.}, where C, is a cube with center §, and side length 1/n, we have that card(C) = n™ =

N(n) and for 6 € C,, |6 — 6,| < @'/2/n. Thus,

B, = sup n~1/?2
seAy,

> Viald) = (Vi)

t=1

2,8, —Et<vm<<sz)>‘

t=1

ey {[wT(Yt ST E) — (Y — @] (Z)W,)]

t=1

B (Y —TL) — (Vi — o <zt>wt>}}

=DB,11 + Bnia.

We only focus on By, since B, can be bounded in the same way. Notice that for any b > 0,
- (Ve — HtTé) — (Y — CYTT(ZtWVmb = I(uz < Y; < ug), where uz; = min(ga, g3) and
g = max(qor, q3¢) with gy = II[ € and g3, = o] (Z,)W,. Therefore, by Assumption A6, there
exists a constant C' > 0 such that

E{[¢. (Y, =] e) = (Y, — & (Z)W,)|'| 20, Wi} = Fyjzw (ua) — Fyizw (us,) B7)

< O/ e — o (Z)Wi,

which implies by Assumption A3 and A9 that

EfVau(®)P < ClT e — o (Z)W,| (% S oy 5) < Cry K—p(sh).
t=m+1
Thus, we have
W, = Z EyViu(8.) = E(Viu(8.))” < Z Ey[Vou(8,)]* = O(runK (1))
t=m-+1 t=m+1

All



and

n

UZ = Z [Var(8) — Et(vnt((sz))]? = Op(rnnK_dSO(ﬁl))'

t=m+1

Also, notice that 7,,(8,) = {Ve(9,) — Ei(Vi(8,))} is a martingale difference sequence. Therefore,

let L = r,nK~%p(m) and M = /mp(m). Thus, we have

P max t;I{Vm Ey(Voe(6,))} >M]
< N(n)max P _ tZH{VM Ey(Vii(6:))} >M]
< N(n)maxP - i Nt (8,)| > vV/nM, W2 + U? <L]
+N(n) mZaXP_ zn: Nt (8)| > /M, W2+ U? > L] Dypi+ Dya. (B.8)
t=m i1

For D, ;, by exponential inequality for martingale difference sequences (see, e.g., Bercu and

Touati, 2008), we have

N(n)max P Z Nt (8,)| > V/nM, W2+U2<L]
! t=m+1
<2N(n) n”
<2N(n)exp 5T |-

For D, s, because P[W2+U2> L] < P[W?>L/2] + P[U? > L/2] and each term can be
bounded exponentially under Assumptions Al, A7 and A8. Thus, B,11 = O,(y/mp(m)). Simi-
larly, one can show that B,12 = 0,(/me(m)). Therefore, B,; = O,(1/my(m)).

Next, we consider B,,». Similar to the proof of Lemma B.4, define the class of function F,z =
{v 8" (v, 0, (Z,) . (v, €)], 8 € A, }, the cardinality of the set is card(F,e) = nV M, For
any 0 < € < 1, the corresponding covering number of F,; is given by supo N (€| Fucll 0,2, Faz || -

lo2) = (nV M,)/e, with F,; = supscz,.|f|. Therefore, for any f € Fy, there exists a set
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Fozp such that mingep,., ||f — f'|lo2 < € where € = €l|2F ¢l 0.2, and the cardinality of Fe,, is
card(Fozn) = (nV M,)/e. Let ¢y = f(vi) = (¢s1)1<s<card(Fae.) De the vector of length card(Fuz)

and denote J)S,t = E(¢st|Fi-1) — E(¢pss). Then,

n

Z q\és,t .

t=1

B, < max '/
1<s<card(Faz,n)

Thus, applying the tail probability bounds in Lemma B.4 in Chernozhukov et al. (2021) to the

vector és,t, we have with probability greater than 1 — o(1),

max 1/2
1<s<card(Fae,n)

N

(log((nV M) /)2y 0 (B.9)

Z¢st

To bound ||@s.. ||, 0 in (B.9), notice that by (B.7),
Elow | < CM e — ol (Z)W,* E{ TLIT] 8} < C(ru K~*)*3(h).

Following Wu (2005), the definition of ||¢s.. |20 implies that ||, [lo0 < 2(E|ds|?)"/2. Since
(El6iP)? < (Elss?)"/? when p > 2, we have ||@s, [ly,0 = supys2 q 2[5 g0 < |65, ]l20 <
C(r,K=%)\/p(m). Thus, (B.9) becomes to

Bp < max  n V2 Zcﬁst (log((n V M,)/€))" T2 (r, K~ /3(m) < C/m(m).

1<s<card(Faz,n)

As P(By1 + Bps > z) < P(Bp < 2/2) + P(Bpe < x/2), we complete the proof of Lemma

B.5. 0

Lemma B.6. Under Assumption A1-A13, for any 0 < ¢ < 1 and for some 0 < v < 1/2, we

have

ca(Cutt i, Ma) Sy (dog((n v M) /) (P02 + | max Ao (V, O Hluo}-
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Proof. The proof of Lemma B.6 is similar to that of Lemma B.9 in Chernozhukov et al. (2021).
In particular, consider the class of function F, = {v — 8" [)-(v, €) — ¢, (v, €)], ¢ € R(C,,, 1), €
S(c)}. By Assumption A10, the entropy of the function set F, is given by ent(e, F,) <
Cmlog((nV M,)/e€), for some C' > 0. Therefore, for any f € F., there exists a set F., such that
mingep,, |f — f'llo2 < € where € = €||2F,| g2, F. = supscz, |f| and the cardinality of F,, is

card(F.,,) = ((n Vv M,)/e)°™. Then, we have

n

up LS X ()~ B ]| < 2
eFe t=1

where x(f) = arg min||f — f'[|g2. Define E, (f) = E,(f(v)) = n~ ' >0, f(v). Hence, with
frefe

probability 1 —o(1),

e9(C,,, 0y, M,) = sup n'2|6"[S,(c) — Sa(€) — E{Su(c) — Sa(@)}]]

c€R((,,.M),6€S(c)

=n!/? sup HEn(f) — E{n(f)} = E(f) + E{m(/)} + [E{n(f)} — E{W(f)}”

feFe

<on'/%e 4+ n'/? E,(f)—E
<2n'€4n frggﬁ\ (f) — E(f)]

<2n!'/%€ 4 nt/? Jnax |Ea(f) — Eu(E(f|Fi-1))]
Elen

+n!/? ffggi ’En(E(f|ft—1)) - E(f)‘
=2n'%€ + Cpy + Chs.

(B.10)

Now, we look for the bounds for (), ;. Consider the function set F.,, for each f € F,, let

01 = f(vr) = (st)1<s<card(F.n) A P¢ = (Pst)1<s<card(F.,) De vectors with length card(F,,) =
(nV M,)/e)°™, where @.; = ps; — E(pss|Fi_1) form martingale differences. Again, following
Wu (2005), the definition of ||3,.||20 implies that ||@s. |20 < 2(E|Pss|?)V? < 8(E|wss|?)2.
Moreover, by |8 [1,(v, €) — 1, (v, €)]| < C|d"T1,| for sufficiently large C' > 0, we have E|p,,|? <
supgeag, EI6TILY] = G(). Since (E|@o ) < (El@o[?)/2 when p > 2, we have |3, .0 =

supso ¢ 2G5 lgo < N|@sellz0 < Cy/@(m). Then, applying the tail probability bounds in
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Lemma B.4 in Chernozhukov et al. (2021) to the vector @,;, we have with probability greater

than 1 — o(1),

Cun Sp (W log((n V M) /€)" 218, [ly,.0 < Clirlog((n v My)/e)) 2 (p(m)) 2. (B.11)

Next, we handle the term C, . Again, for each f € F.,, let @5 = E(pst|Fi-1) — E(ps.t)-

Then,

Cha < max n~1/?2
1<s<card(Fc,n)

n
§ Sps,t .
t=1

Moreover, for 1 < s < card(F,,), there is a function g corresponding to each f € F, such
that ¢, = g(vi, €), where ¢ € R(~n,ﬁl). By the mean value theorem and the continuity of the

function g, we have

8(vs, ¢) = 0cg(vy, €*)(c — €,

where ¢* is the corresponding point which joins the line segment between ¢ and ¢. Then,

max 1/2Z<Pst— max n 1/22869 (vg, ") (e — e),

1<s<card(Fe,n) C*GFCCm

where FZ, collects all the points of ¢ according to F,. Thus, we have

max 1/229057: p(mlog((nV M, )/@)VH/QH@CQ(W’ w0

1<s<card FC n)

(B.12)
S(ilog((n v M,)/e)" || max  9E{-(V,¢)|F }Hly, 0

ceR(¢,,,m

As P(Cp1+ Cho>x) < P(Cpy <2/2)+ P(Ch2 < x/2) and collecting the results from (B.11)

and (B.12), we complete the proof of Lemma B.6. O

Lemma B.7. Under Assumption A1-A13, we have




Proof. The proof is the same as that of Lemma 4 in Tang et al. (2013). We omit the proof

here. O

Lemma B.8. Let @, , = ||max,cpe w0 E{Ur(V., )| F |y, 0 and p(m = /p(m)(f/p(m

Suppose that Assumption A1-A13 hold and Y1, ...,Y, are absolutely continuous conditional on

Ziyeeis Zny, Wi, ooy W, Then, for some 0 < v < 1/2, we have

\/g\/” log((n v M,)/e){(p(m))"/* + ®F o}

n,0

L&A+

W (mlog((n Vv M,)/€))”.

Proof. Similar to Tang et al. (2013), four vectors of rank scores (dual variables) are defined to
derive the proof:
1. the true rank scores, a; . =7 — I(Y; < [ (Z,)W,) for t = 1,.
2. the oracle rank scores, a;, =7 — I(Y; < HtTé) fort=1,....n
3. the estimated rank scores, a;, =7 — I(Y; <TII] &) fort =1,...,n
4. the dual optimal rank scores, a; ., t = 1,...,n, that solve the dual program (B.5).
Let T = support(¢), and let IL,7 and €7 be the corresponding sub-vectors of II, and ¢,

respectively. From (B.6), we have that

Vin = [|sign(éz)]|s = H 2t L Ll (B.13)
2
Using the triangle inequality on (B.13),
)\n,O\/tTn < tT{dt,T - at,‘r} tT{at,T - at,T}
(B.14)

tT{C_Lt,T -

*
+T Q¢ 7

To bound the first component, following the proof of Lemma 5 in Tang et al. (2013), we observe
that a;, # a¢, only if ¥, = HtT&. By Lemma B.3, the penalized quantile regression fit can
interpolate at most m points with probability one. This implies that n=* Y7 {a;, — at .} <

A16



m/n. Thus, by Cauchy—Schwarz inequality,

n n
Z ,7{a;, —a;,}|| <n sup n* Z 16" TL,| |Gy — ayr|

t=1 2 (SEA?I»,L t=1
n 1/2 n 1/2
S”( sup nt Z |5THt|2) (”_1 Z |G- — at,r|2) (B.15)
oAy, t=1 t=1

%

gn(sooﬁ)%)m AT )

For the second component, note that by Lemma B.6 and B.7,

n

> (Htf{at,r — i, — B[ z{a, — atﬂ’])

t=1

<
2

n
Z IL7{at, — Gz}
t=1

2

+

2

Z ElLp{at, — G }]
t=1

Snl/2€2(&nv fﬁ, n, Mn> i 77,1/253(&"’ I'T‘l, n, Mn)

<y/nilog((n V My)/e)(ilog((n v My)/€)" {((w))"/* + &F_ o}

+ny/@(m)(\/@(m) ¢, A1)

(B.16)
To bound the third component, following the same argument as in the proof of Lemma 5 in Tang

et al. (2013) and by Lemma B.5, we have

n

> (Maans — ot} - Bl st i, )

n
Z Ht’f{&tﬂ' o a:,T}
t=1

<
2

t=1 ?
+ Z E[HtT{at,T - a:,r}]
t=1 2 (B.17)
<n'Zey(w,n, M,) +n sup ‘5T[E{Mn(é)} — B{M"}]|

[ eA‘]\?{n

SpV/nm(G(m) V o(m)).
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As for the last part, we use lemma B.4 to obtain

n
*
Z I, a; -
t=1

S 7’L1/2€0(ﬁ1, n, Mn)
2

(B.18)
Spv/mmlog((nV My)/e)(log((n v M) /€)) 02147 |l ,.0.
Then, combining (B.15)-(B.18), we have
- nlog((nV M,)/e 5(m))Y2 + @
Vi Syp) @ 1)+ Vi AP DUEOTEE 50} 10 1, ),
n,0 n,0
which gives us the result in lemma B.S. 0

Lemma B.9. Suppose that Assumption A1-A13 hold. Let Q.(c) = E{p,(Y; — 11 ¢)}, Q,(c) =

n 1Y p (Y; —II] ¢). Then, we have

QT(C> - Q‘r(c) - (QT(E) - Q‘r(é)”

R

(B.19)

Sp\/—%((ﬁl + Ra) log((nV M) /€)1 2{(@(0 + Ra))'? + @, o}

uniformly over ¢ € R(¢,,,m).

