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ABSTRACT

This paper proposes a novel local model averaging estimator for divergent-dimensional
functional-coefficient regressions, which selects optimal functional combination weights by
minimizing a local leave-h-out forward-validation criterion. It is shown that the proposed
leave-h-out forward-validation model averaging (FVMA) estimator is asymptotically optimal
in the sense of achieving the lowest possible local squared error loss in a class of functional
model averaging estimators, which is also extended to the ultra-high dimensional framework.
The rate of the FVMA-based varying-weights converging to the optimal weights minimizing
the expected local quadratic errors is derived. Besides, when correctly specified models are
included in the candidate model set, the proposed FVMA asymptotically assigns all varying-
weights to the correctly specified models. Furthermore, a simulation study and an empirical
application highlight the merits of the proposed FVMA estimator relative to a variety of

popular estimators with constant model averaging weights and model selection.
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1 Introduction

Rational decisions and forecasts are often influenced by various economic and financial
factors, such as monetary policies, interest rates, inflation, and business sentiment. For
instance, in finance, Jansen et al. (2008) investigated the role of fiscal policy in explaining
the behavior of the U.S. stock and bond markets, which was further studied by Tu & Wang
(2020). In asset pricing models, factor loadings are considered as functions of certain state
variables, which represent the unobserved information set of investors (Roussanov, 2014; Cai
et al., 2015a,b, 2022). In labor economics, the marginal returns to education are dependent
on work experience, assuming that work experience is a valued attribute by employers (Card,
2001; Cai et al., 2006). In exchange rate forecasting, Hong & Lee (2003) utilized a proxy
variable to reveal useful information about the direction of changes, capturing nonlinearity

in the mean for five exchange rates.

The functional coefficient model is a widely used nonparametric approach in applied
science fields such as statistics and econometrics as well as finance to capture nonlinear
features. This model allows coefficients to be represented as functions of observable state
variables (Cai et al., 2000b, 2009; Jansen et al., 2008; Xiao, 2009; Phillips & Wang, 2022; Tu &
Wang, 2020, 2022). For instance, the coefficients in the functional coefficient auto-regressive
(FAR) model, which was initially proposed by Chen & Tsay (1993) and later extended by
Cai et al. (2000b), are in unknown form depending on lagged terms. Notably, many well-
known nonlinear models can be regarded as special cases of functional coefficient models. For
example, the threshold model in Tong (1978) and Chan (1993) assumes the coefficients to
be step functions of some observed state variables, including the lagged dependent variable.
On the other hand, the smooth transition model proposed by Terdsvirta (1994) considers

logistic functions of state variables.

Given the available data, we encounter a substantial number of functional coefficient
candidate models. One popular approach is model selection which aims to choose an optimal

model for making a prediction. Popular model selection criteria includes the nonparametric-



version of the bias-corrected AIC (Cai & Xu, 2008; Cai et al., 2015b), regularization method
(Zou, 2006), and dimension reduction. However, many studies have shown that procedures

that select the best model from a set, particularly in regression analysis, are intrinsically

unstable (Stock & Watson, 2012).

Unlike model selection, model averaging incorporates all available information and con-
structs a weighted average of all potential candidate models. It is expected that model aver-
aging serves as a form of insurance against selecting a poor candidate model (Hansen, 2014;
Zhang & Zhang, 2022) and enhances robustness against model misspecification biases (Hsiao
& Wan, 2014). Model averaging can be roughly categorized into Bayesian model averaging
(BMA) and frequentist model averaging (FMA). For a literature review, refer to Claeskens
& Hjort (2008) and Steel (2020).In contrast to BMA, where models are weighted based on
posterior probabilities, FMA has gained increasing attention over the past decades. Various
strategies include Mallows model averaging (Hansen, 2007; Zhu et al., 2019), jackknife model
averaging (Hansen & Racine, 2012b), leave-subject-out cross-validation (Gao et al., 2016),
forward-validation (Zhang & Zhang, 2022), k-fold cross-validation (Zhang & Liu, 2022), and
AdaBoost semiparametric model averaging (Li et al., 2022). For instance, Zhu et al. (2019)
proposed a Mallows-type model averaging for semiparametric varying-coefficient partially

linear model and demonstrated the asymptotic optimality of the selected constant weights.

The aforementioned model averaging approaches are designed to select optimal con-
stant combination weights for candidate models. To the best of our knowledge, there are
only two papers to select the optimal non-constant weights in the model averaging litera-
ture. Specifically, Sun et al. (2021) proposed time-varying model averaging estimators based
on local jackknife criterion. It is shown that the selected weight achieves the asymptotic
optimality and the proposed model averaging estimator is consistent under certain mild
conditions. Subsequently, Sun et al. (2022) derived the asymptotic normality of the penal-
ized time-varying model averaging estimators, when the true model is included in candidate
models. However, these two works mainly focus on time-varying coefficient regressions with

low-dimensional covariates, potentially overlooking valuable information from the thousands



of predictors available in sophisticated information systems. When dealing with a large set of
potential covariates, there arises substantial model uncertainty. Therefore, it becomes highly
desirable to reduce model uncertainty and enhance forecast accuracy in functional-coefficient

regressions with high-dimensional covariates.

Our attempt in this article is at developing an optimal model averaging method with
varying weights for functional-coefficient regressions. However, compared to the case with
constant weights, we face three distinct challenges. First, we need to devise a suitable
local weight choice criterion, which varies over state variables. Existing literature typically
considers the unbiased estimator of the quadratic loss risk over the entire sample, and thus,
the selected weights are constant. Instead, our approach allows weights to change over state
variables, rendering the traditional weight choice criterion unsuitable. Second, we seek to
establish the asymptotic optimality and consistency of the combination weight estimator.
However, proving these properties becomes significantly more intricate than in the constant
weight setting. For example, some desirable properties of the projection matrix, such as
symmetry and idempodence, cannot be applied anymore. Moreover, we allow the number
of covariates to increase as the sample size grows, leading to a divergence in both dimension
and the number of candidate models. This considerably complicates the mathematical proof.
For example, the rate of parameter estimators converging to the well-defined limits in high-
dimensional misspecified models is different from that in low-dimensional framework; see
Lemma 3 in Appendix. Additionally, specific conditions must be assumed to illustrate the

relationships among the sample size, the number of candidate models, and the dimension.

To address these challenges, we propose a local forward-validation model averaging
method to select varying weights for functional-coefficient candidate models. This weight
choice criterion is designed for selecting optimal weights in out-of-sample forecasts and suit-
able for highly persistent time-series data. The asymptotic optimality and consistency will
be established for both the diverging dimension of covariates and the diverging number of
candidate models. Besides, when the correctly specified models are included in candidate

models, we demonstrate that the proposed method assigns all weights to the correctly spec-



ified models at any fixed point. We further extend our work to the ultra-high dimensional
framework and the asymptotic optimality is investigated accordingly. A simulation study
and an empirical application highlights the merits of the proposed model averaging estima-
tor, relative to various popular estimators with constant model averaging weights and model

selection.

The remainder of this paper is organized as follows. Section 2 introduces the model av-
eraging estimation across different functional-coefficient models, together with proposing the
local weight choice criterion and extending to the ultra-high dimensional model framework.
Section 3 derives the asymptotic properties of the proposed method. Sections 4 and 5 present
the numerical results in simulation and real data example. Finally, Section 6 concludes the

article. Mathematical proofs are relegated to Appendix.

2 Model and Its Implementation

2.1 Model Setup

Let {Uy, Xy, Yiin}2, be a jointly strictly stationary processes with U, taking values in R?

and X; taking values in R?. The regression model is considered as follows:
}/t-‘rh = m(Ut7Xt> + €tpn = e + €t+h7t = 1’ s 7T’

where Y, is a dependent variable, X; = (Xy, X, -+, Xy) is a vector of covariate,
e = m(u,x) = E(Y;|U; = u,X; = x) is the multivariate regression function, and €,y
is unobservable disturbance with E(e;4|X:) = 0 almost surely (a.s.). Here, both X; and
U, with the joint distribution f(x,u) might be allowed to consist of some lagged values of
Yiin. For notational simplicity, let Y = (Y14, -+, Yrn) be a T x 1 vector of the observed
values of the dependent variable, pu = (u1,- -+, pur), X = (Xy, -+, Xz) be a T X g covariate
matrix, and € = (€144, -, eé74p)". Clearly, the nonparametric estimation of m(u,x) in RP*+¢

might suffer from the so-called curse of dimensionality. To overcome this difficulty, as argued



in Cai (2010), the functional-coefficient regression model has the particular form as
m(U,, X,) = Za] U)Xy = Xa(Uy) = e, (1)

where {a;(-)}{=, are measurable functions from R” to R, which are flexible enough to cover
many applications. Here are some examples, including but not limited to, the functional-
coefficient autoregressive model, generalized exponential autoregressive model, and threshold
autoregressive model; see, for example, Cai et al. (2000b) for details, and with U; being time,
poisson regression model with time-varying coefficients as in Cai et al. (2000a) and trending
time series models studied in Cai (2007) and Chen & Hong (2012), etc. This setting is
particularly appealing in modeling economic and financial data; see, for example, Cai (2010)
for details. Here, to ease notation, it is assumed that U, is an observable scalar smoothing
variable. Of course, one can consider the multivariate case for the smoothing variable. But,
the estimation procedure and asymptotic results still hold for the multivariate case with
much complicated notation. Therefore, in what it follows, it is assumed that p = 1 and U,

is changed to U;.

