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Abstract: In this article, we propose a vector autoregressive model for conditional quantiles with
functional coefficients to construct a novel class of nonparametric dynamic network systems, of
which the interdependences among tail risks such as Value-at-Risk are allowed to vary smoothly
with a variable of general economy. Methodologically, we develop an easy-to-implement two-stage
procedure to estimate functionals in the dynamic network system by the local linear smoothing
technique. We establish the consistency and the asymptotic normality of the proposed estimator
under strongly mixing time series settings. The simulation studies are conducted to show that
our new methods work fairly well. The potential of the proposed estimation procedures is
demonstrated by an empirical study of constructing and estimating a new type of nonparametric
dynamic financial network.
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1 Introduction

Since the seminal work by Koenker and Bassett (1978), quantile regression, also called con-
ditional quantile or regression quantile or dynamic quantile, has become an increasingly popular
tool for risk analysis in many fields in economics such as labor economics, macroeconomics and
financial risk management; see, for instance, White, Kim and Manganelli (2015), Abrian and
Brunnermeier (2016), Hérdle, Wang and Yu (2016), Zhu, Wang, Wang and Hérdle (2019) and
the references therein. It is well known that when the distribution of the dependent variable
has heavy-tails, heteroscedasticity, and/or outliers, the quantile regression is more reliable than
mean regression models. The reader is referred to the review papers by Koenker (2005) and
Koenker, Chernozhukov, He and Peng (2017) for more applications of quantile regression.

Among developments of quantile methods in the statistics literature, dynamic quantile models
have attracted intensively attentions in the recent two decades. Previous researches in this area
were mainly motivated by estimating Value-at-Risk (VaR), which is essentially a procedure of
estimating lower-tail conditional quantile of financial return distribution. Some early works
include, but not limited to, the autoregressive model for conditional quantiles (CaViaR) as in
Engle and Manganelli (2004), the dynamic additive quantile model proposed in Gourieroux and
Jasiak (2008), and the conditional quantile estimation for generalized autoregressive conditional
heteroscedasticity (GARCH)-type model studied by Xiao and Koenker (2009), and among others.
In addition, dynamic quantile models are naturally suitable for capturing the dependence between
the lower-tail conditional quantile of the distribution of financial returns and its lag or other
covariates (also called tail dependence). For example, White et al. (2015) proposed an innovative
method to estimate directly the sensitivity of VaR of a given financial institution to shocks to
the whole financial system by constructing a vector autoregressive (VAR) model for dynamic
quantiles, while Héardle et al. (2016) developed a model to describe the network relationship
among VaRs of financial institutions by a flexible nonparametric quantile model with L;-penalty.

Recently, Zhu et al. (2019) constructed a quantile autoregressive model that embeds the observed



dependency structure in a dynamic network. The tail dependence is in particular important in
reflecting the risk interdependence and contains network information in a financial system. To
the best of our knowledge, much of the existing literature assumed constant tail dependence
in their models or focused on the response of conditional quantile to endogenous variables or
shocks. However, numerous studies have documented temporal changes of risk interdependence
in financial time series and discussed their possible origins and relation to spillover effects; see,
for example, Billio, Getmansky, Lo and Pelizzon (2012), Diebold and Yilmaz (2014), Hérdle
et al. (2016), Yang and Zhou (2017), Liu, Ji and Fan (2017), Ando and Bai (2020) and the
references therein. The driving force for the variations of risk interdependence may be the
institutional changes or the policy interventions, such as the changes of exchange rate systems and
the U.S. quantitative easing policy. With these backgrounds, it is desirable to consider modeling
the interaction between varying patterns of tail dependence and macroeconomic circumstances.
These theoretical and empirical studies inspire us to build a more general framework to capture
the time-varying interdependences among dynamic quantiles.