Proof. Note that —(CEE)T Sn<é”&_zc + f(‘:) is the sub-gradient of QT<C&_ZC + ?é), where

&'n > |le — ¢l|2 and ||c — €||p < m + R,. Therefore, we have

1Q:(¢) = Q-(e) = (Q-(€) — Q:(©))] < by +bs,

where

A18



and

By Lemma B.6,

Cn -
bl Sn_l/Q / 52(C717 m + Rn7 n, Mn)dz -
0

< Sn
NP\/’

ea(C,, M+ Ryym, M,)

§\"“

(W + Ry)log((n v M,)/€))2{(p( + Rn))"? + @F o}

As for by, define the class of function F. = {v +— 8 ', (v,€),8 € A';\ZR"}. Then, similar to the

proof of Lemma B.4, one can easily show that

by Sp \r(log((n V M) /e)) max {1 (v )llvn.0 = ofbr)-

Then, Lemma B.9 is proved. 0

B.2 Proof of Theorem 1:

PT’OOf. Recall that &n = ||E! - é”g, m= ||é||0 and moy = M VAN (W q2>.

(I) We first show that m < mg if X > /2. Since m < M, is trivial, we only need to verify the

2

_ n
result for mo = m%

By Lemma B.3, we have

Suppose that m > mg when X > 1/2. Therefore, we have m = ¢my for some ¢ > 1. By definition,

m satisfies the inequality

n%(m)'

m <
— 2
)‘n,O

(B.20)

Since A, = Ry/nlog(n V M,)p(mg + R,,)(mglog(n Vv M,))"E for some 0 < v < 1/2 and ¢(mo)

A19



is bounded, it is clear that A, > N\/n log(n\/Mn)go(mo)%. Inserting this bound on A, g,

mo g—i, and m = my into (B.20), one can obtain that when X > /2,

_ n
" log(nVMy)

n’ Lp(ﬁmo) q2 n q2
n = fmo < -~ 2L — g <t
=S nTog(n v M) p(ma) 17 Nlog(n v M) 2 w0 = e

which is a contradiction.

(I1) We now prove that ¢, = 0,(1).

Define T = {l : ||¢,|l > 0,1 =1,...,m} = {1,2,...,7,}. Let & denote a vector whose T
groups agree with that of ¢, and whose remaining groups equal zero.

By definition of ¢ and since ||éz||1 < ||€||1, we have

A A oy A0 . An0 /- .
Q-(¢) — Q-(e) < Z (lefls = fleflr) < ; (Ilells = llezll)
Ano |- _ An0y— -
<==llell: = llezl.| < —==lle — ezl
n n
A i A
I = pt ,0 P
< :L ;Rl,nHC_CT||2§ :L V Rncn

Applying (B.19) yields

QulE) = Qrle) 5, 220V R+ (-4 Ro)og((n v M) /) (5000 + R + 8, o)

By Lemma B.2 and by the definition of ¢,,, we obtain,

(60 A &) S 0V R+ SR+ By og((nV M,)/€) P (B( + Ba)) 405, )
(B.21)

By Assumption A9, A1l and by the construction of A, o, one can obtain that

(i)
An,O\/Fn _

n

0p(a),

A20



(i)

(Rnlog((n V My)/€))"/2{(p( + Ra))'/2 + @F o}

\/ﬁ ) :Op<q)

F<
q

C)\nO\/Rn (Rn>y
— Ve R O(N

ni mo

(iii)

M\/n log((n V M,)/e){(g(m + Ra))'" + @F o}

/\n,O

(mlog((nV My)/€))” = op(a).

v+1/2
for some constant C' > 0 and by choosing € such that (log((nan)/e)/ log(n\/Mn)> = o(N).
Result (iii), the fact that u > q, m < n A M, and the empirical sparseness in Lemma B.8 imply
that

Vit S, i (G A 1) + Vio, (1), (B.22)
n,0

which implies

Vin <, (B.23)

n
)\n,O ,

Using (B.23), m < n A M, and m > R,, in (B.21) gives

I(@ > R)a(C A€y

& 200 g Gy TR IO R 850} 1131,

:&nop(q)a
(B.24)

where the last equality follows by results (i) and (ii). On the other hand, when m < R,,, (B.21)

yields

v+1/2 £ ( 5( 1/2 c
160 < RAE A 8,) 5 20V R, + B PR ) Bl

(B.25)

where the last equality follows by results (i) and (i) and g > g. Adding both sides of (B.24)
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and (B.25), we have
a(Cn A &) = Co(a). (B.26)

Dividing both sides of (B.26) by q and by ¢,,, we have I(¢, > 0)(, A1) <, I(C,, > 0)o,(1),
which implies that ¢, = 0,(1).
(I11) Finally, we derive the rate of convergence of ¢, and the final bound of . Using the

result ¢, = 0,(1) and (B.22), we have

=y nGy,
n,0

(B.27)

When m < R, the final bound of m is found. Otherwise, plugging (B.27) into (B.21), we have

Cn
\/ﬁ
-9 nlog((n € 1/2 S0, . ~9

< &2, YoV M) /UG + Ba) 24 O0} o0y M) 00 = Eon().

An,O

(1 + Ro) log((n v My)/€))" 2 {(@(0 + Ra))Y? + @5 o}

This, in conjunction with ¢, = 0,(1) and (B.21), gives that

T "Ofc +&20,(a)

or equivalently,

¢ S AnoV B, (B.28)
nq

Finally, inserting (B.28) into (B.27), we obtain the final bound of ||€||y, which is ||€]p = m S,

(1/9) Ry 0

B.3 Proof of Theorem 2:

We obtain from Theorem 1 that ¢, = o0,(1), t = ||&]lo <, Rn, and all the nonzero &,

1 <1< rp,, are selected with probability approaching one. Recall that T, = {I : ||&] > 0,1 =

A22



1,...,m}. Since ||¢[lo <p Rn, we conclude that card(7),) is bounded by mus < CR,, for some

positive constant C. Without loss of generality, we define IT4; = (P},,..., P, )" and denote

T T

_ T
ca=(c,...,c,,

. A)T as the corresponding sub-vectors. Therefore, we

)l and eq = (¢/,...,¢
rewrite (11) in the main text as
1 n

Ani <A
Qulea) =~ ST oo Y- 1) ea) + 71 ;wlﬂclﬂl. (B.29)

t=m+1

Denote ¢4 as the minimizer of 1(c4). The definition of &; and the consistency of the first-stage
estimator together indicate that there exists two positive constants C; and C5 such that @; < C}
for1 <Il<r,, and @, > 02&;1 for r, +1 <1 < myu. By Assumption A9, one can verify that, the
eigenvalues of n=!' Y% gl A,tnj;,t are uniformly bounded away from zero and from infinity,
with probability approaching one.

(I) Proof of part (a)

Proof. To show the variable selection consistency, we only need to verify ¢; = 0, for [ = r, +

1,...,m4, which suffices to prove that

9 .
%‘:*‘)<O, if ¢, <0

0Q1(ca) :
T ocm > 0, if Cly > 0

foru=1,...,(1+x)K'and [ = r, + 1,...,m4. To this end, denote 14, as the tth element of

Iy, foroe{l,...,(1+k) 3" | K'}, we need to show that

Z V(Y — Hz,téA)HA,zt < A1y

t=m+1

for il € {r, +1,...,ma}. Indeed, by Lemma B.1, we have

> (Y, — T ea)Tlay

t=m+1

<R, max |[I4.]=O0O(R,).

m+1<t<n
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Then, with C RY? = 0 and by Assumption All, one has

E U, (Vi = T e ) a || < CRAGLE, = CE RV (R Y2 M) = o(1),

t=m+1

n 10)[

where the first inequality follows from w; > 02&; 1, for r,+1 <1 <my. Thus, ' Yo (Y
Hl’téA)HAﬂt is dominated by A, 1@y, for [ = r, +1,...,m4. These complete the proof of part
(a). O

(ITI) Proof of part (b)

Proof. Define C,, = {ca : |ca — €42 = C(R,/n)"/?} for some sufficiently large C' > 0. Using

Knight’s identity, we have

n

n{Qi(ea) = Qi€ = Y lpAY: —iea} — po{Y: — I} €a}]

t=m+1

mA
+ Ana Y @lllell = )
I=1

ELnl + Ln2 + Ln3 + Ln4>

where
Lnl = Z Hl,t<cA - EA>wT(}/t - HX,tcA Z Lnt )
t=m+1 t=m+1

n

LnQE Z E

t=m+1

HA,t(CA ca)
/ I(Y, — HLEA <z)—I1(Y, — HLEA < 0)dz|,
0

n

HA,t(CA ca)
Lis= Y { / I(Y, —II} 4 < 2) — I(Y; — IT ;&4 < 0)dz
0

t=m+1

—F

HA,t(CA ca)
/ I(Y, =T eq < 2) — I(Y, — 1 ;&4 < 0)dz
0

A24



and

ma
Lot = Ap ) @i(lleill = [[&ll).
=1

First, we derive the upper bound of L,;. Notice that

E(Ly,)? = Z Var(L,,) + 22 C’ov nll),L(l()EH))
t=m+1
dn—1
< nVar( L( )) + 2n Z |Cov(L Sl), (1)“1 | 4+ 2n Z |Cov(L 211)7 (1)“1 )|
= J1 + JQ + J3,

with d,, — oo specified later. First, we consider the last term, J3, in the above equation. To this

end, using Davydov’s inequality (see, e.g., Corollary A.2 of Hall and Heyde (1980)), one has

1 7@
n17L (£+1)

|Cov(L )| < Ca' P (O[B|L 1P, (B.30)

Notice that for any k > 0, [, (Y; — I} ,eq)|* = |7 — I(Y; < IL},ex) | = |I(Y; < &) (Z)W,) —

1Y, < HLEA)V“ . Therefore, by Assumption A6, there exists a C' > 0 such that

B[ (Y = TL) ) || Ze, W] =E[1(Y, < o] (Z)W,) — 1(Y; < TL} &) Z, W]

<Fyizw(a] (Z)W|Z, W) — Fyjzw(IL},e4|Z, W) < Cr, K,

which implies that

E|Ly{ " = BT} (e — ea)’ ¢ (Y; = L} €4)|") < C(Ry /n'/?)r K~
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This, in conjunction with (B.30), gives that