Indeed, the functional coefficient form in (1) can be regarded as an approximation of
m(Uy, X;). For convenience, it is assumed that X; is a scalar. Then, by Taylor expansion
and assuming that m(u, x) is differentiable with respect to z in infinite order, it is easy to

obtain that

[e.o]

Z@j m(u, r)/0r |p—or! = Z i(u) 25,

7=0

where z; = 27 for all j. Suppose the data generating process is a model including q regressors
with nonzero coefficients, i.e., Y1, = Xja(U;)+€,1p, where X, is a ¢ x 1 vector of explanatory
variables, and a(U;) is a ¢ x 1 functional coefficient vector. Here, each element in a(U;) is

nonzero, and €, is unobservable disturbance with E(e;,4|X;) = 0 almost surely.

We use M7y candidate models to approximate the true regression function m(-, -), where

Mo is allowed to depend on the sample size T'. The m-th candidate model is given by

Yin = Za (Up) Xy + EET})L = X gm) (Uy) + eH,)l ™ 4 eif,)l,



where the functions {aj(»m) ()} are measurable functions from R? to R and X = (Xers -, Xign)
is a g X 1 vector of regressors and ™ () = (o\™(U3), -+, a{™(U,))'. Note that we allow
each candidate model has a divergent dimension of regressors as the sample size T" increases;

that is, ¢,, grows to infinity at some slower rates than the sample size.

2.2 Estimation Procedure

The unknown coefficient functions can be estimated by using a local constant estimation
technique. For any given uy and U; in a neighborhood of uy, it follows from a Taylor expansion
that

a(m)(Ut) = ag-m)(uo) + O, (U; — uy),

where ag-m) (up) is the local intercept corresponding to a (Ut) Using the data with U,
around ug, we run the following local constant regression. Minimizing with respect to
{a;m) (ug) }, we have the locally weighted sum squared errors:

2

T qm
S 1 Yen =) o™ (uo) X, |k, (2)
=1 =1

where k; = k((Uy — ug) /1), k(-) is a kernel function on R!, and [ > 0 is a bandwidth which

satisfies | — 0 as T — oo. Let X(™ denote a T’ x ¢, matrix with X,Em)l as its t-th row, and

K(ug) = diag{ky,- - ,kr}, the locally weighted least squared errors in (2) can be rewritten
as

(Y - Xt (Uo)) K(uo)(Y — Xt (Uo))
where a™ (ug) = (a{™ (ug), -+, 0\ (ug))’. Thus, the local constant estimator of ™ (ug)
is given by

’ -1 ’
" () = [ XU K ()X | XK (o) Y,
and Efg»m) (up) = e;.ﬂma(m)(uo) with e;,, the g, x 1 unit vector with 1 at the jth position.
Define P{™ = P (U,) = [X<m)'K(Ut)X(m)]_1X(m)/K(Ut) as a ¢, x T matrix. Then,

a(m>(U ) = P 'Y and the least square estimation /J, ) for the conditional mean in the



m-th candidate model as follows:

m / m
A (U;) X"
atm = : = : Y = PM(X)Y, (3)
s m)’ m
™ (Uy) X‘T ) P(T )
where the definition of P(™)(X) is obvious in (3).
2.3 Selection of Local Weight
Let w = (w!, -+ ,w™7) be a vector of weights in the unit simplex of RM7 ie., Hy =
{W € [0, 1Mr . M gy } Actually, these weights can be allowed to be dynamic such

that they can be functional weights of some information. For simplicity, we write w = w(uyg)
with w™ = w™(ug) given ugy. Define P(w, X) = ZMTl w™P (™) (X). For given w, in view of

m=

(3), an averaging estimator for the conditional mean is given by

Zw T Zwmp(m )Y = P(w,X)Y,

and the model averaging estimator for a(ug) is given by

a(ug, w Z w™ T ( 0),

where II™) is a projection matrix of size ¢, x ¢ mapping a(ug) to ™ (ug).

Within heteroskedastic or autocorrelated errors, we propose the leave-h-out forward-
validation estimator in the functional-coefficient linear regression model. Denote two selected
matrixes as ¢, = (I, 0y (r—y)) for 1 <t < h and @, = (Onx(i—n); Ln, Opx(r—y)) for h+1 <t <
T, and 7, = (01 (¢—1) )for1<t<hand7rt (01x(h-1),1) for h+1 <t <T. Then, we
obtain Y4, = ¢,Y and X = ¢, X™) which are the sets to be removed. Denote Y (—(t4m)]
and X( | as the remaining sets of Y and X(™) after removing Y i1 and X ™) , respectively.

For any ﬁxed ugp, the following local constant estimator af’_nt)] is obtained from Y —(t+n) and

(m),
Xy -1
afz)} (up) = (XET’?] K t](UO)XE t)]> Xf t)] Ky (o) Y= (t+n)

8



where K_(uo) = diag{ky, -, ki—n, ki1, ,kr} and the leave-h-out forward-validation

estimator 7™ (uo) of p{™ is

™ (ug) = m, X (V&™) (uo). (4)

Thus, the leave-h-out forward validation averaging estimator of ju, is iy (w) = Z%zl wmﬁim)(

and fi(w) = (i (W), ,fir(w))"

Now, define the local squared loss of pu(w) as follows:

L (ug, w) = (i(w) — p) K(uo) ((w) — p),

which is infeasible because of the unknown conditional mean p. Thus, we propose the
feasible leave-h-out forward validation criteria to develop the corresponding local constant

averaging estimators
FVr(uo, w) = (Y — (W) K(uo) (Y — pa(w)). ()
For any given ug, minimizing FVr(ug, w) with respect to w, we have
Wy, = arg mingcq, FVr(up, w).
Then, the FVMA estimator of conditional mean at time ¢ is ji;(Wy, ), which is in a dynamic

way.

Actually, the proposed model averaging procedure’s implementation can be formulated
as a quadratic programming problem. This formulation involves minimizing a quadratic
objective function subject to linear constraints, and the following algorithm illustrates the

computational procedure.



Algorithm 1: An Algorithm for Computing w.

For any given uy,

Step 1: Calculate the leave-h-out forward-validation estimator for ;; under
every candidate model.

form=1,2,...,Mp

fort=1,2,...,T

m m m)\ ! m
Calculate af_t)} (ug) = <XE—t)}/K[—t] (UO)XE_t)}) XE—t)}/K[—t] (UO)Y[—(t—i-h)};

then, compute ﬁgm)(ug) by Eq.(4).
end
Calculate ™ by Eq.(3).
end

Step 2: Calculate the model averaging weight based on the local weight choice

criterion. ) (M)
py(uo) - gy (uo)

(2.1) Calculate € = (Y,---,Y) — : : ;
A o) o i (wo)

(2.2) Solve the constrained quadratic programming problem to obtain the model
averaging weight

Wyo = arg ming,c4,. FVr(ug, w),

where FVz(ug, w) = (Y — f1(w))'K(ug) (Y — fi(w)) = w'e K(ug)ew.
Output: wy,

Note: Numerical solutions can be obtained using various optimization software packages. For instance,

the quadprog package in the R language and the quadprog command in MATLAB are commonly used to

solve such problems.

2.4 Extension to Ultra-High Dimensional Framework

So far, both the number of predictors and the number of candidate models are allowed to

grow to infinity at some slower rates than the sample size 1. This section is mainly motivated

by the attempt to address the dimensionality issue encountered in regression problems with

q > T and reduce the computational burden of model averaging procedure. There are two

steps involved.

In Step 1, we use model screening to prepare candidate models, which essentially selects

a valid subset of all candidate models. Let M* be a subset of {1,--- , My} and thus, Hs =

10



{we[0,1]Mr 3 ew™ =1 and > mgm= W™ = 0}. Various model screening strategies
are proposed in the existing literature, including threshold model screening (Zhang et al.,
2016), top s model screening (Yuan & Yang, 2005), ordering model screening (Claeskens
et al., 2006), and others. For example, we could follow Ando & Li (2014, 2017) to do model
screening as a special case, which calculates the marginal correlation between each predictor
and the dependent variable, without prior subject knowledge or expert theories. Then, we
divide the ¢ marginal correlation into M7 + 1 groups based on the ordering. The first group
has the highest values, while the last group has the correlations closest to zero. And in each
group, ¢, is smaller than the sample size T'. After that, we discard the MJ + 1 group and
thus, the number of candidate mode is Mj. In this case, M* = {1,---, M;}.