In this article, we propose a nonparametric approach involving multivariate dynamic quantile
models with nonlinear structures. Different from previous studies, we capture nonlinearities in
data by using a functional coefficient setting, which allows coefficients of the multivariate dynamic
quantile models to vary with a smoothing variable. Since coefficients of dynamic quantile models
play an important role in reflecting interdependences among dynamic quantiles, under our model
setup, one can easily illustrate the variation of tail dependence and its relation with the variable
which is of interest. To interpret features of varying interdependences within various conditional
quantiles, we form a VAR model with functional coefficients where the quantiles of several
random variables depend on lagged quantiles and other lagged covariates. For this reason, this
model is termed as a functional-coefficient VAR model for dynamic quantiles (FCVAR-DQ) and
is presented in (1) later. In an effort to study nonlinear relationship between the quantile of

response variable and its covariates, various smoothing techniques (e.g., kernel methods, splines,



and their variants) have been used to estimate the nonparametric quantile regression for both
independent and time series data, to name just a few, He and Ng (1999), Honda (2000, 2004), Wei
and He (2006), Kim (2007), Cai and Xu (2008), Qu and Yoon (2015), and Li, Li and Li (2021).
Among many kinds of methods, we adapt one of modeling methods to analyze dynamic quantiles,
called the functional coefficient modeling approach. Compared with the existing literature, our
approach is different mainly in three parts. First, we provide a kernel-based estimation framework
for a new type of dynamic quantile model, which imposes relatively less restriction on model’s
structure. Second, our model admits nonlinearities of tail dependence, which can be ignored
commonly by dynamic quantile models with fixed coefficients. Third, the proposed model allows
for studying interaction between tail dependence and the variable of interest.

One of our motivations for this study comes from analyzing the dynamic mechanism of
financial network in international equity markets. It is well documented in the literature that
financial systems contain enormous numbers of institutions that interplay with each other. These
interactions form a financial network in which a node represents each institution and a linkage
between two nodes acts as an observable or unobservable interaction of some forms between two
institutions. Also, it is well-established that the possibility of major financial distress is closely
related to the degree of correlation among the assets of institutions and how sensitive they are
to the changes in economic conditions. Based on these intuitions, provided that the node of a
network is represented by the VaR of returns of institutions’ assets or of market indexes, one
may construct a financial network that can capture interdependences among VaRs within the
financial system. Since VaRs and interdependences among them appear to be unobservable in
practice, as addressed in Sewell and Chen (2015), Zhu et al. (2019), Bréduning and Koopman
(2020) and Lee, Li and Wilson (2020), it is unnecessarily feasible to apply commonly known
technologies that have access to the binary data with observed network structures for estimating
the risk network formed by VaRs. An influential precedent of analyzing the network topology

of unobservable connectedness of risk attributes to the paper by Diebold and Yilmaz (2014) by



constructing a risk network based on forecast error variance decompositions of classical VAR
models and studying the volatility connectedness by methods of network analysis. Compared to
the literature thus far, we consider capturing unobserved interconnectedness of tail risk among
institutions in the dynamic network, which can not be achieved by models with observed network
data and by measuring conditional correlation as in Diebold and Yilmaz (2014). Moreover, in
order to illustrate overall patterns of time-varying network of risk across institutions, the main
interest in this paper lies in modeling the relationship between the general states of economy and a
financial network formed by VaRs of global major market index’s return series. More specifically,
we allow interdependences among VaRs of market index’s return series to vary with a smoothing
variable of economic status to capture the dynamic changes. Some recent studies found increasing
evidences to show that the variation of risk interdependence not only reveals the behavior of
spillover effects of risk but also contains the information about the stability of financial systems;
see, e.g., Acemoglu, Ozdaglar and Tahbaz-Salehi (2015). Both practitioners and policymakers
may be interested in knowing how a financial network changes with the macroeconomic climate
or financial market circumstances, and the way to evaluate the influences of economic policies
to the whole network within the financial market. Extensive reviews about financial network
can be found in Diebold and Yilmaz (2014) and Hérdle et al. (2016). The empirical study in
this paper shows that the proposed FCVAR-DQ model should be suitable for estimating a novel
class of dynamic financial network and providing some new insights. A detailed analysis of this
class of nonparametric financial network is reported in Section 4.

Lastly, our contributions to the literature can be summarized as follows. First, the model
setting in this paper (see (1) later) is general enough to nest many well-known dynamic quantile
models in the literature; see, for example, the CaViaR model proposed by Engle and Manganelli
(2004) and further studied Xiao and Koenker (2009), the threshold CaViaR model in Gerlach,
Chen and Chan (2011), and the static VAR for VaR model constructed by White et al. (2015).