Ty SOn((Ra/n"Yr, K= 37 a2 20(0) < Cn(REfmyr2 K2 3 0012 (0)
{=d,, (=d,,

=Ry - 0( Ry (rn K) T K 24007200 ) = o(Ry,)

by choosing d,, to satisfy dﬁri/ 1 — ¢ and by Assumption A2. As for J, again by choosing

sufficiently large C' > 0, we use Assumptions A2 and A6 to obtain

|Cou(LY)

nl>»

Liesn)| < BILILLG

1 1
) Cn| + BILQEILY, | < C(R./n)

It follows that J, = O(d, R,,) with d,, = o(R,,). Analogously,

Ji S nB(Ly)? =nE[IL} (ca — et (V; — TT) e4)]?
=nE(ca — ea) TLA T} (ca — ea) (¥ (Y; — I} 1€4))°]

=0(R*r, K™% = o(R,),

where the last equality holds due to Assumption A2 for d > 2. Thus, L,; = O,((d,R,)"?) =
op(Ry,). Second, we derive the lower bound of L. Indeed, let bp 4, = H;ﬁtéA —a (Z,)W,, we

have

n H;’t(CA—éA)
Le= ) / Fyizw (o (Z)W, + bpas + 212, W)
0

t=m+1

— Fy|Z7w(a;r(Zt)Wt + bR,A,t|Za W)dZ

n Hg’t(cAféA)
= E / fy|Z,W(O|Z, W)ZdZ<1+0p(1)>
0

t=m+1
ZCt:;rl §{H£,t(CA —ea)}’ = C§(CA —ea)' t:;rl HA,tHZ,t(CA —e4)

>Cnllea — eall; = O(R,),

where the second equality follows from mean value theorem and Assumption A3.
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Furthermore, we derive the upper bound of L,3. Notice that

HA t(cA Ca) 2
Var(L Z / I(Y, =T} ,eq < 2) — (Y, — I}, ,e4 < 0)dz
t= m+1

SEK 3 <HA,t<cA—cA>)2]

t=m+1

Then, similar to the derivation of bounding L,;, one can show that L,3 = 0,(R,). We omit the

detailed proof here. Finally, we consider L,4. Clearly,

Lpa 2Ana Zwl el = [lelr) Z (le: —ellv)

=1 =1

> = CAa R e — @l = =CAiR)|lea — eall

=1

=CR,n" Y2\, 1 = o(R,)

by Assumption All. Combining the above results yields P(inf.,cc, n{Qi(ca) — Q1(¢a)} >
CR,) — 1. By the convexity of Q1(ca) — Q1(¢4), we have that for any € > 0, there exists a
constant C' > 0 such that P(|l¢a — €al| < C(R,/n)"/?) > 1 — €. Therefore, the proof of (b) is

completed. O
(IIT) Proof of part (c)

Proof. The proof of part (c) follows by combining part (b) with max,,;1<i<n ||[TLa:|| = O(R}/ %),
because

- < es—eall = 1/2y
m—{rll%ii |q’rt QTt| -Ell%ii ||HA,t||||CA CAH Op(Rn/n )
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Appendix C: Mathematical Proofs of Theorem 3

In this section, we give certain lemmas with their detailed proofs that are useful for proving
the Theorem 3 in the main article. Of course, notations and assumptions that are used here are
the same as those in the main article. Also note that C' and M are denoted as generic constants

that may vary across occurrences.

C.1 Some Lemmas for Proving Theorem 3:

Lemma C.1. Let (3 be the minimizer of the function S wip-(Yi— X, B), where w, > 0. Then,

|30 w X, (Y, — X[ )| < dim(X) maxi<,, [Jwe X |-

Proof. The proof follows from that of Lemma A.2 in Ruppert and Carroll (1980). See also

Lemma A.2 in Cai and Xu (2008). O

To obtain Bahadur results given in Lemma C.8 (below), we need to introduce some notations.
In Lemmas C.2 - C.7, 7 is dropped from ¢, for simplicity and we use the notation E; to repre-
sent the conditional expectation E{|Z, W} = E{:|F,_1}. Let I, = (P{,,..., P, )" be the
submatrix consisting of the first 7, compositions of IT, = (P],,..., P} )7 corresponding to the
active covariates. Without loss of generality, we set the first r,, compositions of ¢4 be non-zero,

that is, €4 = (¢;,...,¢] ,01)T = (¢],07)7. Similarly, let ¢4 = (¢],...,¢] ,0")T = (¢/,0")T

g » Crp

have the same definition as that in the Appendix B. In addition, let Y* =Y, — aI(Zt)Wt and

bre =) (Z)W, — H;téa. The oracle property in Theorem 2 implies that ¢4 = (&),07)7 is a

minimizer of (B.29) in the Appendix B. Then, define

1 Y >\n w Ca
Gn(Ca) ) Z {m = 1Yy < T (e — €) = bre)} Loy + %

t=m+1

>\n w\Ca
EGOn(Ca) + L <c )a
n
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where

R~ _
Gon(ca) = - Z {r—I(Y;) <0 ,(co — €,) — bry) 1y

t=m-+1
and A, 10(€0) = (Aniaisgn(e] ), ..., A i@y, sgn(e, )", Similarly, define
G (co) = Z {7 — Fyizw(a (Z)W, + T1 (¢, — €,) — bry|Z, W),

t m+1
and én(ca) = Gple,) — Gile,).

Lemma C.2. Under Assumption A1-A13, we have

IGa(@a)ll = Op((Ra/n)'7?).

Proof. Notice that by Assumption A1l and by the fact that &, < C for 1 <[ < r, and some
constant C' > 0, we have ||n~'\,.10(€4)|| = o(n~"/?). Then, by triangle inequality, ||G,(€,)| <
|Gon(€a) — G%(€4)| + o(n~%/2). Following the proof of Lemma A.3 in Horowitz and Lee (2005),

one can show that ||Gon(€,) — G%(€,)|| = O,((R,/n)'/?) and the lemma is proved. O

Lemma C.3. Under Assumption A1-A13, we have

IGu(&a)ll = OB /).

Proof. Note that
1Gn(€a)ll <[Gon(€a)ll + 17 [ An10(Ea)ll

= {r = 1Y) <TL, (&0 — €4) — bry) oy

t=m+1

Z {r—1(Y; <I1],¢&,)}1L,,

t m—+1

+n! H)‘n,l,w(éa) |

+n7! H)‘n,l,w(éa) H

<n'R, max ||| +n "Aiw(e)| (by Lemma B.1in Appendix B)

m+1<t<n

O(R}?/n),

where we use the fact that |[n 7'\, 1., (¢4)]| = o(n™1/2). O
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Lemma C.4. Under Assumption A1-A13, we have

sup G (€a) = Ga(€a) | = 0p((Bu/n)'7?).

lléa—all<(Rn/n)1/2

Proof. Define 9 = &, — €, and 1,(9) = L, {I(Y;* < II] 0 — br,) — I(Yy < —bpy)}. Clearly,

Et{m(fﬁ’)} :Ha,t{FY|Z,W(aI(Zt)Wt + Hlt@ — br|lZ, W)

+ Bypzw(o] (Z)W, — bry|Z, W)}

Notice that

. % /= 1« . .
Gn(ca> - Gn(ca> :E Z {T - I(Y; < Hlt(ca - ca) - bR,t)}Ha,t

t=m+1

1 .
_ E Z {7' — Fy|Zﬁw(a:(Zt)Wt + H;—,t(ca — Ca) — bR7t|Z, W)}Ha’t

t=m+1
1 n
— = Y AT = I < —bpy) My
n t=m+1
1 n
+ ﬁ Z {7’ — Fy|Z’W<OCI(Zt)Wt — bR7t|Z, W)}Ha,t
t=m+1
+ )\n,l,w(éa) . An,l,w(éa)
n n
- s s
) [1:(9) = E{m(9)}] + o(n~"/?),
t=m+1

where the last equality holds due to Assumption A1l. To finish the proof, it suffices to show

that, for any a € {a € R : ||a| = 1},

n

o' [1:(9) — Ec{m(9)}]| = 0,((nR.)"?).

t=m+1

sup
DI <(Rn /n)1/2

Similar to the proof in Xiao and Koenker (2009), covering the ball {||9| < C(R,/n)"/?} with
cubes C = {C;,}, where Cy, is a cube with center 9, and side length C/(R,,/n®)'/2, so that N(n) =
#(C) = (2n®)Bn. Therefore, because for 9 € Cp, |9 — O] < C(R,/n??) and I(YVF < x) is

nondecreasing in x,
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n

sup
[9I<C (R /n)t/?

a () — Et{m<f9>}1'

t=m+1

Z a [ (9y) — Et{ﬁt(lgk)}]‘

t=m+1

+ max Z |(GTHa,t)|{bnt(19k) _Et(bnt(@k))}‘
m—+1

< max
1<k<N(n)

1<k<N(n) || 4

+ max
1<k<N(n)

3 |<aTHa,t>|{Et<dm<@k>>}'

t=m+1

EMl + M2 + Mg,

where by (9y,) = I(Y; < L] 0y —bp,) —I(Yy < T} 05 —bg,+C(R,/n*?)|IL,|) and d..(9y) =
1Yy < Mg = brg + C(Ra /)| Wagl)) = 1Yy < T 95 — by — C(Ra/n®?)[May)). The
analyses of My and M3 are similar to those in Welsh (1989) and Xiao and Koenker (2009), so
that our focus here is only on M;. Notice, for any b > 0, |I(Y < Hlt@k —bry) — (Y] <
—b];g,t)|b = I(d3; < Y; < dy), where d3; = min(cyy, oy + ¢3¢) and dyy = max(cy, Cor + €3¢) With
cot = —bpry and c3 = H;t@k. Therefore, by Assumption A6, there exists a C' > 0 such that
E{| (Y < T 0 —bre) = 1(Vy < =bra)|’|Ze, Wi} = Fyzw(du) — Fyizw(ds) < C[TI] 0y <

C(R,/n)"Y?|| I, ||, which implies that
Eifam(9)]* =Eifla T, | 1(Y; < Hz—lz—,ték —bre) = I(Y; < —bry)[’]

1 n
<C(R,/n)Y?R./? {ﬁ > aTHa’tH;tal < C((R,/n)Y?RY?).

t=m+1

T
a,t:

where the last inequality holds due to the boundedness of eigenvalues of n=' Y ¢ 1 I 11

Thus, we have

W2 =" Efa" {n(d) — Em(O))})> < D Efa m(9))* = O((nR,)'*R)/?)

and
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n

Sp= > la"{m(d) = E(n(0:)}) = Op((nRa)'*R/?).

t=m+1

let L = (nR,)"2. Thus, we have

P

max
1<k<N(n)

Also, notice that & () = {n,(9%) — E,(n:(9;,))} is a martingale difference sequence. Therefore,
1 =~ 1, - ;
9y) — Ei(m (0

mtzm;rl{a {m (V) e(me ()}

> ]
’% Z {a"{m (D) — Et(ﬂt(’&k))}}’ > 5]

< N(n) m]?XP

< N(n)max P Z ant(@k) > \/nR,e, W? + 82 < L]
b L' t=m+1
+N(n) m]?XP Z a'&(91)| > \/nRe W2 + 82 > L] =1+ L. (C.1)
t=m+1

For I, by exponential inequality for martingale difference sequences (see, e.g., Bercu and Touati,

2008), we have

N(n)max P Z a'&(0)| > V/nRye W? 4+ 8% < L]
k t=m-+1
(nR,)e
<2N — .
<2N(n)exp ( 5T

For Iy, because P (W2 + 82 > L] < P[W? > L/2]+ P[S? > L/2] and each term can be bounded
exponentially under Assumptions A1, A7 and A8. Thus, M; = o,((nR,)*/?). This implies that

Gn(€s) — Gu(C) = Op(n_l(an)l/Q) = 0p<<Rn/n)1/2)- O

Lemma C.5. Under Assumption A1-A13, we have

sup 1Ga(ea) = Gr(ea)ll = Op((Ru/n)"?).