In Step 2, we construct model averaging based on the subset M*, and the weight vector

is derived from

W, = arg min Lp(ug, W),
weHT

U

which will be shown to be asymptotically optimal under some regularity conditions, see,

Theorem 5 later.

3 Asymptotic Properties

Let a™*(ug) be parameter vector which is essentially derived from minimizing the MSE

between Y;,, and the mth candidate model at the point uy, i.e.,

a™*(ug) = arg min B[V, — X™ @™ (ug))? = [EX XM TEX ™Y ). (6)

(™) (ug)

From Lemma 3 in Appendix, we know that under certain regularity conditions,
18 ) = @™ (w)]| = Oylq 2T 217112),

Remark 1. This is similar to that of parametric estimation in the existing literature. For
example, based on Assumptions A1-A3(a) and A4-A6(a) of Theorem 3.2 of White (1982), the

consistency of parameter estimator in misspecified models can be derived under the mazimum

11



likelihood framework. Besides, with the under-smoothing bandwidth, the squared bias term
O,(ql*) of a'™ (ug) —a™* (ug) could be dominated by the variance term O,(¢T~71). Thus,

the bias term is ignored in (6).

Denote Li(ug, w) = [p* (W) — K (o) [* (W) — ], p(w) = 307, w™ plm)*, pm =
ﬁ'(m)|a(m)(uo):a(m)*(uo) and &r(ug) = infwen, ELY(up, w). Let f(u,x) denote the joint density
of (U,X), fu(u) be the marginal density of U, (nax(A) and (uin(A) denote the maximum
and minimum singular value of a matrix A, respectively. Unless stated otherwise, all limiting
processes refer to T — oo. Our derivation of the asymptotic optimality requires the following

conditions.

Condition (C.1). For all s > 1 and some positive constant C, | f(u,v|xg,%1;5)| < C < o0,
where f(u,v|xg,x1;8) is the conditional density of (Uy,Us) given (Xo,Xs), and f(u|x) <

C' < 00, where f(u|x) is the conditional density of U given X = x.

Condition (C.2). {U;, Xy, Yiin} is a-mizing process with the mizing coefficient {c(j)} sat-
isfying that Y~ jea(j) %" < oo for some v > 2 and ¢ > 1-2/1, supy ;<0 T K(uo)p||* =
Op(1). suprrcr | X" |1/ /T = O,(1) wniformiy for allm., and Guin(T~17 X0V K (ug) X)) >

Co for some positive constant Cy.

Condition (C.3). The error term {en} is weakly stationary and satisfies E(ep | Xy, Up) =

0 almost surely, E(e},,) = 0 and E(e},,| 1) = o*(1y).

Condition (C.4). The kernel function k : [—1,1] — R" is a bounded symmetric probability
density function, satisfying that [* k(u)du =1, [*, E*(u)du < oo, and [*| k(u)u?du < co.

Condition (C.5). The bandwidth | = ¢cT'~/5* for some —4/5 <v <0 and 0 < ¢ < cc.
Condition (C.6). For any fived uy, qMpT 1~ = o(1) and qMy*TH21Y265 (ug) = o(1),

Remark 2. Condition (C.1) is the same as Condition 1 (ii) in Cai et al. (2000b), which is
a standard condition for functional-coefficient regression models. Condition (C.2) imposes a

standard requirement for the mixing coefficient and moments, which is commonly used in the

12



existing literature (Fan & Yao, 2003). Condition (C.3) imposes that the forecast error is a
martingale difference sequence when h =1, and allows a non-diagonal covariance structure

for regression errors with bounded eigenvalues.

Remark 3. Condition (C.}) requires the two-sided kernel to be symmetric and bounded with
a compact support [—1,1]. Note that in out-of-sample forecasting, the functional-coefficient
regressiton models need the two-sided kernel instead of one-sided kernel with a compact support
[—1,0] in time-varying coefficient regression models. The commonly used kernels including
the Epanechnikov and uniform kernels satisfy Condition (C.4). If v =0, the optimal band-
width h,y = O(T~Y?) satisfies Condition (C.5).

Remark 4. Condition (C.6) requires that &r(ug) grows at a faster rate than qM%/QTl/gll/z,
which is similar to Condition 7 of Ando € Li (2014) and Condition (C.6) of Zhang et al.
(2016). Note that this condition implies &r(ug) — 00, which requires that all candidate
models are misspecified. Specifically, suppose the mg-th candidate model is correctly specified,
then, we have a™*(ug) = a(ug), where a(ug) is the true value defined in date generating

process. Thus, we have

{r(ug) = inf E[p(w) — p) K(uo)[p(w) — p] < E[p™* — p] K(ug) ™" — p] = 0,

weEHT
and then, Condition (C.6) is violated. We first discuss asymptotic optimality when all can-
didate models to be misspeficified, and then, discuss the alternative cases where some models

are correctly specified.

The following theorem states that the proposed criterion has the asymptotic optimality

for diverging ¢,,, when all candidate models are misspecified.

Theorem 1 (Asymptotic Optimality). Suppose that Conditions (C.1)-(C.6) hold. Then, for
any given point ug, the FVMA estimator satisfies the asymptotic optimality (OPT) property,

1.€.,
LT(“O? wuo)

P
; — 1,
infwep, Lr(ug, w)

where 5 denotes the convergence in probability as T — oo.

13



Theorem 1 shows that for any given ug, the model averaging procedure is asymptoti-
cally optimal in the sense that its local squared loss is asymptotically identical to that of the
infeasible but best possible model averaging estimator. This provides theoretical support for
the advantages of the proposed method over other averaging or selection methods, including
SAIC or SBIC, because the infeasible local loss of the best possible model averaging esti-
mator is smaller or equal to that of other model averaging estimators and model selection

estimators.

For any given wug, denote the optimal weight w°(ug) = arg minyeqy,. E[L7(up, w)], and

Er(uo) = Minwer, B[ Ly (ug, w)).

Condition (C.7). For any given ug, K1 < Cuin (T H A K (ug)A) < Cnax (THTTAK (ug)A) <

Ko < 00 for some positive constants k1 and ko, where A is a T X My matrixz with ﬁﬁm) mn its

(s, m)th element.

Condition (C.8). max; <<y, maxy<i<p P™ = O,(MpT-1Y), where P™ is the tth di-
agonal element of P (X).

Condition (C.9). For 1 < m < Myp and given ug, Cmax(T~H PO (X)K (1) P (X)) =
0,(q) a.s., and Pr(Cuin(T~H P (X)K(ug)P™ (X)) > C > 0)) tends to 1 for some

positive constant C'.

Condition (C.10). (i) & (ug)T-21"2M2q = o(1) and M}/?q V2T -1/2-0]-1/2=3 — (1),

and (ii) ]\4;/2q3/2T_1/2+‘5l_1/2+‘S = o(1), where 6 is a positive constant.

Remark 5. Condition (C.7) is similar to Condition (C.9) in Liao et al. (2019), which re-
quires that the minimum and maximum singular values of N'K(ug)A/(T) are asymptotically
bounded. Condition (C.8) is similar to Condition (C.3) of Liao et al. (2019), which is related
to cross-validation methods (Li, 1987; Gao et al., 2016). Condition (C.9) is commonly used
in Fan & Peng (2004); Li et al. (2022). This condition is rather mild, because typical esti-
mators satisfy the reqularity condition that the maximum singular value of the corresponding

matriz is bounded.

14



Remark 6. Condition (C.10) illustrates the relationships among &r(uo), T1, My and q.
Similar conditions can be found in the model averaging literature; see Liao et al. (2019);
Li et al. (2022). Note that condition (C.10) allows all candidate models to be misspecified,
as well as correctly specified models included. For example, suppose the mqg-th candidate
model is correctly specified, then, we have |[a"™ (ug) — a(ug)|| = O, (q*?T~12171/2) based
on Lemma 3. Thus, we have

&r(uo) = inf Eff(w) — p)'K(uo)[B(w) — p] = O,(1),

weHT

and then, Condition (C.10) still holds.

Theorem 2 (Consistency of Weights Estimation). Suppose that Conditions (C.1)-(C.5) and
(C.7)-(C.10) hold. Then, for any given ug, there exists a local minimizer W, of FVr(ug, w)
such that

kuo - WO(UO)H = Op(MTqT—1/2+5l_1/2+5)’
where § is a positive constant given in Condition (C.10).