Second, by allowing coefficients to vary with a smoothing variable, a FCVAR-DQ model provides



a new tool to estimate the relationship between the interdependence of risk and the state variable
of economy or time. Third, a new and simple-to-implement estimation procedure is developed
for estimating the proposed quantile model with highly nonlinear structure and latent covariates.
Finally, a large sample theory for the proposed estimator is established to construct confidence
intervals for functional coefficients in the empirical study.

The rest of this paper is organized as follows. In Section 2, the model setup and the two-
stage estimation procedure are presented for the FCVAR-DQ model. In addition, a large sample
theory for the proposed estimator is investigated in this section too, together with constructing
a consistent estimator of the asymptotic covariance matrix. A Monte Carlo simulation study is
conducted in Section 3 to illustrate the finite sample performance of the proposed estimation
procedure. In Section 4, our proposed model and its modeling procedure are applied to con-
structing a novel class of nonparametric financial networks based on the real example. Finally, a
conclusion remark is given in Section 5 and all the technical proofs are gathered in the Appendix.
Throughout this article, 0, stands for the (a x b) matrix of zeros and [, is the (a X a) identity

matrix.

2 FCVAR Model for Dynamic Quantiles

2.1 Model Setup

Let Y (1 <i <k, 1<t<mn), ascalar dependent variable, be the ith observation at time ¢,
Fii—1 represent information set up to time ¢ — 1 for 1 <7 < k, and ¢,;; be the 7th conditional
quantile of Y;; given F;; ;. Then, we study the following functional-coefficient VAR model for

dynamic quantiles, termed as FCVAR-DQ model, given by, for 1 <i <k and 1 <t <n,

q p
Grti = Yior(Zir) + Z ’YZS,T(Zit)qT,t—s + Z /BZZ,T(Zit)Yt—l (1)
s=1 =1
for some p and ¢, where q.; = (¢r,1,- - -, Grex)! and Y, is a k1 X 1 vector of covariates, including

possibly some or all of {Y;;}/ , and/or some exogenous information {z;}. In addition, vy (-)
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is a scalar function and is allowed to depend on 7, both 7, , () = (Vsit,+(+), - - - s Vsin,r(-))" and
Bii () = (Burr(-), .. , Bliny ()T are k x 1 and Ky X 1 vectors of functional coefficients, respec-
tively, and they are allowed to depend on 7 too. Here, Z;; is an observable scalar smoothing
variable, which might be one part of Y;,; and/or time or other exogenous variables {z;} or
their lagged variables. Of course, Z; can be an economic index to characterize economic activ-
ities. Also, note that Z; can be set as a multivariate variable. In such a case, the estimation
procedures and the related theory for the univariate case still hold for multivariate case, but
more complicated notations are involved and models with Z;; in very high dimension are often
not practically useful due to the “curse of dimensionality”. In addition, note that similar to
the setting of the multi-quantile CaViaR model as in White, Kim and Manganelli (2008), one
may further generalize model (1) by allowing 7 in ¢,; to vary across different equations, only
with mild changes on asymptotic theory in this paper. Thus, in order to meet our empirical
motivation, all of 7's in model (1) are the same throughout this article.

Importantly, in the case of estimating dynamic financial network in empirical studies, by
following White et al. (2015), we consider only the tail dependence between current state and
the state of one-period lagged, and take Y; to be Y, = (|Yy], ..., |Ye|)T with | - | representing
absolute value. Furthermore, the smoothing variable Z;; varies only across different time periods
but keeps constant over individual units. Therefore, in this paper, for easy exposition, our focus
is on the simple case that ¢ = p = 1, k = k1, Yy = (|Yie|,...,|Ye])?, and Z; = Z; for all
1 <i < k. Then, model (1) can be rewritten as

Qriti = 93:7-<Zt)Xt, (2)

where g; () = (Vo (), Yirr (4) s - 5 Yiryr ()5 Binr ()5 - - -, Binir(+))T 18 @ (26 + 1) X 1 vector of func-
tional coefficients and X; = (1, ¢rt—1,15- - - » Gt | Yig=1)|s - - -+ | V=)