1ea—€al|<(Rn/n)!/2
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Proof. Using triangle inequality, write

sup [Gn(ea) — Gr(ea)]| < sup ”én(éa) - én(éa)“ + ||én(éa)||
[€a—Call<(Rn/n)t/? [€a—€al|<(Rn/n)'/2
Then, the desired result follows immediately from Lemma C.2 and Lemma C.4. O

Define (I)n,a =n"! Z?:m+1 fY|Z,W(QT(Zta Wt)>Ha,tH:1r,t7 (I)a = E[fY|Z,W(QT(Zta Wt))Ha,tHlt]
and (g = max,,t1<i<n |[IIa¢||. Note that (p = O(R,lz/z). In addition, by Assumption A9, the
smallest eigenvalue of ®, is bounded away from 0, and the largest eigenvalue of ®, is bounded

from above. Using Davydov’s inequality and similar to the proof strategy of Lemma 4 in Horowitz

and Mammen (2004), we can argue that the ||®, , — ®,]|> = O,(R%/n) = 0,(1).

Lemma C.6. Under Assumption A1-A13, we have

* (A A — 1 - *
Gn<ca) - _Qn,a(ca - Ca) + 5 Z fY\Z,W(QT(Ztv Wt))Ha,tbR,t + an

t=m-+1
where R, = O(Cgl|éq — €u|?) + O(Crr2 K—24).

Proof. Using a first-order Taylor series expansion and by Assumption A9, for sufficiently large

constant C' > 0, we have

N .
Grlea) =— > Ar = Frizw (ol (Z)W, + 11 (€, — €,) — bpy|Z, W) 1,

t=m+1

1 <« .
Zﬁ Z {FY|Z,W(QT(Zt> Wt)|Z, W) - FY|Z,W(QT(Zt7 Wt) + Hlt(ca - Ca) - bR,t|Zy W)}Ha,t

t=m+1

. ., 1<
- - @n,a(ca - ca) + ﬁ Z fY|Z,W(QT(Zt; Wt))Ha,tbR,t

t=m+1

+C max |[[Tln" > {TL] (&0 — €2) — bra}?

m+1<t<n
t=m+1
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N
= - q)n,a(ca - Ca) + E Z fY|Z,W(QT(Zt7 Wt))Ha,tbR,t

t=m+1

+ CCR{(éa — &) ®,4(¢, — €,) + max bﬁ%’t}

m+1<t<n

N
= - q)n,a(ca - Ca) + E Z fY|Z,W(Q’r(Zt7 Wt))Ha,tbR,t

t=m+1

+ CCR)\max(q)n,a)(éa - Ea)T(éa - éa) + CCR max b?%,t

m+1<t<n

N
= - q)n,a<ca - ca) + E Z fY|Z,W(qT(Zt7 Wt))Ha,tbR,t

t=m+1

+O(Crllea — €all*) + O(Crri K—).

Then, the proof is finished. O

Lemma C.7. Under Assumption A1-A13, we have

1 n
H_ Z fY'Z,W(q’T(Zt7 Wt))Ha,tbR,t = O(TnK_d)
n t=m+1
Proof. This can be verified by direct calculation and by Assumption A3. OJ

Lemma C.8. (Bahadur representation) Under Assumptions A1 — A13, one has,

A

Y

Il
(e}

v — Cq :n_1@;1 Z ¢T(Y;*)Ha:t

t=m+1

+n7' @ Y Frizw (00 (Z, W) ubry + Ry + 0,(n™'/2),

t=m+1

where R,, satisfies

1Rl = Op((Ru/n)'? + R,/Pri K721).

Proof. Write

Gn(€a) = Gn(€a) + [Gul@a) — Gr(€a)] + Gy (). (C.2)
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By Lemma C.6, (C.2) can be rewritten as

D, 0(Cq — Co) = — Gpl€a) + GrlCy) + [Gn(€a) — Gn(ea)]

L& (C.3)
+ - Z Iyizw(a-(Ze, W) )Mo bR + R,

[ S—

Applying Lemma C.3 and Lemma C.4, we have
L s 1 &
¢n7a(ca - Ca) = Gn(ca) —'I_ E Z fY|Z,W(q7'(Zt7 Wt))Ha,tbR,t + R’I’L7
t=m+1
where R,, satisfies
1R < (1Gr(@a)ll + |Gn(€a) = Gul(€a) | + 1Ryl = Op((Rn/n)"/? + RY*ri 27,
Define
Gu(€a) =n" > {r =T, <O} =n"" Y 4 (V)
t=m+1 t=m+1
Using arguments similar to those in the proof of Lemma C.2, we have
E[Hén(éa) - Gn(éa)||2|zv W] < Cn™'R, max bRt + Hn_l)‘n,l,w(éa)H?'
Hence, by Markov’s inequality,
Hén(éa) - Gn(éa)n = Op(n_l/Q)-

Then, the lemma follows from ||®,,, — ®,[|* = O,(R%/n) = 0,(1). O

Lemma C.9. For some 0 < M < oo and let £, = (R,/n)"?, define K,c = {(8,9) : ||[9| <

Lo, 10|l < M}, let Vi (9) and V,,(0,9) be vectors that satisfy (i) —0' V,(\0,9) > —07V,(8,9)
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for A >1 and ||9|| < £,, and (ii)

sup ||Va(0,9) + Vo, (9) + DO — A, || = 0,(1),
(e,ﬂ)EKng

where ||A,|| = Op(1) and D is a positive-definite matriz. Suppose that 8, and ¥, are vectors
such that ||V, (0,,9,)| = 0,(1) and ||V,(9,)|| = Oy(1). Then, one has ||0,] = O,(1) and

0, = D (A, — Vo(9,)) + 0p(1).

Proof. The proof follows from Koenker and Zhao (1996) and Conditions (i) and (ii) that

Vo (6,,9,) + Vo, (9,) + D6, — A,, = 0,(1). This completes the proof. O

To show Lemmas C.10 and C.11 later, 7 is dropped from g.(2). For the notational conve-

nience again, define b, = (nh)~'/? and ¢, — ¢, = Hlt(éa —€,) —bps = H;t@ —bpg,. Furthermore,

O — 9g(20)
let 8y = b;1(0y — g(z)) and 6, = hb;1(©; — gV (z)). Then, 8 = b;'H ,
O — 9(1)(20)
where H = diag{Ilsxi1,hls+1}. For convenience of analysis, we rewrite X, = Xt({9) =

X (q+ Hlt@ —bpr,) because it contains ¢. Similarly, X (1) = X (¢ + H;tﬁ —bry), X;[(9¥) =

. A R X(9)
X(q+ T, 9 —bpy) and X, = X;(9) = X[ (¢ + 1, 0 — bg,), where X} (9) =
ZthXt(’l9>
) X(9) X,
and X;(9) = and 2y, = (2 — z0)/h. Of course, X;(0) = X} = . Hence,
ZthXt(,l?) ZthXt

0X(9)/00 = Yy, where Yo, = (0{, 5 Moy, ..., I, 00 5 ). Next, denote v;(9) = Y; —
X (9)[g(20) +9" (20)(Z: = 20)], v (0) = Y — X [g(20) + 9" (20) (Ze — 20)] and v}, = v7,(6,9) =
v (9) — b,0" X;(9). In addition, define T*(Z;) = E|[fyz.x(q- (20, X+)) X9, (20)  Yas|Zi] and
(Z) = Elfyiz.x(4:(20, X 1)) X19,(20) " Xor|Zi]. Again, let A, = {0 : ||| < M} for some

0< M <ooand B, ={9: |9 <&} for &, = (R,/n)"/?, Therefore,

0 = arg min > p-(vf (D) = 0,0 X[ (9)) K (21) = arg min J(0).
t=1
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Now, define vector functions of 8 and ¢
Vi(0,9) = by Y - (vf(9) — 5,0 X7(9) X[ (9)K (2),

and

V,(9) = b, Z I*(Z)OK (),

t=1
where ¢, (z) = 7 —I(x < 0). In the next three lemmas, we show that V,,(0,9) and V,,(4) satisfy

Lemma C.9, so that we can derive the local Bahadur representation for 6.

Lemma C.10. Under the assumptions in Theorem 3, one has

s [[V(8,9) = V(0,0 + V,(9) ~ E[V;(6,9) ~ V,(0,0) + Va(@)]l| = 0,(1)

Proof. For any 6 € A, and for any ¥ € B,,, we have

Vo(6,9) — V,(0,0) + V,,(9)

=bn Y[ (07 (9) — 0,07 X (9)) — ¢y (v (9))] X7 (9) K ()
+ bn Z[wT(vf(ﬁ))](XZ‘(ﬂ) — X)) K (zn)

b, ZwT (07 (9)) = (0} () X K (20) + by > T*(Z)OK (z0n)

t=1

=b,, Z Vor(0,9) + b, > Une(0,9) + by Y Wia(0,9) + by > Ryu(V9
t=1 t=1 t=1 t=1

where V,,,(6,9) = [{)-(vy,) — ¥ (07 (9))] X7 (9) K (210) = (V vy ) , Une(0,9) =
(0 O] (9) — XK () = (USTUST) T Woa(0.9) = [ (07(8)) — o, (07 (0] X
WK () = (W,EPT,W,E?T)T, and Ro,(9) = [*(Z)9K (2) = (RSQT,R;?T)T with VO

[¥r () = Ve (U (O X () K (21n), Vo™ = [0 (07) — (07 (9))] X (D) 200 K (20n),

Vo= [ (i ()X (9) — XK (z), and Ul = [ (07 (9)(X((9) — X,)zunK (2). In
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addition, W, = [ (0} (9)) = ¥ (07 ()] X oK (20), Wit = [ (07 (9)) = (07 (0))] X 1200 K (200),

RY =

I'(Z;)9K (z1,) and RY = ['(Z) 92 K (z4,). Thus,

|Va(0,9) — V,(0,0) + V,(9) — E[V,(0,9) — V,,(0,0) + V,.(9)]|]

o H S|
: ZLAVJ?—EW S (U - EUR)
N S (W — H ZHR@—ERS;)) H
zz;wé?— S (R — ERY)
Sball SOV — BV 4 b Z(Vé? B
t=1
+bn||§"j<U,5?— ||+b||2 (U = EUD)|
t=1

S WD — BWD) 4 b Z(Wé? _Ew®)|
t=1
+ by Enju%“ ER)|| + bl Z R — ERY)|
=V + V@ + D +U® +wlh + WP + RY + R
As for Vél), it is easy to see that

2k+1 2k+1

=b[| D (Vi = BV, < 2l Z =BVl =D IV
t=1 i=1

where V1" = [0, (v3,) — ©r (0] (9] Xit(9) K (241,), and V'™ = b, S50 (VY — BV, Now, we

consider the variance of Vn(li) ; that is,

. 1 " 2
E(Véh))2 _ E{ Z(V(lz) Ev(lz )}

nh —
1 - (12 11) (14)
- ELz:;\/ar(vn +2Z C’ov L Vager))
1 5 dn=1
< Evar Z |Coou( nll? z+1 )+ + Z |Cou( nllv £+1))’
E dn,
= J4 + J5 + JG
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with d,, — oo specified later. First, we consider the last term, Jg, in the above equation. To this

end, using Davydov’s inequality (see, e.g., Corollary A.2 of Hall and Heyde (1980)), one has

ICov (VI VD | < a2 0) BV )92, (C.4)

nl > n(€+1)
Notice that for any k > 0, |1, (v%,) — ¥, (vF (9))|F = I(rs; < Y; < ryt), where r3; = min(pay, par +

pa) and 14 = max(pas, par + par) with pa = [g,(20) + 9% (20)(Zs — 20)]T X4(9) and py =

—L_0" X7 (9). Therefore, by Assumption A6, there exists a C' > 0 such that
Vnh t

E{|¢r(vh) = ¥r (0 (9))*| Zs, X} = Fyizx (rar) — Fyizx(rar) < Cba|07 X[ (9)],
which implies by Assumption A9 that

EWVQP = Bl (vf) — ¢ (07 (9)))°) X ()P K (210)]

< Co B0 X (0)||Xia (9)]° K (210)].