Remark 7. From Theorem 2, it is observed that for any given uy, W,, converges to the
optimal weight w°(ug) at the rate MpqT=/2+31=1/2%0  Given uy and the rate of T1 — oo,
the slower the rates of My — oo and ¢ — oo, the faster the rate of Wy, approaching to w°(ug)
in probability. Theorem 2 holds in the case where all candidate models are misspeficied, as

well as the alternative case where some models are correctly specified.

Remark 8. A linear regression model is correctly specified for B(Yiin| Xy, Up) tf E(Yiin| Xy, Uy) =

Xia(Uy) for some a(Uy), which is equivalent to the condition that
]E(Et+h|Xt7 Ut) =0.

That s, correct model specification occurs if and only if the conditional mean of the linear

regression error is zero. See more discussions in Hong (2005).
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Theorem 3 (Consistency of MA Parameter Estimation). Suppose Conditions (C.1)-(C.5)
and (C.7)-(C.10) hold. Then, for any given uy,

||a(U0,\/ﬂ\/uO) - a*(uo,wo(uo))” = Op(M;/2q3/2T_1/2+(5l—1/2+5)7

0

O (up)a™*(ug), w? (ug) is the m-th element of w°(uqg), and

where o (ug, w°(ug)) = %21 w

o ™*(uy) is defined in Remark 1.

Theorem 3 shows that for any give g, the model averaging estimator & (ug, w°(ug))

converges to a well-defined limit a*(ug, w°(ug)), even all candidate models are misspecified.

Next, we discuss whether the proposed local averaging estimator asymptotically assigns

all weights to the correctly specified models, if they are included in candidate models.
Condition (C.11). For any fized ug, gM7T 171 = o(1) and

qM%/QTWll/Q{ inf EL(ug,w)} ' = o(1),

weHT

where Hy = {w € [0,1]M7 Y omgp W™ = 1} and D is the subset of {1,---, Mr} which is

composed of the correctly specified models.

Remark 9. Condition (C.11) is essentially equivalent to Condition (C.6), if D is empty,

that is, all candidate models are misspecified.

Theorem 4. If there is one or more correctly specified models, and Conditions (C.1)-(C.5)
and (C.11) are satisfied, then,

~m D
Z Wy — 1,

meD

where Wy is the m-th element of W, .

Theorem 4 shows that the proposed criterion asymptotically assigns all weights to the
the correctly specified models when the model set includes correctly specified models. If
there is only one correctly specified model among the candidate models, Theorem 4 implies

that the proposed criterion would select this correctly specified model asymptotically.
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Finally, to establish the asymptotic theory for the model averaging estimator under
the ultra-high dimensional framework as described in Section 2.4, the following condition is

needed.

Condition (C.12). For any fized ug, there exist a nonnegative series of vr(ug) and a weight
series of wp € Hy such that &' (ug)vr(ug) — 0, infwepy, Lr(ug, w) = Ly (ug, wr) — vr(ug),

and Pr(wr € Hy) = 1 as T — oc.

Theorem 5 (Asymptotic Optimality). Suppose Conditions (C.1)-(C.6) and (C.12) hold.

Then, we have
it ]
Ly (ug, W) P

- — 1.
1nfw€7{T LT(U(), W)

Theorem 5 states that under Condition (C.12) together with other conditions, the
proposed model averaging estimator for the ultra-high dimensional case is still asymptotically

optimal based on the model set H7.

4 Simulation Studies

In this section, we conducted simulations to compare the in-sample prediction and out of
sample forecasting performance of different model averaging methods for horizons h = 1,2

and 4:

e FVMA: the proposed method in the paper;

FVMASA: the forward-validation model averaging estimator with uniform weights;

AIC,: the nonparametric version of bias-corrected AIC model selection by Cai & Tiwari

(2010);

SAICc, the smoothed AICc model averaging;

SAIC: the smoothed Akaike information criterion model averaging as in Buckland et al.

(1997);
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e SBIC: the smoothed Bayesian information criterion model averaging;

e JMA: the jackknife model averaging initiated by Hansen & Racine (2012a).

In the following examples, we use 1000 replicates and for each replication, we draw
a sample of size T = 200 and 600 from the data generating process (DGP, hereafter),

respectively. Our simulation study is based on the DGP framework:

p
Yien =3 0;(Xp))Xoj+en, t=1,---.T, (7)

j=1
and comparisons between model averaging methods above are presented by considering dif-
ferent setting of the DGP. The Epanechnikov kernel function K(u) = 0.75(1 — u?)I},<; is
employed in all simulation examples, and it down-weights more distant observations within
the subsample. We also ran simulations with the Gaussian kernel, the results were similar
and thus, omitted to save space. For each replication, we compute the mean squared er-

ror of model risk by MSEW = L f:_ll(z(ﬁ — ™2, where {)A/t(f,)l, =1,---,T—1}is

) is the conditional mean of Y;(f,)” we report the MSE =

ﬁ Z,lglo MSE® for all methods. For the out of sample forecast error, denote ?:ﬁ?h be

the in-sample prediction and uik

the out of sample forecast of ng—?h in the kth simulation, then, MSFE can be given by

~

MSFE = 55 itff(YT(?h - YT(’i)h)2 for all methods.

Example 1: We consider model (7) with o;(u) = [1 —|—exp(—cj—?‘)]_1 and &; ~ N(0,0.3%). We
generate the predicting variables from ARMA processes, to be specific, X;; = 0.8X;_1 1+v;1,
vgp ~ N(0,1) and Xyo = X¢131. Xig = 0.6X4_13 + 0.3v4-13 + vp3, ve3 ~ N(0,1), and
Xia = Xi13, Xy 5 = Xi_23. Thatis, we have some predictors are lag variables. Furthermore,
we consider Xy; = (=0.3 + 0.15) X1 + ve, vy ~ N(0,s3) for j > 5, {s;} is a random
sample generated from the Chi-square distribution x?, then the conditional variances of these
predictors are not identical in general. We set ¢ = 2 and it is assumed the number of the

predictors p = 10.

The proposed data generating process in this example includes functional coefficients

a;(+), which are dependent on the value of j and are modeled as logit functions. This design
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allows for the contribution of different predictor variables to the conditional mean to vary.
Specifically, the functional form of «;(-) is such that the curvature of the logit function
tends to flatten as j increases. As a result, both linear and nonlinear types of functional
coefficients are incorporated into the model. This approach enables the model to capture
relationships between the predictors and the response variable, including both linear and

nonlinear associations.

Example 2: The setup for this simulation example is adapted from Example 1, but with
functional coefficients a;(u) = [L + exp((—1)’ - ¢)]7" for j = 1,--- ,p. The key innovation
of this design is that the functional coefficients are dependent on both the state variable u
and the index j. Specifically, the parity of j determines the direction of the relationship
between the predicting variable and the response variable, such that odd j coefficients are
decreasing and even j coefficients are increasing. This approach achieves the conversion of

monotonicity of the coefficients through the parity of j.

Example 3: Our setting is nearly identical to that of Example 1, with the exception of the

functional coefficients a;(u), which are defined as follows:

V2 Cexp(—=3u?) j=1,2;
aj(u) = ¢ (1 - a)a’u Jj=3,4,5;

(u® — ju)/3j j>5.
Here, ¢ = 1, a = 0.95, and we have a total of p = 8 predictors. The functional coefficients
in the proposed design are defined in a way that the underlying relationships between the
predictors and the response variable may be complex in practice. To model the complex
relationships between the predictors and the response variable, we partition the predictors
into three groups based on their characteristics, and design functional coefficients for each
group. To be more specific, the first two functional coefficients (j = 1,2) are formulated
as a combination of a decaying exponential function and a power function of j. These
coefficients correspond to the predictors X;; = 0.8X;_11 + v;; and X;» = X;_1;. This
functional form facilitates the capture of nonlinear relationships between the predictors and

the response variable. The functional coefficients for the third, fourth, and fifth predictors
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(j = 3,4,5) are structured as linear functions of u. These coefficients correspond to the
predictors X;3 = 0.6X;_13 + 030,13 +vr3, Xpu = Xy_13, and X, 5 = X;_93. Furthermore,
for predictors with indices greater than 5 (j > 5), denoted by X, ; = (—0.34+0.15) X, j+v ,
the functional coefficients adopt a quadratic form in terms of u, where j serves as the scaling

factor.

Example 4: In this example, we consider a scenario of diverging dimensionality where
the number of predicting variables p grows without bound as the sample size T converges
to infinity. Specifically, we use p = [37"/%] where |2] denotes the rounding of z to the
nearest integer. This choice of p ensures that the growth rate of p is not too fast relative to
the sample size T, which is a common consideration in the literature on high-dimensional
statistical modeling. This choice also ensures that there is enough sample size to estimate
the functional coefficients in our model, which is crucial for obtaining accurate and reliable

estimates.