It is worthwhile to note that if ¢;;; in model (2) is defined as VaR of return Yj;, then,
1Vijr(Zi) Y7oy j=1 in model (2) becomes to the sensitivity of VaR of returns for one portfolio at

time ¢ to that of another at time ¢ —1. With these functional coefficients {v;(Z;) }i_; ;—,, define



the following x X k matrix
I (Z;) = (%‘j,T(Zt)),{m- (3)
Then, (2) can be expressed as a matrix form, which, indeed, is a FCVAR model for g, , with

exogenous variables,

Qri =Yoo (Z) +T1:(Z) @, sy +Tp1(Zs) Yy,

where v, ,(Z;) and T'g1,(Z;) are defined obviously. Therefore, I'; ;(Z;) in (3) can serve as a
dynamic network system changing with both 7 and some information variable Z;, and it is
in a nonparametric nature, so that it is a nonparametric dynamic network. Notice that the
general setting in the dynamic network system (3) covers some famous network models for
characterizing financial risk system, including the one formed by VAR for VaR model in White
et al. (2015), which assumes the tail dependence {;,(Z;)}i2; j—; to be constant and the static
financial network in Abrian and Brunnermeier (2016) and Hérdle et al. (2016) as special cases.

To investigate the large sample behavior of the proposed estimator (see Theorem 1 later), it is
assumed throughout this article that the process {(Yi, i, Z;)} in model (1) is strictly stationary
and a-mixing (strongly mixing). Indeed, in the Appendix (see Appendix B), we provide some
regularity conditions to show that under these conditions, the joint process {(Yi, zit, Zt, ¢rr4)}
generated by model (1) is strictly stationary and a-mixing. Actually, sufficient conditions for the
mixing property of nonlinear time series have been studied extensively in literature. By Pham
(1986), a geometrically ergodic time series is an a-mixing sequence. Meanwhile, it is well-known
that an ergodic Markov process initiated from its invariant distribution is (strictly) stationary.
Thus, geometrical ergodicity plays an important role in establishing strictly stationarity and
a-mixing properties. Some results in this direction include the papers by Chen and Tsay (1993)
and Cai, Fan and Yao (2000), providing some sufficient conditions to ensure geometrical ergod-
icity for functional-coefficient autoregressive time series models without rigorously theoretical
justifications. In addition, An and Chen (1997) and An and Huang (1996) surveyed various

sufficient conditions for the ergodicity of nonlinear autoregressive models. Also, Cai and Masry



(2000) presented some sufficient conditions for additive nonlinear autoregressive models with ex-
ogenous regressors to be stationary and strongly mixing. The derivation of these two properties
in this paper is of independent interest, since our main interests in this article are to derive the
asymptotic theory for model (2) and estimate a new class of dynamic financial network. There-
fore, we provide some sufficient conditions that imply these important probabilistic properties

and corresponding rigorously theoretical justifications in the Appendix (see Appendix B).

Remark 1. (Special Cases) The proposed FCVAR-DQ model (1) is related to the papers by
Engle and Manganelli (2004) and Xiao and Koenker (2009), which discussed the relation between
modeling dynamic structures of conditional quantiles and conditional volatility of returns. Indeed,
if k = k1 i (1), Yy in (1) takes a simple form as Yy = o4 e, where o2 is the conditional variance
of Yii and ey is an independent and identically distributed (i.i.d.) sequence of random variables
with mean zero and unit variance, then, ¢, ,; = o F, * (1), where F.(-) is the distribution function
of ei. Furthermore, if Yy = oy ey 1s generated from a functional coefficient multivariate GARCH

(p, q)-type process for k (k > 1) returns extended from the setting in Taylor (1986) as follows

q P
oir = Yio(Ze) + Z'YZS(Zt>Et—s + ZB?}(Zt)Yt_z, (4)

s=1 =1
where Xy = (04,...,00)" and Yy = (|Yaie|, ..., |Yue])T, then, model (1) reduces to following

dynamic quantile model:

q p
Gri = Yior(Z0) + D Vis(Z)@rss + > B (Z0)Yi, (5)

s=1 =1

where v0,.(-) = %’0(')Fefl(7’)> ’Yi,s(') = (Vs (*), - - - a%m<'))T and /Bi,l;r(') = (B (), - - -,

Brinr (N with Biij-(-) = Bui(-)E- (7). Notice that if v's and 's in (5) are constant, model
(5) reduces to those in Engle and Manganelli (2004) and Xiao and Koenker (2009), respectively.
For details, the reader is referred to the aforementioned papers. Finally, note that if q,, would

be observable and all coefficients are threshold functions, model (1) covers the model in Tsay

(1998).