Notice that since ||| < £,, by mean value theorem and triangle inequality, one can choose a

sufficiently large C' > 0, such that || X} (49)| < C||X7]||. Then,

E[VY) = Bl () — e (0 (9))[°) X1 (9) P K2 (211)]

< ChyE[|07 X (9)]| X1 (9)°K°(213)] < Cb,E[|07 X} || X 1|  K°(211)] < Chyh.

This, in conjunction with (C.4), gives that

JG < Obi/(shQ/é_l Z al—?/é(ﬁ) < Cbi/5h2/5—1d;w Z gwa1—2/5(£) _ O(bi/éhZ/d_ld,;w) _ 0(1)
{=d, {=d,

As for Js, again by choosing sufficiently large C' > 0, we use Assumptions A6 and A12 to obtain

Cov(V 11), V(ll <E V(lz
nl

n(e+1) |+ EIVA BV,

n(e+1 £+1)|

< CE|XuX+1il K (z10) K (241)n) + Ch* < Ch®.
It follows that J5 = o(1) by d,h — 0. Analogously,

Ji=h " Var(Vi") < h ' E(V{7)?2 = Ob,).

A39



Thus, Vn(lli) = 0,(1). So that v = 0p(1). Similarly, it can be shown that V@ = 0p(1). For
US), also notice that

n 2k+1 2Kk+1

U0 = ll (0 = BUDI < 3 b Z U = BUL = 2103

t=1

where UG = [1h (07 (9))](X0i(®) — Xus) K (z0) and U = b, S (U — BUSY). By mean

value theorem, there exists 9’ € (0,19), such that

BIUS P = By, (v;(9)))°)X1(9) — X1l K (214)]

0X1;(9)

< CE[IX1:(9) — Xuil K° (1)) < CEH ( 09

0
’)
I9=7’

by the boundedness of ¢, (-). Then, it can be shown that U,; (19 = 0,(1) so that U = 0p(1).

K‘s(zlh)} < C(R,/n'*)°h

Similarly, one can also prove that UL = 0p(1). As for W notice that for any k > 0,

nt ’
[0, (v (9)) — ¥, (vF(0)|F = I(ez; < Yy < cyy), where c3; = min(dyy, d3;) and ¢y = max(doy, da;)
with dy; = [g,(20) +9" (20) (20— )] X ,(9) and s, = [g,(20)+" (20)(Z1—20)] " X ;. Therefore,
by Assumption A6, there exists a C' > 0 such that

0X1;(9)
09

Y

E{[r (07 (9)) = e (vf ()1 Ze, X1} = Fyjzx (car) — Frizx (csr) < C‘ (

)
9=1’

which implies by Assumption A9 that

EIWSV1P = Bl (vf(9)) — - (v} (0))° | Xat | K (214)] < C(R,/n/?)h.

Then, it is not hard to show that Wﬁ) = 0,(1) and ng) = 0,(1). Similarly, one can also obtain
that Rnt = 0,(1) and th) = 0,(1). Thus, it follows that for any fixed 8 € A,, and for any fixed

v € B,

[Va(0,9) = Va(0,0) + Vo (9) — E[V,(6,9) — V5 (0,0) + Vi (][] = 0,(1). (C.5)

Next, to show that the above result holds uniformly in A, and B,,, we use the Bickel’s (1975)
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chaining approach to show that
sup  ||Va(0,9) — V,(0,0) + V,(9) — E[V,(0,9) — V,.(0,0) + V,.(9)]|| = 0,(1).
9EBm,0€ A,
Now, we decompose A,, and B, into cubes, respectively, based on the grid (j;aM, ...,
JoersnyhM ) and (i1kE, . .. isoei kL), where ji, = 0, %1, ..., £[1/h]+1, 4, = 0,%1,... £[1/k]+
1, [-] denotes taking integer part of -, and & and k are fixed positive small numbers. Denote D(0)

and D(1) the lower vertex of cubes that contain @ and 9, respectively. Then,

sup  ||Va(0,9) — V,(0,0) + V,(9) — E[V,(0,9) — V,,(0,0) + V,(9)]||

YEBm,0€Anm

< sup  [[V(D(6),0) = Va(0,0) — E[V,(D(8),0) — Vo (0,0)]]

T 9€Bm.0CAn

+ sup  [Vo(D(8),9) - Vo (D(6),0) = E[V.(D(0),9) — Va(D(6), 0)]|

YEBm,0€Am

s |Vi(6,9) = Vi(D(8).9) ~ E[V,(6,5) = V,(D(6), 9)]|

+ sup ||Vo () — E[V,.(9)]|l

YEBm,

EH1+H2—|—H3+H4.

Notice that following the way in Xu (2005), it is not hard to show that H, = 0,(1). We only
need to focus on Hy, Hy and Hj. To this end, for Hy, since X; = X(0), it follows easily from
(C.5) that

Hi= sup  (Va(D(6),0) = V,(0,0) = EVa(D(6),0) = Va(0,0)]]| = op(1)

As for the first term of Hs, notice that

sup  [|V,(0,9) = V,.(D(0),9)]|

YEB,0€An
=b, sup || Y [ (03,(0,9)) — - (v},(D(0),9))] X (9)K (211 |
YEBm,0€Am ||

<b, sup || [I(v,(D(8),9) < 0) = I(v;,(D(8), D(9)) < 0)] X (9K (zun)

nt
VEBm ,0€An —1

b sup | 3(3(D(0), D(9)) < 0) — 1(0,(60,9) < 0))X; (9)K (2]
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<2b, su I, .
o 19eBm}))eA ||Z[ {Jvn (D(®

<2b, sup || Z[I{‘%

)|<Crna+n{:’“‘}}]xr('l9)K(zth)H

o< (X7 (9) = X;(D@)K (2|
'196877L706A7n t=1 Vnh
+2b’n su I * max{h, X*Dﬂ KZ
19eBm,£)eA H tZ[ {\Unt(D(g):D(ﬂ))K%m}] t( ( )) ( th)”
<2b, sup 1
9EBm,0€Am | Z[ {lon (D

Dy < Sty (X7 (D(9)) + L) K (z0n) |
Vnh

SZCbn su max{h,k} E] *
ﬂeBm,geA ”Z {[v5,:(D(8),D(8))|< 2Ll T F o (D(6),D(9))|<

C max{hk} }]
t=

Vnh
(C.6)
x X7 (D(9)) K (z) |

+2Ch,  su . max{hit | X (D(9))K (2
19€Bm,£)€A ”tz: {|Um(D(9)vD(19))\<07\/ni:M}] t( ( )) (th)H

<2Cb, sup

C max{FL k} EI * C max{h,k}
o “tz_: {[v3.(D(6). D@))|< } = ELyus 00). Doy < Cmstri

X X (D(9)K (zan )| + (2C/h) max{h, k}{| E[ XK (z)]]]
<2Cb, su max EI, . max
= 9eB e ”; {|v,(D(6),D(®9))|< C2ZLEELY ™ F jor, (D(8),D(9))| < < ]

x X7(D(9))K (2| + 2C max{h, k},

where the fourth inequality follows from the Lipschitz continuity. Since the number of the
elements in {D(0) : |0]| < M} and {D(9) : ||¢|| < £,} are finite, one can easily show that

QCbn Ssu I % Cmax{hk}y — E.[ « C max{h k}
19€Bm,9p€Am “ ;[ {107 (D(0),D(9))|[<——==} {lv:(D(6) (19))|<T}]

X X5 (D(9))K (2| = 0p(1)

by following the same steps as in (C.5). Let max{h,k} — 0. Then, it follows that the first term

of Hs is 0,(1). As for the second term of Hj, in the same way as in (C.6)

LBV (8.9) ~ V(D(6).0)]|

o sup |3 B (07,(8,9)) = e (1,(D(O), 9)) X (9)K ()}

t=1

< 2nb, ﬂeBngeAm ||E[I{‘v* (D(O).D (19))|<Cm\z;)%h,lk}}]Xt (V) K (zi)]| < Cmax{h,k}.
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When max{h,k} — 0, one has

sSup ||E[Vn(0719) - Vn(D(e)aﬁ)]” = 0(1)'
YEBm,0€A,

Thus, H; = 0,(1). For the first term of H», notice that

sup Vo (D(8),9) = Vo (D(8),0)]|

9E B, 0 A,
=bn __sup 1D [ (05,(D(8), ) X (8) — ¢ (v},(D(0),0) XK (200 |

<bn sup || D [ (v,(D(8),9)) = ¢r(v;,(D(8), D(9))] X (9) K ()

VEBm.0€An 1

Fbu  sup 1) "[¢r(v3,(D(8), D(9))) — 7 (v3,(D(6), 0)]1 X (9) K (211 |

t=1
fhe sup S w(D(8), 0)](X5(9) — XK (sl = Han + Han + H.
ﬂEBm,eeAm t=1

It is easy to see that by following the same deduction as in (C.6), one can derive Hyy = 0,(1)

and Hsy = 0,(1). Also, notice that for Hys, by mean value theorem,

Hag =0 sup I lr (07 (D(8), 0)](X; (9) — X)) (z)|

< O(Ro/n'*)bn — sup || ) [r(v7,(D(8), 0)IK (2un)

VB 0€Am 5

and the last term can be vanished in probability in the same way as processing UM and U2,

Therefore, the first term of Hy is 0,(1). For the second term of H,

sup  [|[E{VL(D(0),9) - V,.(D(6),0)}]]

YEB, ,0€Am,
=b, R Bsug ) || Z E[wT(U;t(D(e), 19))X:<’l9) — wT(U;t(D(G)y 0))X:]K(zth) ”
EBmOEAm =1

<b, sup || B (0},(D(8),9)) = tr(v},(D(8),0)] X (9K (21|

VEBm.0€An {5

+b, sup (| E[(v3,(D(6),0)](X[(8) — X[)K (z)|| = Hy, + Ha,.
YEBm,0€Am t=1

Now, we consider H,. Notice that
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Hyy=  sup |lbn ) E{[r(v7,(D(6),0)](X;(9) = X[)K (2un)}|

YEBm,0€Am

= sup ||bn Z E{[T — FY|Z,X(QT(307 Xt) + thhgg_l)(ZO)TXt

VEBm 0€A 3

+b,D(0) X1 Z;, X)|(X7(9) — X7) K (2 }|

= 19eBiL,1£)eAm |bn ; E{[fY|Z,X (g-(20, X¢) + hzthg(rl) (ZO)TXt
+ ST(h, 20, Z, X1)| 24, X0)| (X5 (9) — X))}
X II(h, 20, Z¢, X ) K (2e1) ]|
where I1(h, zo, Z;, X¢) = ¢ (Zi, X1) — q- (20, X¢) —hzthg(Tl)(zo)TXt—an(O)TX:. An application
of Taylor expansion of ¢,(Z;, X;) at (z9, X) leads to

(2) h T
(h, 20, Zs, X¢) = 2 (ZOJ;C 2n) W22 X, — b,D(0)T X = O, (h?).