We employ the same setting of predicting variables as in Example 1, and for the func-
tional form of coefficients, we use a;(u) = v/2j7' exp(—3u?). One notable feature of these
functional coefficients is that their values shrink to zero as j increases, indicating that the
contribution of the corresponding predicting variable X, ; becomes increasingly insignificant
as j grows larger. This phenomenon is analogous to a situation that a regressor with nui-
sance parameter in high-dimensional linear regression model. It is common to encounter
situations where some predictors are only weakly associated with the response variable in
high-dimensional setting. Their inclusion in the model may lead to increased variance and
reduced efficiency in estimating the coefficients of interest. Such predictors are often referred
to as “nuisance” predictors, as they add noise to the model but do not contribute much to

the estimation.

The numerical results are reported in Tables 1 for Example 1 in the top panel and
Example 2 in the bottom panel and 2 for Example 3 in the top panel and Example 4
in the bottom panel. It is observed that the FVMA method demonstrates significantly
smaller MSE and MSFE than the FVMASA method. This outcome can be attributed to the
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asymptotic optimality of the proposed weight estimator in Section 3, which indicates that
its local squared loss converges asymptotically to that of the best possible model averaging
estimator. In comparison to the other methods, the results consistently indicate that the
FVMA approach outperforms. It exhibits the smallest MSE in nearly all examples and the
smallest MSFE in every case. This is within our expectation since that the proposed model

averaging methodology is designed for selecting optimal weights in out-of-sample forecasts.

5 An Empirical Example

This section is devoted to an empirical application of the proposed method to illustrate
its practical usefulness. The dataset used in this analysis includes monthly observations of
the S&P 500 stock price index, Federal funds rate, industrial production (IP), and the US
government budget deficit (or surplus). The data range from October 1980, which is the first
available observation of the Federal deficit on the FRED database, to December 2020. The
following variables are utilized based on the transformation of the original data: stock return
(SRy), the growth in industrial production (IPG; = In(IP;) — In(IP;_;)), the first differences
of the effective federal fund rate (DFF, = FF, — FF,_ ;) and the change in fiscal deficits
(CFD; = FD; — FD;_;). Deficits are denoted as positive values of FD, while surpluses are

represented as negative values.

In line with much of the existing literature, we regard federal deficits as an indicator of
constraints on monetary policy actions. Federal deficits can limit the ability of the govern-
ment to implement monetary policy measures, such as interest rate adjustments, to stabilize
the economy. By employing the framework proposed by Jansen et al. (2008), we obtain the
candidate model

SRes, = X™ @™ (CFD,) + €141,

where Xgm) = (Xu, -+, Xiy,) 18 & g x 1 vector of regressors. We construct the candidate

pool Q using the variables {SR;, [ PGy, DF'F,} and their respective lags. The inclusion
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Table 1: Simulation Results of Examples 1-2.

Example 1 h=1 h=2 h=4
p=10, T=200 MSE MSFE MSE MSFE MSE MSFE
FVMA 0.0992 0.3482 0.1006 0.2885 0.1012 0.4068
FVMASA 4.2854 5.2842 4.2594 4.7695 4.2814 5.1670
AlCc 0.1240 0.3846 0.1246 0.3335 0.1248 0.5028
SAICc 1.1547 1.7474 1.1517 1.5681 1.1570 1.7285
SAIC 5.7805 7.0876 5.4713 6.8454 5.7341 6.6753
SBIC 5.7916 7.1159 5.7552 6.9497 5.7457 6.7322
JMA 5.7910 7.1065 5.7514 6.8713 5.7442 6.6996
p=10, T=600

FVMA 0.0422 0.1469 0.0421 0.2035 0.0415 0.1792
FVMASA 4.5039 5.1484 4.4941 4.8370 4.5035 5.4351
AlCc 0.0544 0.1570 0.0542 0.2891 0.0535 0.1905
SAICc 0.9785 1.2254 09778 1.2744 0.9741 1.3128
SAIC 6.3233 6.7646 6.3409 6.6130 6.3607 7.1993
SBIC 6.3233 6.7646 6.3409 6.6130 6.3607 7.1993
JMA 6.3244 6.7813 6.3420 6.6124 6.3618 7.1992
Example 2 h=1 h=2 h=4
p=10, T=200 MSE MSFE MSE MSFE MSE MSFE
FVMA 0.0547 0.2045 0.0549 0.1869 0.0592 0.1854
FVMASA 4.0519 4.8070 4.0545 4.5621 4.0531 4.7398
AlCc 0.0648 0.4359 0.0648 0.2022 0.0648 0.1917
SAICc 0.9697 1.4180 0.9700 1.2952 0.9724 1.3452
SAIC 0.8406 1.1613 0.8371 1.1156 0.8376 1.0962
SBIC 0.8406 1.1613 0.8371 1.1156 0.8376 1.0962
JMA 0.8409 1.1650 0.8373 1.1167 0.8378 1.0991
p=10, T=600

FVMA 0.0257 0.1226 0.0258 0.1334 0.0259 0.1196
FVMASA 4.2499 4.3865 4.2430 4.6761 4.2606 4.3674
AlCc 0.0311 0.1334 0.0312 0.1411 0.0313 0.1291
SAICc 0.8887 0.9911 0.8873 1.0920 0.8886 1.0012
SAIC 0.9122 1.0664 0.9124 1.1783 0.9114 1.1308
SBIC 0.9122 1.0664 0.9124 1.1783 0.9114 1.1308
JMA 0.9122 1.0659 0.9124 1.1786 0.9114 1.1311
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Table 2: Simulation Results of Examples 3-4.

Example 3 h=1 h=2 h=4
p=8, T=200 MSE MSFE MSE MSFE MSE MSFE
FVMA 0.0578 0.2517 0.0579 0.1874 0.0582 0.1959
FVMASA 0.1541 0.3302 0.1530 0.2955 0.1523 0.3023
AlCc 0.0546 0.2810 0.0545 0.2053 0.0544 0.2127
SAICc 0.1164 0.2950 0.1159 0.2620 0.1149 0.2600
SAIC 0.7351 0.8789 0.7292 0.8006 0.7321 0.8447
SBIC 0.7542 0.8673 0.7476 0.8041 0.7508 0.8326
JMA 0.7395 0.8712 0.7335 0.7968 0.7366 0.8326
p=8, T=600

FVMA 0.0351 0.1260 0.0355 0.1399 0.0356 0.1437
FVMASA 0.1517 0.2668 0.1513 0.2896 0.1517 0.2788
AlCc 0.0339 0.1278 0.0340 0.1897 0.0340 0.1643
SAICc 0.1037 0.2123 0.1035 0.2368 0.1034 0.2253
SAIC 0.7888 0.8919 0.7857 0.9231 0.7915 0.9044
SBIC 0.7974 0.8953 0.7940 0.9266 0.8000 0.9066
JMA 0.7904 0.8918 0.7872 0.9200 0.7931 0.9044
Example 4 h=1 h=2 h=4
T=200 MSE MSFE MSE MSFE MSE  MSFE
FVMA 0.2503 0.4421 0.2502 0.4889 0.2512 0.4694
FVMASA 0.3900 0.6042 0.3907 0.6671 0.3904 0.6204
AlCc 0.3490 0.6150 0.3490 0.6233 0.3493 0.5982
SAICc 0.3421 0.5607 0.3426 0.6135 0.3423 0.5770
SAIC 2.2009 2.2984 2.1926 2.5668 2.1903 2.3763
SBIC 2.3115 2.3015 2.3039 2.5265 2.2992 2.3291
JMA 2.2081 2.2800 2.1990 2.5462 2.1968 2.3562
T=600

FVMA 0.1384 0.2914 0.1382 0.2876 0.2512 0.4694
FVMASA 0.2426 0.4267 0.2415 0.9009 0.3904 0.6204
AlCc 0.1992 0.3680 0.1988 0.3644 0.3493 0.5982
SAICc 0.1986 0.3806 0.1977 1.0072 0.3423 0.5770
SAIC 2.3181 2.6062 2.3067 2.6924 2.1903 2.3763
SBIC 2.3830 2.6497 2.3711 2.7310 2.2992 2.3291
JMA 2.3140 2.6087 2.3027 2.6926 2.1968 2.3562
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of lagged variables allows us to incorporate feedback over time and capture the dynamic

relationships. Specifically, we consider
Q — {SRt, et 7SRt—k17 IPGt, st 7IPGt—k1a DFFt7 et 7DFFt—k1}

and Xy; € Q2 and k; = 5. Note that our methodology does not require the candidate model
to be parsimonious. While a larger lag order k; could be considered to capture more complex
dynamics, this would result in an increase in computational load. Additionally, it is worth
noting that when h = 1, setting the lag order k; to 5 is consistent with the maximum lag
order used in previous studies such as Jansen et al. (2008) and Tu & Wang (2020). The
bandwidth is selected via | = 2.34ScppT~'/°, where Scpp is the sample standard deviation of
{CFD,}. The number of candidate models is determined by the rule M = min(|3T"/?],q),

where ¢ is the number predicting variables in €.