Remark 2. (Monotonicity). The issue of monotonicity is frequently discussed for the quantile

9



autoregression model. A specific case for the monotonicity of (1) to hold is that {~; ; .(Z) }i2% =1
and {B;, . (Zy) f;pu:l are all monotone increasing functions with respect to T, and Y; is a positive
random vector. In other cases, the assumption of monotonicity can be satisfied by conducting
certain data transformation techniques; see Koenker and Xiao (2006) and Fan and Fan (2006)

for detailed discussions.

Remark 3. (Selection of Z;). Of importance is to choose an appropriate smoothing variable
Zy in applying functional-coefficient VAR model for dynamic quantiles in (2). Knowledge on
physical background or economic theory of the data may be very helpful, as we have witnessed in
modeling the real data in Section J by choosing Z; to be the first difference of daily log series of
the U.S. dollar index. Without any prior information, it is pertinent to choose Z; in terms of
some data-driven methods such as the Akaike information criterion, cross-validation, and other
criteria. Ideally, Z; can be selected as a linear function of given explanatory variables according
to some optimal statistical selection criterion such as LASSO type methods, or an economic index
based on some economic theory; see, for instance, Cai, Juhl and Yang (2015). Nevertheless, here
we would recommend using a simple and practical approach proposed by Cai et al. (2000) or Cai

et al. (2015) in practice.

2.2 Two-stage Estimation Procedure

Since the estimation procedures for (1) and (2) are the same, we aim at estimating functional
coefficients g, ,(-) in the model defined in (2) for simplicity. Because ¢,; 1; in X; depends on
unknown functional coefficients g, .(-), model (2) is more complicated than functional coefficient
models with observed data. Our procedures consist of two steps. The first is to estimate latent
¢ri—1,, and then we perform locally weighted estimation for functional coefficients using the
estimated ¢,;—1; from the first step. In this paper, we only focus on estimating functional
coeflicients in (2), rather than jointly forecasting ¢,,,; or doing impulse response analysis. So, it

is sufficient to estimate g, .(-) in an equation-by-equation way for different 7. Thus, by abuse of
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notation, ¢ will be dropped in what follows.

Given (1) and (2), let v, ,(Z;) define as earlier as (yi0-(Z), ..., Vx0,-(Z:))" and denote
I's - (Z;) as a matrix with entries vy;.(Z;) and I'g;.(Z;) as a matrix with entries [y, .(Z:),
for s=1,...,qand I = 1,...,p. Furthermore, define A,(£) =7 Ts,,(Z,)L" and B, (L) =
I, — Y1 Ty (Z,)L®, where each entry is a lag polynomial and £ denotes the lag operator.

Then, under Assumption A1l presented in Section 2.3, ensuring the invertibility of B, (L), model

(1) becomes to the following formulation
G = B(L) 0, (Z) + B (L) L A(L)Y,.

Here, B-(L) ™', ,(Z;) and B, (L)~ A, (L) can be represented by Co v, ,(Z;) and a matrix series
S0y Cru L for all Zy, respectively. Now, let ap-(+) be the ith row of matrix Co,t,7Y0-(Z:) and
a;- () = (. (), ., a,-(-))T be the ith row of matrix Cj;,. Therefore, with the definitions
of ap,(-) and oy ,(-), we can first approximate the latent ¢,; by using a functional-coefficient

quantile function:

Grt = o (Z1) + Z o (Z)Y, (6)