Therefore, it results in that by mean value theorem, there exists ¥ € (0,4), such that

sup  [lbn > E{[fvizx(¢- (20, X o) + hzng™ (20) T X
YEBm,0€Am —

+ ST(h, 20, Ze, X4) | Ze, X0)|(XF(9) — X7)HI(R, 20, Zy, X o) K (20|
< sup an Z E{[fY|Z,X(QT(207 Xt) + thhggl)(Zo)TXt
t=1

YEBm,0€Am
X7 (9
9=19

09

+ STL(h, 20, Zi, X4)| Z1, X 1)) (

% T1(h, 20, Zo, X o) K (zan) || = o(1).

In the same way as in analyzing (C.6), it can be easily shown that Hj, = 0,(1). So, Hy = 0,(1).

The proof of Lemma C.10 is completed. O

Lemma C.11. Under the assumptions in Theorem 3, one has

o IE[VA(6,9) = Vi(0,0) + Va(9)] + f(20)€21(20)8]| = o(1),

where 5 (zy) = diag{Q*(20), p22*(20) }.
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Proof. Notice that

EV,(0,9)—V,(0,0)4+V,(9)] = E[V,(0,9)—V,(0,0)+V,(9)]+ E[V,.(6,0)—V,(0,0)] = Ry + Ro.

For Ry, since the deduction is the same as that in Cai and Xu (2008), we only need to focus on

R,. Indeed,

Ry

b Z {0 (124(6, 8)) X3 (9) — ¥ (154(68,0)) X K ()} + E[Va(9)]
_ s, Z B (05,(6,9)) — (054 0,8))]X; () (20}

+b, Z B (00, 0)) — - (058, 0] X (9) K (20}

+by Z {4 (154(0,9) — 61 (05,0, )X (9) K 1)}

+on Y E{[0r(v74(6,0))](X;(9) = X7)K (z0)} + ba Y E{T™(Z)OK (z1)}

— =1
= Ry + Ris+ Ris+ Riys+ Ris.

Here, Ry4 can be vanished in the same way as that in proving Lemma C.10. We first consider

Ry, as follows

Ry =by Y {1 (v34(6,9)) — b (v,(0,9)) X} (9) K (21 }

t=1

=bn Z E{[Fy2,x(q:(20, X+(9)) + hang (z0) " X1 (9)| Z;, X )

— Frizax(a: (0. Xe()) + hng (20) X (9)
+ 0,07 X (9)1 20, X)) X[ (9K (20}

=~ 2 B{frizx (0G0, Xu(9)) + g (20) X (9)
+ 00,07 X (9)]2, X))6" X; (0)X] (0)K ()}

= B {0 (o, X(9))] 2 X )07 XX (O)K (20} + o).

In the same way, one can easily show by Assumption A6 that
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Ry1 + Ry :%E{[fY|Z,X(QT(z07 Xt)|Zt7 Xt) - fY|Z,X(QT(ZD> Xt(ﬁmzt, Xt)]
X 0" XX (9)K (20)} + o(1)

<O B{g,(20) (X, — X.(9))87 X; X (9)K ()} + o(1) = o(1).

As for Ry3 and Ry, by applying mean value theorem, there exists 9 € (0,4) such that

Rug =bn Y E{[tbr(v3,(0,9)) = ¢ (v3,(0,0))] X (9) K (21)}

=by, Z E{[FY\Z,X (CIT(Z(b Xt) + thhg(Tl) (ZO)TXt|Zt7 Xt)

t=1

- FYIZ,X((ZT(Zoa X(9)) + thhg(Tl)(Zo)TXt(ﬂﬂZt, X )| X7 (9)K (2un) }

=~ b > B{{frizx(X; (g,(20) + hzug™ (20))| Z0, X1)]

X X7 (9)(X1(9) — X4) " [g,(20) + hzing ™ (20)] K (20}

=~ by Y E{T*(Z)9K (zsn)} + o(h)

t=1
by some simple calculations, where X, = X; + C. This implies that Ri3 + Ry5 = o(1). Thus,

one has
|E[Va(6,9) — V,(0,0) + Vi(9)] + f2(20)21(20)8]| = o(1). (C.7)

Similar to the proof of Lemma A.3 in Xu (2005), one can prove that (C.7) holds uniformly in

A,, and B,, with the details omitted. These complete the proof of Lemma C.11. O

Lemma C.12. Let B; = [tb,(v;(0) X} — . (Y;)[*(Z,)®, 'TL, ;] K (21). Then, under the as-

sumptions in Theorem 3, one has
* (2)
B3 £, 122" (20)g7 " (20)
E[B] = w + o(h?),
0
and

VarlBy] = hr(1 - 7)/.(x0) ® {Q<ZO> ~ Hi(z) + H2<zO>} oh).
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where Hi(zo) = E[X\I1,,|Zy = z)|®,'T"(20) + [(20)®, ' EM,1 X | |Z1 = 2] and Ha(z) =

[(20)®, ' D(2)®,'T"(2). Then,

140 0

Var{\/% tz: Bt} —r(1 - 7)f.(z) ® {Q(zo) ~ Hi(z) + H2(z0)} +o(1).

0 V9
Proof. This proof is similar to the proof of Lemma A.4 in Cai and Xu (2008). First, we calculate
E[B] to obtain
E(B] = B{[r(v](0)) X} — ¢ (Y7 )T*(Z1) @, Ty | K (210) }
= E{¢r (v} (0) XTK (21)} — E{¢r(Y7)D*(Z20) @, T 1 K (21)} = Q1 + Qo

Similar to the proof of Lemma 3.5 in Xu (2005), one can easily obtain that

Q=" et | @9 o) a? () + ol (€3)
0

with the detail omitted. For @y, recall that Y;* =Y, — o] (Z;)W,. Then,

Q2 = —E{y, (Y7)I*(2)®; 'L 1 K (214)} = 0

As for E[B,B], we have

EB.B]] =E({w$<v;<0>>X’;X1‘T e () (V) XTI, 8T (2)

i (0 (0)) o (V)T (208 L X
T wim*>r*<zl><1>alna,lnl,@a1r*T<Zl>}K2<zlh>)

{201 (0) XX T K (21n)} — E{ [t (01 (0)) i (V) XTI, 82 T (21)
0 (050, (V)T (20)8; MLy XTI (1))
BT (2@ T T & T (20) K2 (o)}

=pW) 4 p@ 4 p@),

For PM| one has
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140 0
PY = 7(1—7)E{X: X TK?(215)} +0(h?) = hr(1—7) f.(2) ®@0(20)(140(1)) +o(h?).

0 1%)

(C.9)
Similarly,

PO = B2(Y)T*(Z0)®, T T1], &, T (20) K2 (201)]
=7(1 — 7)E{T*(Z1)®, ' T, .1 @, ' T (Z)K*(21)} + o(h®)

=7(1 — 7)E{I"*(2,)®, ' E[X1, 111, | Z;|®, ' T* T (Z1) K*(z10) } + o(h®)

v 0 (C.10)
hyr(1— ) fo(z0) ® {r<zO><I>;1D<zO><I>;1rT<zO>}<1 +o(1)) + ofR?)

0 1

140 0
—hr(1 —T)fZ(ZO){ ®H2(zo)}(1 +o(1)) + o(h?).

0 1y

As for P®, one has

P®) = — E{gp(v}(0))eb- (Y1) [ XTI, @, ' T (Z))

+T%(Z1)®, T X T K2 (20) }

=— B{[r — o<yl [T — Ly <o) [ XTT, @ 'T7 1 (Z1)
+T(Z1)®, T X T K (210) }

= — B{[7* — 7Ly <oy + L oy<op) + Lyr <oy [ XTI, @777 (2))
+T%(Z1)®, T, X T K (20) }

= — B{[(T = (7 = Iy <0y) + 7(7 — Lz 0)<o)) [ XTL, 1 @, ' T (Z1)
+T%(Z1)®, T X T K2 (20) }
— (1= 1) B{[X T, @, ' T (Z0) + T (Z0) @, Tl X7 1K (21 }

=p@) 4 p(),
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It can be shown that P! = o(h?), using the same idea in proving Lemma 3.5 in Xu (2005). We

now focus on evaluating P*?). A simple algebra gives that
PP = 7(1 - 1) E{[ X, ®,'T"T(Z)) + T*(Z1)®, 'TL,; X} "] K?(21) }
X1, ,
=—7(1- T)E{ (PT(Zl) zthT(Zﬂ) K (Zlh)}
2 X010, @
I'(Z,) )
—T(l—-7)E O M, X, 2,8, 'L, X ) K7 (1)
Zth(Zl)
Iz
=—7(1- T)E{ ® E[Xlﬂll|Zl]¢>glFT(Zl)K2(zlh)}
Zlh  Z1n
Iz
—7(1- T)E{ ® F(Zl)@glE[HaJXlT|Zl]K2(z1h)}
2
“lh Z1p
v 0 T —1pT
= — hT(l — T)fZ(Zo) & E[Xl]._.[a’1|Z1 = Zo]Q’a r (Zo)
0 1)

+T(20)®, ' EM, 1 X | | Z) = zo]}(l +0(1))

120} 0
— b1 - T>fz<20>{ ® H1<zo>}<1 +o(1))
0 Vo
Therefore,
140 0
P? = —pr(1 —T)fz(zo){ ®H1(zo)}(1 +0(1)) + o(h?). (C.11)
0 Vo

Next, it is shown that the last part of lemma holds true. Notice that

1
1
By = —[Var(B) (1—-— C’ (B1, B
{\/7’1,—}]/2; t} h ar 1 ; OU 1, Z+1)]
en—1
1 n
SEVar(Bl 7 Z |Cov(By, Bey1)| + — h Z |Cov(B1, Bey1)| = Gy + Go + Gs.

l=e,

y (C.8), (C.9), (C.10), (C.11) and Assumption Al11,
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140 0
Gy = (1 - 7).(z0) ® {sz) ~ Hy(z0) + H2<zO>}.
0 Uy

Now it remains to show that |Go| = o(1) and |G3| = o(1). First, we consider G3. To this
end, by using Davydov’s inequality (see, e.g., Corollary A.2 of Hall and Heyde (1980)) and the

boundedness of ¥, (), one has

|Cov(By, Bes)| < Cal=2°(0)[E| B[] < Ch¥2at=2(0),

which gives

G3 < Ch2/5—1 Z a1—2/6(€) < ChZ/E—ler—Lw Z Ewal—Q/J(g) _ 0(h2/6_1€;w) _ 0<1)’

l=enp l=enp
by choosing e,, to satisfy e?h!=2/® = ¢. As for Gy, following the proof of Lemma 3.5 in Xu (2005),

one has |G3| = o(1). These prove Lemma C.12. O

C.2 Proof of Theorem 3:

Proof. Following Cai and Xu (2008), ||V,(0,0)|] = O,(1). Thus, by Lemmas C.10, C.11 and
C.12, V,,(0,9) satisfies Condition (ii) in Lemma C.9; that is, ||A,| = O,(1) and
SUD| g <z, 0] <2 | Va(0,9)+Va(9) + DO — Al = 0,(1) with D = f.(20)Q7(20) and A, = V,(0,0).
It remains to show that ||V, (9)] = O,(1).