In our analysis, we evaluate the forecasting performance of the methods used in simu-
lation section, and we rely on plots of relative MSFE to illustrate our findings. These plots
provide a visual representation of the forecasting performance of the different methods under
consideration. Specifically, let 77 denote the start forecast date and vary it from 2019:6 until
2020:1, the MSFE for each method ¢ is computed via

T:
MSFEL, (Ty, Ty) = Py 0] ith  7h = 2020 : 12
(Z) 1 2)_T2_T1+1 Wil 2 — ° *

Next, we evaluate the relative percentage gains in mean squared forecast errors of the fore-
casts produced by the first six methods compared to the forecast produced by the JMA
method. A negative value suggests that the corresponding method produces more a accu-
rate forecast than the JMA method. This allows us to assess the relative performance of

these methods in terms of their ability to reduce forecast errors.

As shown in Figure 1, the performance of the SAIC and SBIC methods are similar
for h = 1 and h = 2, but both are inferior to the JMA method. Figure 1 reveals that the
FVMA method strongly outperforms the FVMASA method over the forecasting period. This

suggests that the proposed time-varying weighting scheme w,, is not equivalent to a simple

24



0.4-

Relative MSFE

w
w
(2}
=
®
=
=1
©
©
o

0.0-
———"
‘s\—o 0- 7 7 o = =

' ' ' ' ' ' ! ' ' ' ' ' ' ' ' '
Jun.2019  Jul2019  Aug.2019 Sep.2019 Oct2019 Nov.2019 Dec2019 Jan.2020 Jun.2019  Jul.2019 Aug.2019 Sep.2019  Oct2019 Nov.2019 Dec2019  Jan.2020

== AICC =&~ FVMA —%= FVMASA SAIC =&~ SAICC =% sBIC

Figure 1: MSFE plots: the left panel for h = 1 and the right panel for A = 2.

averaging weighting scheme. Furthermore, the results indicate that the proposed method

delivers out-of-sample forecasts that are no worse than existing model-average methods.

6 Conclusion

In this article, we have proposed a novel model averaging method for high-dimensional
functional-coefficient regression models, which allows the selected weights to change over
state variables. We have established the asymptotic optimality of the proposed estimator
and the rate of the selected varying weights converging to the optimal weight, even when
all candidate models with high-dimensional covariates are misspecified. When the model
set includes the correctly specified models, the proposed method asymptotically assigns all
weights to the correctly specified models. Also, model screening prior to model averaging
in ultra-high-dimensional context has been investigated. Numerical analysis and empirical
application strongly favor the proposed model averaging in comparison with the existing

conventional methods.
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Some relevant issues deserve further research. First, this paper has reduced model
uncertainty mainly caused by high-dimensional covariates. It would be interesting to study
local optimal averaging for functional-coefficient models with various state variables. For
example, we could follow the spirit of Cai et al. (2015b) to select state variables prior to model
averaging. In addition, one extension is to generalize the proposed method to functional-
coefficient models for nonstationary time series data, which covers more applications in

economics and finance (Cai et al., 2009; Xiao, 2009).
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Appendix

Before we embrace on providing the detailed proof to the main theorems, some lemmas are

needed, presented as follows.

Lemma 1. Suppose Conditions (C.1)-(C.5) hold. Then, as T — oo, it holds that

T
W, =T XXk = fu(uo)® (ug),

t=1

where W(uy) = E(X,X}|Up = ug) is a symmetric positive definite matriz.

Proof. This can be directly derived from Theorem 1 in Cai et al. (2000Db). O]

Lemma 2. Suppose Conditions (C.1)-(C.3) hold. Then, we have

T
|‘T_1/2l_1/2q_1/2 Z ktXt€t+h|| - Op(l)’

t=1
and

T
elIT 7 g2 T kXYool = 0,(1),
t=1
if ¢ grows at some rate of T.

Proof. We have

T
T—1/2l—1/2q—1/2 Z ktXtet—{-h _ T_1/21_1/2q—1/2X/K(U0)€,

t=1

and

T
T2y kXY, = T g7 PX K (ug) Y.

t=1

Lemma 2 is valid if the following holds:

XK (uo)el| = O,(v/4T1), (A.1)
and

XK (uo) Y| = Op(v/qTD). (A.2)
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First, with Conditions (C.1)-(C.3), we have

E(T17 g [X K (uo)el|*)

1
— ﬁ]E(e K (u) XX K (up )€)

:__ﬂ[vﬁzgx\/igxcw\f—ia]

X 2
ma k22t [1Xe]]
1<t<T q

IN

T Zvar Yin)k: < C < o0

for some positive C' and non-stochastic X. We have similar results for random X. Thus,

(A.1) holds.

Next, with (A.1) and Conditions (C.1)-(C.3), we have

XK (uo) Y[ = [[XK(uo)pe + XK(u)el
< [[X'K(uo)pl| + Op(V4T)

T

< D mallIXel ke + Op(V/qT)

t=1

T T
< J ZufktJ Z |1Xe|[2ke + Op(+v/qT)
=1 =1

< \/CTZ\/TZ max 1X,[12 + O,(\/qT1)
= Op(VaTl) + Op(V/qT1)

for some positive constant C'. Thus, the proof of (A.2) is completed. O

Lemma 3. Suppose Conditions (C.1)-(C.3) hold. Then, for any fized ¢ > 0, there exists a
0 > 0 such that for all sufficiently large T,

T1/271/2 @
(H 47 (uo) — a<m>*(u0>)H < &) >1—e.
Proof. With Conditions (C.1)-(C.5), we have

T1/2l1/2
(H - >—amwm»HgQ
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T1/2l1/2 oy T
‘W (X< VK (1) X >)

_ pr[

. T—1/2l—1/2 ,
> Pr (Co_ TX(’”) K (uo)(Y — M)H < 5)
S 1 var(X ™)K (ug)€) G
- C20%Tlq - C35?

for some positive constants Cy and C;. Thus, the proof of Lemma 3 is completed, when

= 5. = C*(e12Cy). 0
Lemma 4. Suppose that Conditions (C.1)-(C.2) hold. We have
FVr(ug,w) =Y (A(w,X) + Q(w, X)) K(up)(A(w,X) + Q(w, X))Y,

where A(w,X) = 2N wmAM(X), Q(w,X) = M wmQM(X), AM(X) =1 -
P("(X), Q(X) = aD™PAM(X), ¢ = (¢, @), (I-P") ! =T+ 372 (PV) =
I+ ng)’ and 7 and D) are block diagonal matrices with the t-th diagonal block being T,
and D™ 1<t<T).

Proof. Tt can be shown easily that

ﬁgm) = 7 | Yign — (I— P?E:n))_l(Y[t-f—h] - ﬁfgﬂ)]

= 7Tt¢tP(m) (X>Y - thEm)(ﬁtA(m)(X)Y,
where fifj" = ¢,P"(X)Y and P{}" = ¢,P")(X)¢). Then, we have that
A" =PM(X)Y - QM(X)Y,

and

Y — fi(w) = (1 . Zile w™P ™ (X) + Zle wm Q™ (X)) Y = (A(w,X) + Q(w, X))Y,

which implies that Lemma 4 is obtained. [
Lemma 5. Suppose Conditions (C.8)-(C.9) hold. Then,
CmaX(Q(m) (X)) = OP(Mqu/zT_ll_l)-
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Proof. With Condition (C.8), we have tr(P") = tr(¢,P™(X)}) < (h+1) mMax <t<7 P =
Op(M7T~71) uniformly in m. Then, it follows that

(m) —
(D) < g (DI 1@%“{2 d
(m)1-1 (m)
< E
-~ fgtaé)% ‘_I{Cmax[Ptt ] tr[Ptt ]}
(m)q4
<
< max tr[Pg, ]
j=1
_ _ (s)y _ —17-1

which implies that (nax(7) = 1, so that

Coax (Q(X)) = Cuax{TDMHAM™ (X))}

IN

Cmax () Ginaoe (D ™) Ginax (60) Gnae (A (X))
= O (Mpg ?T M7

with Condition (C.9). This proves the lemma. O

Proof of Theorem 1. For any given ug, we first do the following decomposition

and

LT(UQ, W)

‘FVT (UO,

w) —
Y — f(w)] K(uo) [Y — r(w)] — (

|1 = B(w) = (B(w) = p*(w)) + (

(1" (w) = p+ p(w) — p*(w)) K(uo) (1" (W) — p + p(w) — p(w))
Li(uo, w) + 2(B(w) — p*(w))K(uo) (1" (W) — p)