=1

where the coefficients o - (-) satisfies summability conditions implied by Assumption Al. Then,
each entry of oy .(-) decreases at a geometric rate; that is, there exist positive constants p < 1
and ¢, such that max; <<, |ay;-(Z;)| < ¢p' for j = 1,..., k. Since y;,(-) decreases geometrically,
by choosing an appropriate m,, = m(n) = m, we study following truncated equation (7) with

increasing dimension of covariates:

Grt = 0, (Zt) + Z alj:T(Zt)Yt—l = W;‘FGT(Zt) = ¢, (Zi, W), (7)

I=1
where Wy, = (1, Y[ |, ..., Y[ )T isa (km+1)x1 vector of covariates and ae-(-) = (o (-), af (),
ol ()T is a (km+ 1) x 1 vector of functional coefficients. Note that (7) can be regarded

as an approximation of (6) and is similar to the model in Cai and Xu (2008). Under smooth-
ness condition of coefficient functions . (-) presented later in Assumption A2 in Section 2.3,

for any given grid point 2y € R, when Z; is in a neighborhood of zy, o, (Z;) can be approxi-
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mated by a polynomial function as o, (Z;) = > .., ag)(zo)(Zt — z0)"/r!, where ~ denotes the

approximation by ignoring the higher orders and ag)(-) is the rth derivative of a.(-). Thus,
Gt = > W6,.(Z; — 2)7, where §,, = o (z)/r!. Hence, § = argmingQ(4), where Q(&)

is the locally weighted loss function for fixed &, given by

Qo= > pr {Y - Wiz - >} K (i — =), (8)

t=m+1 r=0

p-(y) = y[r—I(y < 0)] is called the “check” (loss) function, I(A) is the indicator function of any
set A, K(-) is a kernel function, Kj, (u) = K(u/hy)/h1, and hy = hy(n) is a sequence of positive
numbers tending to zero and controls the amount of smoothing used in estimation. In practice,
if we smooth locally around Z; and consider a local linear estimation, the locally weighted loss

function (8) becomes to the following

Q= > o {Y - Wz - Z»*} K, (Ze ~ Z). (9)

s=m+1#£t r=0

After yielding 3077 at 7 by minimizing (9), ¢,; can be estimated by ¢,; = W?SOJ.

Remark 4. (Truncation parameter m(n)). Welsh (1989) and He and Shao (2000) studied non-
linear M-estimation with increasing parametric dimension and discussed the possible expansion
rate for the number of parameters m(n). As for the quantile estimation for functional coefficient
models with increasing dimension of covariates, Tang, Song, Wang and Zhu (2013) considered
estimation and variable selection for high-dimensional quantile varying coefficient models based
on B-spline approach. They showed that the oracle property for varying coefficients can be pre-
served when m? log(p,m.,,)/n — 0, where p, is the dimension of covariates and m,, is a parameter
associated with degree of polynomial and internal knots. In this step, we are interested in study-
g varying interdependences among conditional quantiles, rather than determining the optimal
number for m. In addition, we focus on estimating (7) using kernel-based approaches, which is
necessary in order to obtain asymptotic properties for functional coefficients. Under Assumption
A10 in Section 2.3, it will suffice to consider a truncation m as a sufficiently large constant

multiple of n*/7, which is used in our simulation study in Section 3 and the empirical analysis
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in Section 4.

Remark 5. [t is necessary to emphasize that oy -(-) and each component of o -(+) in (6) depend
on {Zi—i1}1>0. Indeed, under the assumption of stationarity and Assumption A1, ap.(-) and
oy . (+) are well-defined and can be estimated on each Z; by local smoothing approaches, regardless
of the existence of other lagged Z;—; in g () and oy, (-). Therefore, we use notations o (Z;)
and Y2 o (Zy)Y -y instead of oo (Zy, Zyy, ..., Zo) and Y5 ol (Zy, Zyy, ..o, Zi)Yg in

(6) for motational simplicity.