First, write ||V, (9)]| as

bn

. " RY (@)
IVa(@)] =b, Yot P H

> TH(Z)OK ()
S R (9)

t=1

<b, ||ZR“ )|+ bn ||ZR<’”
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where R\ (9) = I'(Z,)0K (z) and R (9) = I'(Z)02 K (z). For R (9), by Lemma C.7, for

some constant C' > 0,

RO®) = b, Z
=1

Now, we consider the convergence of ||b, 20 [['(Z)9] K (z)||. Recall that R, = —G,(&,) +

[Gn(€2) — Gr(€,)] + R, where R, = O((gl|éq — €|%) + O(Crr2 K~2%). By Lemma C.8,

t=1
<b, 3 T(Z)@;'~ Z Yr (V) oo K (2)
t=1 s m—+1
1 n n B
+by, Z P(Z)®. ~ D izw(@r(Ze W) MasbroK (2n) + bn 3 T(Z0) @, R K (21n)
t=1 s=m-+1 t=1

=7W 4+ 7@ 4 76,

We first focus on T®). Indeed,

=b, > T(Z)®, R.K(z,)
t=1

= by Y T(Z)®, Gu(€a) K (zin) + b Y _T(Z0)®, ' [Gr(a) — Gn(€a)| K (2u1)

t=1

+b, Y T(Z)®, R, K (20)

t=1

=76 4 762 4 763,

For T®?) | notice that for some C' > 0,

TG =p, zn: D(Z)®, [Gn(€a) — Gn(Ca)| K (201)

t=1

<Cby, max |[TL,,||®7 12 ¢q) — G (€)1 K (zu1)

t=1

<Chb,RY*®, Y [m(9) = E{m(9)}],

t=m-+1
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where the last inequality follows from n~' Y"1 | K(2,) = O(h). Similar to the derivation in

proving Lemma C.4, to finish the proof, it suffices to show that, for any a € {a € R®" : ||a|| = 1},

n

a"[1:(9) — E{n(9)}]| = op((hb.RY*) 7).

t=m+1

sup
DI < (R /m)1/2

Similar to the proof in Xiao and Koenker (2009), covering the ball {||d| < C(R,/n)'/?} with
cubes C = {Cy}, where C;, is a cube with center 9, and side length C/(R,,/n®)"/2, so that N(n) =
#(C) = (2n%)Bn. Therefore, because for 9 € Ci, |9 — O] < C(R,/n??) and I(Y; < ) is

nondecreasing in x,

n

Z aT[nt(lg) — Et{m(@)}]'

sup
[DI<C(Rn/n)1/2 | 4 =—pi1
< e |3 "l - B3]
t=m+1
T - i
" | 2, KT 000 B
: i
+1§211§Vx(n) Z (a Ha,t)|{Et(dnt<’l9k))}‘
t=m+1
EM4+M5+M6,

where by (95,) = I(Y; < ILL 0% —br,) — (Y < I} 05 —bg,+C(R,/n*?)|TL,4||) and de(9y) =
(Y} <TI0 — bpy + C(Ry/n%?)|[ M) — I(Yy < IL. Oy — bry — C(R,/n*?)|IL,,||). The
analyses of Mj; and Mg are similar to those in Welsh (1989) and Xiao and Koenker (2009), so
that our focus here is only on M,. Notice, for any b > 0, |I(Y; < H;t@k —bry) — 1Y) <
—bR,t)|b = I(ds; < Y; < dy), where d3; = min(cy, cop + ¢3¢) and dyy = max(coy, cop + ¢3¢) with
cot = —bpry and c3 = Hlt@k. Therefore, by Assumption A6, there exists a C' > 0 such that
B{I(Yy <X 9 —bry) — (Y} < —bpy)’|Z0, Wi} = Fyzw(du) — Fyjzw (ds) < I 9] <

C(R,/n)?||T1, ||, which implies that
Eyfa’n(94)) < C((Ra/n)'*R)/?).
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where the inequality holds due to the boundedness of eigenvalues of n=* Y"1 41 Ha,tﬂlt. Thus,

we have
W2=3" Ela"{n(0) — Ene(D:)}? < Y Eila" (D) = O((n/R,)"/*RY?)
and

n

Sp= Y [ {n() — E(m(0))}) = O,((n/Ra)' 2 RY?).

t=m+1

Also, notice that &(9) = {n,(9%) — E,(n:(9;,))} is a martingale difference sequence. Therefore,

let M = (n/R,)"?. Thus, we have

b, Ry > {a {m(Dy) — E(ni(9%))}}

P| max > e]
1<k<N(n)
t=m+1
< N(n) m]?XP ‘hbnR}/z Z {CLT{%({%) —Et(nt(@k))}} > 6]
L t=m+1
< N(n) ml?xP Z a'&(91)| > (hb,RY?) e W2 + 82 < ./\/l]
L' t=m+1
+N (n) max P D> a"&()| > (hbRY?) e, Wi + 82 > M] =1+ 1. (C.12)
t=m+1

For I, by exponential inequality for martingale difference sequences (see, e.g., Bercu and Touati,

2008), we have

N (n) max P > aT&()| > (hbRY?) e W2 4 82 < M]
t=m+1
(hbnRi/Q)_QEQ nl/2¢2
<2N —— | =2N -—F .
<2N(n)exp ( Y (n) exp YN

For I, because P W2+ 82> M| < PW?2 > M/2] + P[S? > M/2] and each term can be
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bounded exponentially under Assumptions Al, A7 and A8. Thus, M, = op((hbner/ *)=1). This
implies that 7? = 0,(1). By Lemma C.3 and using Davydov’s inequality, one has T®V = o,(1).
Similarly, 7% = 0,(1). These give us T® = 0,(1). Also, by Lemma C.7 and applying Davydov’s
inequality, it is not hard to show that 7 = 0,(1). Now, we restrict our attention on 7). Notice

that by boundedness of ¥.(-),

Ebnzn:F(Zt)@ 1= Z Y (V) o K (24n)
t=1

5 m+1

2 EAL D DRCH o1 NERTN) REIEST MY N

s=m+1

=by > T(Z)®, " ¢r (Y, )a K (21) + 0p(1).

t=1

Then, by the definition of Y;* and similar to the proof of Lemma C.12, we have E[T™"] = 0 and
Var[T™W] = O(1). These imply that ||V, ()] = O,(1).

To show ||V,,(0,9)| = 0,(1), it follows from Lemma C.1 and mean value theorem that

1V,.(0,9)]

<b, dim(x*(@)) max || X (9)K (z)|

1<t<n

< b, dim(X™) max | XK (z)| + Cb, dim(X™) max

1<t<n

= op(1),

where 6 is the minimizer of .J(@). Finally, because 1, () is an increasing function of z; then
—0'V,(\0,9) = a, S7_ . [vF(9) + Nan (=0 X (9))](—0" X;(9))K (2,) is an increasing func-

tion of A. Thus, Condition (i) in Lemma C.9 is satisfied. Then, it follows from Lemma C.8,
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Lemmas C.10 and C.11 that

(@)

b - mfz(zﬂ)z[w(vt(» T (ZDIK () + 0p(1)
i/%i)<10;g[¢7(v;‘(0)> —r(z)e; L ;w (V] K ) + 01
(O30

3 {W:(onxr 1 (z)®;!
D () M = (0 L K ) + (1)
—%Z[wm()) YT (208 | K )

Here, by using Davydov’s inequality to control the variance, the second part of last equality can

be asymptotically vanished. Then,

0= (52_( 2( >§{¢T v (O) X — o (Y1) (Z) @, T | K (21) + 0,(1),

Therefore, following the proof of Theorem 1 in Cai and Xu (2008), the theorem is proved.  [J
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C.3 Proof of Consistency of ¥, ()

Proof. We first focus on I'(z) in Section 2.4 of the main text. Notice that

A

I'(2) Z% i w2tth:<ZO)Ha,tKh(Zt — 20)
=1
:% tzn; w2t(Xt — X4)(g,(20) — gr(zo))THaﬂth(Zt — %)
S Xl 20) — 9, o) T2 )
=1
+ % tzn; th(Xt — Xt)g:(ZO)Ha,tKh(Zt — 20) + % zn: thXtQ:(%)Ha,tKh(Zt — 20)

t=1

=5W 4+ 5@ 4 gB) 4 g4
We first consider S . By Taylor’s expansion and Theorem 2(c), we have

Elwar| Ze, X1] = (Fyiz.x(8) (20) Xt + 020) — Fy1z2.x(9) (20) Xt — 02n))/(202)

= frizx (g} (20)X¢) + 0p(1).

On the other hand, by applying mean value theorem, there exists 9 € (0, {9) such that

. . X (¥
X, =X,9) =X, + ( (9)

);9 — X+ Tud.
9=9
Therefore, by Theorem 2(c) and Assumption A2,

E[S¥ =F

Fyizx () (20) X ) X009 (20) I, K (Zi — 20) | + o(1)

= O(R¥?/n!?) = o(1).

Similar to the proof of Var[B;] in Lemma C.12 and by Theorem 2(c), it can be shown that

Var[S®] = o(1). Therefore, S® = o0,(1). Similarly, we can show that S = 0,(1) and
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S® = 0,(1). Now, we only need to focus on S@. Indeed,

E[SYW] = Elfyzx(g] (20) X 1) X19. (20) T Kn(Z; — 2)] + o(1)

- /fYZ,X(QTT(Zo)Xt)thTT(Zo)Ha,tK(Z)fz(Zo + hz)dz + o(1) = f.(20)T(20)-

Again, similar to the proof of Var[B;] in Lemma C.12, it is shown that Var[S®] = o(1). This
yields that T'(z9) = f.(20)T'(20) + 0,(1) in Section 2.4. The consistency of ®,, Q(z), *(2),

Hy(z) and H,(z) can be derived in similar ways. O
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Appendix D: Mathematical Proof for Stationarity and a-
Mixing

In this section, we show that the model (1) in the main article can generate a strictly sta-
tionary and a-mixing process. Throughout this section, 0,x; stands for a (a x b) matrix of zeros
and I, is a (a X a) identity matrix. Next, we define ¢(-) = || - ||, where || - || is the Euclidean
norm. For a random vector Z and random matrix A, we denote ||Z]|42 = [E]|Z]|?]/? and
|Ally2 = sup. [|Az[ly2/]|z]. In addition, for 1 < i < k, let F?, be the o-algebra generated
by {(Yit, Zit)}2_,. Then, a stationary process {(Yi, Zi;)}3° . is said to be a-mixing (strongly
mixing) if the mixing coefficient «(t) defined by

a(t) =sup{|P(ANB) — P(A)P(B)| : Ae F,_.,B € Fy}
converges to zero as t — 00.

To study the probabilistic properties of model (1) in the main article, Y, and gq,, in (1)
need to be jointly introduced in a vector autoregression process. To proceed, for convenience of
presentation, let kK = k; and Z; = Z;; in (1) in the main article, denote Uy (1 <i <k, 1 <t <n)
as independent and identically distributed (i.i.d.) standard uniform random variables on the set
of [0,1]. Then, we consider following equation system of functional-coefficient VAR models for

dynamic quantiles, given by

q p
Yie = %ioUit ) + i Uit 200y s+ > BL Ui, Z) Y, (D.1)
s=1 =1
and
q p
Arti = %O,T(Zt) + Z ’Y’;I:S,T(Zt)qT,t—S + Z /BZZ,T(ZQYt*l <D2)
s=1 =1

for some p and ¢, where Yj;, q,, and Y; in (D.1) and (D.2) have the same definition as that in
(1) and equation (D.2) is the same as (1) with Z; = Z;;. In addition, ;(+,-) in (D.1) is a scalar
and measurable function of Uy and Z; (from R* to R), both 7, ,(-,-) = (sir(-,-), s Ysin () "
and B;,(-,-) = (B (-,+)s- -+, Buw(-,-)) " in (D.1) are & x 1 vectors of measurable functions from

R? to R. Following the same argument in Koenker and Xiao (2006), by assuming that the right
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side of (D.1) is monotonically increasing in U, the conditional quantile function of Y;; given
(Ze Ay o tio1 {Yei}]_;) becomes (D.2). Note that (D.1) is called a Skorohod representation
for Yj;, see Durrett (1996) for the definition of Skorohod representation.