+H(p(w) — p" (W) K(uo) (B(w) — p*(w))

L (ug, w) + I'r(uo, W)

]EL;(Ul)vW) + FT(UO’ W) + (L*T(Umw) - EL;‘(U(MW))a

Ly (ug, w)|
(W) — 1) K (uo)(u(w) — )]
(w) — p*(w)) + (Y — p)] K(uo)

=

=)



X [ = p(w) = (p(w) — (W) + (B(W) — p"(w)) + (Y — )]

p(w))l
p(w))l

— ((w) = 1) K(uo) ((W) — p)]

< (W) = p" (W) K (uo) ((W) — p (W) + [((w) — p*(w)) K (o) ((w) — p*(w))]
+2|((w) — " (w)) K (uo) (1(w) — p"(w))| + 2| (1" (W) — ) K (uo) ((w) —
+2|((w) — " (w)) K (uo) (1(w) — p"(w))| + 2| (1" (W) — ) K (uo) ((w) —
+2|((w) — p (W) K(uo) (= )| + 2| (" (w) — pu(w)) K (uo) (1 = Y)
+2|((w) — p* (W) K(uo) ((w) — p"(w))| + 2(1 — p*) K (uo) (1 = Y)
+2|(1(w) — " (w)) K (uo)( )+ (= Y) K (uo) (1 = Y)|

= Ar(uo, W) + (= Y)'K(u) (1 = Y)|,

where the second term is unrelated to w. From Theorem 1 of Zhao et al. (2019), Theorem

1 is valid if

Lo, w)| _
S B (w7
Ar(ug, W) _
o2 B (g w) ~
and
sup |L§1(UO,W) _EL;(U@?W” _ Op(1>*

weHr EL7 (uo, w)

Based on Lemma 3, for any given uy, it is observed that

max ||a )(UO) — a(m)*(uo)H _ OP<M%/2q1/2T—1/2l_1/2)‘

1<m<Mrp
Then, we have

a(ug, w) — a*(ug, w) = Z w™ [a(m)(uo) — ™" (ug)

m=1
_ Op(M%ﬂql/zT—l/zl—l/z)_
Thus,

sup [fi(w) — p*(wW)] K (uo) [a(W) — p*(w)]

weHT
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= Sup (X' (G(uo, W) — e (ug, w))] K(uo) [X'(G(uo, W) — e* (ug, w))]

= 0,(Tlq) * Oy(MrqT ") = O,(Mrq?) (A7)
with Conditions (C.2)-(C.4) and (A.6). Similarly, we have

sup [(w) — p*(w)] K(uo) [1(w) — p*(W)] = Op(Mrq*). (A-8)

wEeEHT

Also, with Condition (C.3), it is shown that

sup (" (W) — ) K () (fi(w) — ()| = O, (My/*qT"21'/?), (A.9)
sup (" (W) — 1) K (uo) (Fi(w) — " (w))| = Op(My/*qT"?112), (A.10)

and
(= Y)K(up) (e —Y) = €K(ug)e = O,(T1). (A.11)

From (A.7) and (A.9), we have supyey,. [I'r| = O,(M}*qT 2112 and thus, (A.3) is ob-

tained.

By the same token, we have

sup |(f(w) — " (W) K(uo) (a(W) — p*(w))| = Op(Mrq?),

weHT

sup |(p"(w) — p)'K(uo)(u = Y)| = O,(T1),

weHT

sup |(fi(w) — p* (W) K(uo) (i — Y)| = O, (My*qT"1'/?),

weHT

and

sup |(B(w) — ' (w))K(uo)(p — Y)| = Oy (M *qTV1'/?).

weHT

Besides, we will verify that

sup [(1* (W) — ) K(up)(p — Y)|
weHT EL% (up, W)

= 0,(1). (A.12)
For any ¢ > 0, we have

Py { sup (o) |(* () — ) K (o) (1t — Y)| > 6}

weHT
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I
}U
—
——
o)
c
o}
5
I~
N

Y W (™ — ) K (uo) (- Y)| > 5}

= Pr {max (" — ) K (uo) (1 = Y)| > &r(u0)3}

< 3 Pr{(u — ) K(uo) (e — )| > €r(u0)3}
< &5 Y STEBI - ) (s — Yok I}
< &R0 ST RE(E, L) (™ — p))])

= O(@*MrTIER (ug)) = o(1),

where the last step of the above is obtained from Conditions (C.3), (C.4) and (C.6). Thus,
(A.12) is completed. Thus, with (A.7)-(A.12) and Condition (C.6), we have sup,cs.. [Ar| =
O,(qMy/*TV211/2) so that (A.4) is derived.

Finally, with Conditions (C.1)-(C.2), for any 6 > 0 and uniformly for any wug, we have

Pr{ ) &' (uo)|Li(uo, w) — EL}(ug, W)| > 8} = o(1)

weHT

based on the law of large numbers of the mixing-process as in Doukhan (2012), and so (A.5)

is obtained. Therefore, the proof of Theorem 1 is completed. O

Proof of Theorem 2. Following Fan & Peng (2004) and Chen et al. (2018), we need only

to verify that for any given wug, there is a constant ¢y such that

lim Pr ( inf FVr(ug, w?(ug) + n7(uo)v) > FVr(uo, WO(UO))> =1
T—oo [[vl[=co,(wO(uo)+nr (uo)v)EHT
with v = (v!, -+, oM7) and np(ug) = MpqT~Y/?+9171/249  which implies that for any given
g, |[|Wuo —wW2(uo)|| = Op(nr(up)) with a minimum w,, in the set {w®(ug) +nr(uo)v : [|v]| <

CO,WO(UO) -+ nT(Uo)V € %T}

First, we decompose FVr(ug, w®(ug) + nr(ug)v) — FVr(ug, w’(ug)) in the following

four parts:
FVr(ug, W (ug) + 17 (uo)v) — FVr(ug, w®(up))
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= Y [A(W(uo) + nr(u0)v, X) + QW (ug) + 1 (1) v, X)] K(uo) [A(W° (ug) + nr(uo)v, X)
+Q(W(uo) + nr(ue)v, X)) Y — Y’ [A(W(uo), X) + Q(W°(uo), X)] K (up)
x [A(W°(up), X) + Q(w’(uo), X)] Y

= Y'A'(W"(ug) + 1r(uo)v, X)K (uo) A (W’ (uo) + nr(uo)v, X)Y + Y'M(w(ug) + 1 (uo)v, X)Y
~Y'A' (W (ug), X)K (ug) A (W’ (up), X)Y — Y'M(W’(up), X)Y

= f(nr(uo)v) K (uo)fa(nr(uo)v) — 2(p — p(w(uo))) K (o) (nr(uo)v) — 2€"K (uo) (1 (uo)v)
+ [YM(W(uo) + nr(uo)v, X)Y — YM(W°(u), X)Y]

= — 209 — 223+ =y,
where

M(w,X) = Q'(w,X)K(up) + K(up)Q(w, X) — P'(w, X)K(uy)Q(w, X)
—Q'(w, X)K(ug)P(w, X) + Q'(w, X)K(ug)Q(w, X),

To verify Theorem 2, it is equivalent to showing that =; > 0 in probability converges to
1, and =; asymptotically dominates {Z,, =3, 24}, respectively. Based on Conditions (C.4)-

(C.5) and (C.7), it is derived that

E1 = Z(Z (o)™ ™)k = ZUT uo) ZU e > ranz(uo)|[v[|*T1 > 0
in probability approaching to 1. Next, given
Er(ug) = wienqu ELir(w) =E [(1 — B(W’(u0))) K(uo) (1t — B(W’(u0)))] ,

we have ||1/K(up) up))]|] = O (Nl/z(uo)). Then, from Conditions (C.4)-(C.5)
and (C.7), similar to (A.5) in Li et al. (2022), it is shown that

] < (VK (uo) [ — BWO(uo))] || % ||v/K(uo) (7 (uo)v) |
= O, (& (o) g PT 21 1 (ug)) v .
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With Condition (C.10), it is shown that |Z3| is dominated by =; asymptotically. Next,
similar to (A.54) of Liao et al. (2019), it is observed that

Bl = [|tr{e'K(uo)(nr(uo)v)}|
= |tr{K (uo) (17 (uo)v)e'}|
= Kvec(en(nr(uo)v))} vec(K(uo))|

= [nr(uo)v' {vec(epp™), -, vec(ep™"")} vec(K (uo))|

< (o) |[V][er'? | " {vec(epd™" ) Hvee(ep™ )Y | K (uo)|

m=1

= Op(Mrq" T 21" (up)) || V],

which is dominated by Z; asymptotically based on Condition (C.10). Furthermore, =4 can

be decomposed as
Zy = YM(W(up) + nr(ug)v, X)Y — YM(W’(ug), X)Y
= Y'Q'(nr(uo)v, X)K(uo)Y + Y'K(uo)Q(nr(uo)v, X)Y

—Ig1 — S42 243,

where
Eu = Y'P'(W(ug) + nr(uo)v, X)K(ug) Q(w"(uo) + nr(ue)v, X)Y
~Y'P'(W° (), X)K(u)Q(W" (o), X)Y,
B = Y'Q(W(uo) + nr(uo)v, X)K (ue)P(w’(ug) + nr(uo)v, X)Y
~Y'Q' (W (ug), X)K (uo)P(W" (), X)Y,
and
Eis = Y'Q (W (o) + nr(uo)v, X)K (uo) QW (uo) + nr(uo)v, X)Y
—Y/Q/<WO (Uo), X)K(UO)Q(WO (Uo), X)Y
Denote

F, = (VK(u)PY(X)Y,- -, vVK(ug ) PM)(X)Y),
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and

Fy = (VK(u)QYX)Y, -, vVK(u) QM) (X)Y).

Then, we have

Mr
1By = &'?(FF)) = ') YPO (X)K (ug) P (X) Y}
< {ZCmax (o)) [ Y k| PR (P (X))}? = O, (v/qTIMy),

and similarly

IFs|| = {ZH\/ (u0) Q™ (X)Y||*}/2

(K (10)) G QU (X)) Y| P}2

A
—

M5
E
2

_ Op<q1/2T_1/2l_1/2M73~/2).
Then, we have
1241 + Za2 + Egs
20 (o) |V |11 1| [[[Fa] || [w® (o) ] + 20 (o) | [w* (uo) [[[ | F1 ||| Fa|[[[ V]|
207 (uo) |[F1 [ [ Fa|[[[v]1* + 207 (o) ||V |[[[F2| [ [w° (uo) || + - (uo) | [V *] [ Fa |
= Op(nr(uo)gM7)| V|| + Oy (177 (wo)gM7) || v [|*

+O0, (T (o) g M) VI + Op (T 0 (o) g M) ||V |-

IN

In addition, it is seen that
’Y/Q'(UT(UO)V X)K(uo)Y + Y'K(uo)Q(nr(uo)v, X)Y|
= [2Y/( Z??T ) v™ Q™ (X)) K (ug) Y|

217 (uo) ||V||HF’\/ (u0) Y|

= Op(nr(uo)q"*Mr*?)||v]].

IA

This shows that =4 is dominated by Z; asymptotically based on Conditions (C.6) and (C.10).
Therefore, Theorem 2 is verified. O
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Proof of Theorem 3. With Theorem (3.a) in Andrew (1992) and Theorem 2, it is easily
obtained that

[16(u0, W) — @ (10, W (uo) )

< l6e(uo, Wuy) — G(uo, W (uo))|| + [|Ge(uo, W (o)) — o (uo, W' (up) )|

Mt

= |@(uo, Wuy — WO o)) + I Y wh, (@™ (ug) — ™" (ug))]|
m=1

< [[Wag — W (o) [[||A (o) [ + |1 (uo)[ ||| A(uo) — A" (uo)|

= 0TI NP 1 O, (My P T ) = 0,(1),

where A (ug) = (@™ (uo), - -+, &™) (ug)) and A*(ug) = (aV*(ug), - - -, ®™1)*(ug)). Thus,

the proof of Theorem 3 is completed. O

Proof of Theorem 4. Let FV5.(up, w) = FVr(up, w)— (e —Y)'K(up)(pr —Y)|, where the
last term is unrelated to w, and thus, w,,, = arg minyez,. FVr(ug, w) = arg mingew, FVi(ug, w).

Similar to the proof of Theorem 1, it is obtained that
FV3 (0, Wao) = EL; (Wug) + Op(qMy*TYV?1M?). (A.13)

Denote 7 = > _,w™. Let w be a weight vector with w™ = 0 for the correctly specified
models (i.e., m € D) and w™ = w™/(1 — 1) for all misspecified models (i.e., m ¢ D). For

any given ug and any correctly specified model, it is easy to see that

™ — =0 for m € D. (A.14)

Then, we obtain that

EL}(uo,w) = E[(p" (W) — p) K(uo) (' (w) — )]

T Mt

= E | O w™{ul™ = p})ka

Ls=1 m=1 h

T My 7
= |2 0 - u)h

s=1 m=1 i

Mo 2
= (1-7E ) (Zﬂ — wMor) Ty L m — us}> ket
s=1 m=1
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= (1 —7)°Lk(ug, W). (A.15)
By replacing w with its estimator and based on (A.13) and (A.15), we have
FVi (g, Way) = (1 — 7)2EL% (g, Way ) + Op(q My *T?11/2),

Let A be a weight vector with > - A™. Also, we obtain EL7.(ug, A) = 0 based on (A.14).
Then, it is shown that
FVi(ug, A) = O, (qMy!*T/?11/?),

and
(1= 7)*ELi (0, Wuy) + OpaMy*TH211%) < FVi (o, X) = OyfaMy*TV21%)
based on the fact that w,, = arg minyes, FV75(up, w). Therefore, we derive that

(1—7y)? inf EL}(ug,w)+ Op(qM%QTl/Qll/z) < Op(qM%/2T1/2l1/2)’
wWEHT
where 7, is the estimator of 7 for any given wug, i.e., 7,, = Z]ED {Eﬂo_ Combined with

Condition (C.11), for any given uy we obtain 7, KR 1, and thus, the proof of Theorem 4 is

completed. O

Proof of Theorem 5. To verify Theorem 5, it is equivalent to showing that for any given

o

First, we define DFr(ug, w) = FVr(ug, w) — Lp(ug, w) — [(pp — Y)'K(ug)(pr — Y)|. Based
on (A.4) and (A.5), supyey,. | DFr(uo, w)/Li(ug, w)| = 0p(1) for any given uy. With (A.5),

ug and for any 6 > 0,

infweHT LT (Uo, W)
LT (UO ) V?IZO )

—1‘ >5} Lo. (A.16)

Conditions (C.6) and (C.12), it is observed that for any given ug

UT(UO)

sup |+
LT(U'07 W)

weHT

‘ = Op(l)a
and

sup
weHT

L;(Uo, W) ‘

LT(“’O? W)
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-1
= inf L (uo, w)

wety | L (ug, W)
- {1 s L (ug, w) — Li(ug, w) ‘}_1
- weHT L;}(um W)
P
— 1,

where the last step is obtained from (A.3) and (A.5). Similarly, we have

sup L (ug, w)
wWEHT LT(”Oaw) _UT(UO>
- {1_ sup LT(uO,W)—Li}(uO,W)‘ ~ sw vr(up) ‘}—1
B WEHT L;”<UO7W> WG’HT L%(UO,W)
P
= 1.

Finally, we will prove (A.16). It is observed that

Pr{ infweps, LT/EUOaW) 4= 5}
LT(”OuvaO)

Ly (ug, W, ) — infwep, Lr(ug, W)
LT(UO> W )

g

FVp(ug, W}, ) — DFT(UOa uo) — infwen, LT(UO,W)‘ - 5}

{
{ LT<u0,w o)
{
{

infwens [Lr(uo, W) + DEp(ug, w)| — DFr(ug, Wy, ) — infwepy Lr(uo, W) ‘ - 5}
LT(U‘O> )
infwes [Lr(uo, W) + DFr(ug, w)] — DFT(UOa wo) — fwery Lr(ug, W)
Ly (uo, w3,)

IN
j—U
s

x Pr(wp € H}) + Pr(wr ¢ Hp)
DFT<U0, WT) DFT<U0, ) + ’UT(uo)

< Pr > 6 ¢ + Pr(wr ¢ HS
{ Ly (ug, W;,) } (wr & #7)
DFT(U(J, WT) DFT(U(), W) ‘ UT(U0> }
< Pr{|- + sup |———2"2 4+ sup |———2—| > 6 + Pr(wy & H:
{ lanE'HT LT(“O) W) WG’E[)T LT(UO,W) WE?E)T LT(UCH ) ( g ¢ T)
DF Lk DF L}
< Pr{ sup *T<U07W) sup T(UO,W) + sup *T(UO7W> T(UO,W)
werr | Lir(uo, W) | werp | Lr(uo, W) —or(uo) | wens | Lip(wo, W) | wenry | Lr(ug, W
vr(ug) L (ug, w) } .\ P
+ sup |———— > 8y +Pr(wpr & HE) = 0.
weng L% (uo, W) | wery | Lr(ug, W) (wr ¢ #7)

Thus, (A.16) is obtained and therefore, the proof of Theorem 5 is completed.
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