Now, we can rewrite the system formed by (D.1) and (D.2) into an autoregression process of
order 1 as follows

Xy = p(Z) + Av, (Z)Xi1 + Dy, (Z), (D.3)

where Xy = (Y/,.... Y/ .1,q),...,a], 1) and Ay, (Z;) is a k(p + q) X K(p + ¢) matrix as

follows:
Fﬁ,Ut(Zt) FUt(Zt)
[L»:(p—l)a On(p—l)xn] On(p—l)an
AUt (Zt> =
Ls.(Z:) L' (Z)
Or(g—1)xnp [L(g-1) Or(g—1) ]

Here, for s =1,...,qand l=1,...,p, Tsp,(Z) = Taav,(Zt), ... . Tppu,(Z:)), where L'y, (Z1)
where ' 1, (Z;) = (Vsij(Uits Zt) )1<i<ni<j<x 1S & KX & matrix. Similarly, g -(Z;) = (Pg1.(Z), ...,
Lsp-(Zt)), where T'g - (Z;) = (Buijr (Zi) )1<i<ni<j<w 18 a KXk matrix. Also, I'7(Z;) = (T'1-(Zy), . ..
I, (Z)), where T's -(Z:) = (Vsijir(Zi))1<i<ni<j<x 1S @ K X Kk matrix. Furthermore, pu(Z;) =
(B (70U, Z1)),0, - -.,0,%5(Z),0,...,0) ", where Ey(vo(Us, Zt)) = (Bv(mo(Ust, Z1)), - - -
Eu(Veo(Ust, Z4))) " and vy (Z1) = (V10,:(Z1), - - - s ¥m0,-(Ze)) . Here, Ey(-) is denoted as taking
expectation on U for any fixed Z;, and v;o(Uit, Z;) and 7i0-(Z:) are defined in a similar way as
foregoing functional coefficients, respectively. Finally, Dy, (Z;) = (510(Us, Zt)s - - - 5 Yo (Ut Z1),

len(p—l-q—l))—ra where ’VYio(Uit, Zt) = %O(Uit, Zt) - EU(%’O(Uit, Zt))-

Remark D.1. Notice that when setting Z; as a smoothing variable, the equations corresponding
to (kp+ 1)-th, ..., (kp + k)-th rows of (D.3) are exactly (D.2) and the model (1) in the main
article, while the ith row of (D.3) withi =1,... K is equation (D.1). Given these relations, one

can conclude that Y, and q.., jointly follow a VAR process of order 1 in (D.3), which is similar
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to the nonparametric additive models in Cai and Masry (2000) and the generalized polynomial

random coefficient autoregressive (RCA) models in Carrasco and Chen (2002).

Now, denote Ayax(Ay,) as the largest eigenvalue in absolute value of following matrix Ay,:

Tsaiv, Toove - Tgpu Tapue Tive Tow, -0 Tevue Tow
IH OHXK/ AR OK,XH OH/XH ONXK/ OHXH AR OHXK/ OKZXK,
OKXK) [IQ AR ONXKZ OKXK OKXK OIQXI{ AR OKZXK OI{XK
OKXN OHXK/ AR [H OHXH ONXH/ OHXH AR ONXH/ OKXN
AUt - )
Ps1 Do Popa Tpp I T P
OKZXK/ OHXKZ AR OKZXH ORXH Ili OHXKJ AR OHXR OKJXH
OHXK OKXH AR OHXK OKXK OKXK Ili AR OKXK OI{XK
Onxn Onx& cee Onxn OH/XKZ Onx& Onxn s In OKZXK,
where
Bi1(Ure)  Bu2(Uie) .. Buwx(Une) Ys11(Ue)  ¥s12(Une) oo Ys1x(Une)
3121(U2t) 5122(U2t) ‘e ﬁzzn(Uzt) ’7521(U2t) %22(U2t) e %%(Uzt)
Isiu, = , Tou, =
5l51<Unt> 6ln2(Unt) cee ﬁlnn(Unt) Vsnl(Unt) ,YSKZQ(UHt) ce 7snn(Unt)
6l11,‘r /8112,7' <. Blln,‘r Vsil,r  Vs127r -+ Vsler
5121,7 5122,7 - Bzzn,T Vs21,r  Vs22,7 oo V2w,
I's; = , and TI'y= ,
ﬁlnl,‘r 5ln2,7' see 6lm€,‘r Vselr  Vsw27 - Vskr,T

with each entry being defined in the Assumption D later. Then, following assumptions are

needed to guarantee that process {X;} in model (D.3) is strictly stationary and a-mixing.
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Assumption D.

D1: Let {X;} be a ¢-irreducible and aperiodic Markov chain. Fori = 1,... Kk, j = 1,... K,
l=1,....,pands=1,...,q, each entry of Tsp,(Z;) and g, y,(Z;) in (D.1) is bounded such that
Vi (Uit )| < vsij (Uie) and | B1ij(Uir, )| < Biij(Uir), Brij(Uir) and vs;(Ui) are unknown measurable
functions of Uy from [0,1] to R; Similarly, each entry of T's.(Z;) and T'gy.(Z:) in (D.2) is
bounded such that |Vsij- ()] < Vsijr and |Bujr ()| < Bujr. Furthermore, E{[Amax(Ar,)]*} < 1.
D2: Fori=1,...,R, %io(Uy, Z¢) in Dy,(Z;) is bounded such that |Yio(Us, )| < Fio(Uir), where
{Fi0(Uir)} are i.i.d. random variables with mean 0 and finite variance. In addition, denote

Dy, = (110(Ue); - -, Yw0(Ust) Otsnpg-1)) > then, E||Dy,||* < oo and El|pu(Zy)]| < oo.

Remark D.2. The ¢-irreducibility and aperiodicity in Assumption D1 are key assumptions for
deriving geometric ergodicity and subsequently, a-mixing property. The conditions that imply
o-irreducibility and aperiodicity of nonlinear time series have been studied extensively in liter-
ature. For example, Chan and Tong (1985) showed that under some mild conditions, a simple
nonparametric autoregressive process is a ¢-irreducible and aperiodic Markov chain. In addition,
Pham (1986) obtained conditions for random coefficient autoregressive (RCA) models to be ¢-
wrreducible. In this article, we simply impose the assumptions of ¢-irreducibility and aperiodicity
on {X;}, which are common settings among literature, see, for example, Chen and Tsay (1993). It
is of particular interest to explore the conditions under which {X;} is ¢-irreducibility and aperiod-
icity and we leave this as a future topic. Moreover, the moment conditions E{[Amax(Ay,)]?} < 1
in Assumption D1 is used to bound the random matrices Ay,(Z;), which is similar to the con-
dition in Carrasco and Chen (2002). We stress that we are not seeking to achieve the weakest
possible reqularity conditions for probabilistic properties of model (D.3), but instead focusing on

constructing varying interdependences among conditional quantiles.

Proposition D.1. Under Assumption D, if Xy is initialized from the invariant measure, then,

{X;} defined in (D.3) is a strictly stationary and a-mizing process.

To prove Proposition D.1, we first need to prove following lemma.
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Lemma D.3. Under Assumption D, for any W = (w1, .., Wx(piq) ', we have

| Av, (Z:)W|p2 < ||Av, |W|||y2. Here, Ay,(Z:) is defined in (D.3), Ay, is defined previously and
(W] = (Jwil,--., [weeql) "

Proof. Similar to the proof of Lemma A.1 in Chen and Tsay (1993), let Ay, (Z)W = (d1, ..., dupiq) "

and Ay, |W| = (g1, .., Gu(p+q) - Then, for t = k+1,... . kpand for v = kp+K+1,...,k(p+q),

we have |d,| = g,. For t =1,...,k and for ' = kp+1,...,kp + Kk, by Assumption D,

|d,| = |B1a (U, Ze)wr + -+ 4 Bpus Uity Zt)wep + Y11 (Usty Z)Wipyr + -+ - +
Vaur(Uit, Zt)Wr(p4q) |

<[Bra(Ust, Zo)wi| + -+ - + [Bpuw(Uit, Z)wip| + 710 (Ust, Zt)wiepsr | + - +
Vaus(Usts Zt)We(p+g)|

§|/61L1<ULt)w1| +-+ |5pm(ULt)w/~:p| + |’71L1(Ubt)w/¢p+1| +--+ |'7qm<ULt)wn(p+q)| = G,

and
’db” :|/81(L’—np)1,T(Zt)w1 + -+ ﬂp(L/_Kp)R,T(Zt)w,{p + "Yl(L’—np)l,‘r(Zt)wan et
Vo —rpyr (Zt) Wr(ptq) |
<|Brw—rpy1,r(Zo)wi] + - + [ Bp—rpyr,r (Z6) Wiep| + 710 —rp)1,7 (Ze) Wiy |
+ o+ @ -y (Z0)Waipia) |
<IBr—rpy1,rWi] + - | Bpr —rp)rr Wp| + (V10 —rp) 17 Wipg1| + - +
|’YQ(L’—KP)HyTw/€(P+Q)’ = G-
Hence, || Ay, (Ze)Wlly2 < [[Ag, W]l O

Proof of Proposition D.1:

Proof. By Proposition 3 in Carrasco and Chen (2002) and Lemma 2 in Pham (1986), Assumption

D1 implies ||Ag,|y2 < 1 for all Uy € [0,1]. Then, we can find 0 < 6 < 1 and ¢ > 0, such that
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[ H AUt |lp2 <1 —46. Consequently, by Assumption D2 and Lemma D.3, for some constant

C >0,
o—1 o [eo—1
E([[Xerol[|[Xe =X) = E ( HAUt+](Zt+])Xt + Z HAUHJ(Ztﬂ) Dy,,,(Zi+) ‘Xt = X)
7=0 =1 L=y
o [eo-1
+E< Z HAUHJ(Ztﬂ) B(Ziy)|| | X :X>
=1 L=
o—1 o [e—1
HAUt+]|X| +C-FE ( Z [H AUt+] |DUt+j| ’Xf = X)
7=0 0.2 7=1 Li=y

1 o—1
> (T4
1=)

=1 L=

+o.E(

o—1
H Auvis,
=0

)

IX[|+C-FE

o—1

i [H AUtﬂ] Dy, |

911)72 o—1 )
+C’.E( > [HAUH]] )
=1 L=y

0 o—1 o o—1
<1-0x|+C-E|> HAUW] Dy, | +O-E< Z[HAUW )
=1 L= =1 L=

where each element of Dy, = (F10(U1t), - -+, Yo (Ust ), 01X,§(p+q,1))T is defined in Assumption D2

and the first inequality follows from Jensen’s inequality. Notice that F HZle [ f:_; Ay, +J] is

bounded and by Assumption D2, E||Dy,| is bounded, so that E HZ;’ZI [ f:_; AUHJ |Dy,,,|

is bounded and the bound does not depend on X and Z;. Thus, we can find a sufficiently large

+C’-E< D (1—46)IX]],

where 0 < §; < 1. Hence, the compact set K = {X : ||X]|| < M} satisfies that when X ¢ K,

M > 0 such that when || X|| > M,

1-9)X||+C-F

o [o-1
Z [H AUH]] |DUt+J|

=1 L=y

> [H AUHJ]

=1 L=y

E(||Xsol||X: = X) < (1 — 61)||X]|. By Lemmas 1.1 and 1.2 in Chen and Tsay (1993), {X;} is
geometrically ergodic. If X is initialized from the invariant measure, then, by the results of

Pham (1986), {X;} is strictly stationary and a-mixing. O
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