To summarize, the following two-step procedures is proposed for estimating g..(-):
Step One: Choose the truncation parameter m = en!/7 for some ¢ > 0 and estimate 3077 at
each Z; by minimizing (9). Then, latent ¢, is approximated by ¢, = WtT(Aso’T.
Step Two: Having obtained ¢,; and given
Xt = (17 (jr,t—l,h cee 7qAT,t—1,I<;7 |Y1(t—1)|, ceey |Y/€(t—1)|>T7
g.(+) is estimated by a local linear estimation method; see Cai and Xu (2008) for details. In
particular, minimize the following locally (linear) weighted loss function Q2(©) at any given grid

point zp € R to obtain the local linear estimate O, where

n 1
Q(0) =) - {Yt -> X0 (Z - zor} K (Z: — #) (10)
t=1 r=0
with O, , = gg)(-)/r!. Similar to (9), Kp,(u) = K(u/hy)/hy and hy is the bandwidth used for
this step, which is different from the bandwidth h; used in (9); see Remark 6 later in Section
2.3 for more discussions. A further improvement can be achieved by applying iteration to the

foregoing two-stage procedures.

2.3 Large Sample Theory

To study the asymptotic distribution of the nonparametric quantile estimator, we impose
some technical conditions in this section. It is worthwhile to emphasize that the main focus in

this paper is on estimating a new type of dynamic quantile model and constructing varying inter-
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dependences among conditional quantiles, rather than exploring the weakest possible conditions

for asymptotic theory.

Assumption A.

A1l: Suppose that A.(L) and B.(L) defined in Section 2.2 have no common factors so that
A (x) #0, for |z| <1 and B,(x) # 0, for x| < 1.

A2: Each entry in the vector a(-) is (w+ 1)th order continuously differentiable in a neighbor-
hood of zy for any zo; Similarly, each entry in the vector g (-) is (¢ + 1)th order continuously
differentiable in a neighborhood of zy for any z.

A3: f.(z) is a continuously marginal density of Z and f,(z9) > 0.

A4: The distribution of Y given Z and W has an everywhere positive conditional density
fyizw(-), which is bounded and satisfies the Lipschitz continuity condition. Here, Wy is de-
fined in (7). The kernel function K(-) is a bounded, symmetric density with a bounded support
region. Let po = [ V2K (v)dv and vy = [ K*(v)dv.

A5: {(Yi, xu, Z4)} is a strictly stationary sequence with a-mizing coefficient a(t) which satisfies
S tal0=2/9(t) < oo for some positive real number § > 2 and v > (§ — 2)/6.

A6: There exist (small) positive constants w; > 0 and wy > 0 such that P{max;<;<, Y? >
n™1} < exp(—n™2).

AT: Let B, = %Z?:mﬂ WtWtT and denote the marimum and minimum eigenvalues of B,, as
Amax(Br) and Apin(By,). Then, liminf, o Apin(By) > 0, limsup,,_, .o Amax(Br) < 00.

It is assumed that E||W||°" < Cm?/? with 6* > §.

A8: D(z) = E[W W |Z, = )] is positive-definite and continuous in a neighborhood of zy and
D*(20) = EIW, W/ fy1zw(q-(20, W))|Z = 2] is positive-definite and continuous in a neigh-
borhood of z.

A9: E||Y|*" < oo with §* > 4.

A10: The bandwidth hy satisfies hy — 0, nhy — 0o; The bandwidth hy satisfies ho = O(n=Y/%),

hy — 0, nhy — oco. In addition, hy = o(hsy), mhy — 0.

14



All: f(w,w|Y o, Y 0) < H < oo for € > 1, where f(w,w|Y o, Y ; () is the conditional density
of (Zo, Zy) given (Yo=Y, Y, =Y).

A12: pl/2-0/ApST T2 (1),

Remark 6. Assumptions A1 is an invertibility condition for the functional coefficients to be well-
defined, which is similar to that in Chen and Hong (2016). Assumptions A2-A4 are common in
nonparametric literature. Assumption A5 is a standard assumption for a-mizing. Assumption A6
can be implied when the mazimum of Y;? follows a generalized extreme value distribution, which
is generally satisfied for weakly dependent data; see also Xiao and Koenker (2009). Assumption
A7 guarantees the asymptotic behavior of regression estimators with increasing dimension of
covariates, which is similar to but slightly weaker than that in Welsh (1989). Assumptions A8
and A9 are commonly required for the model identification and ensure the convergence of B, to
E[W W], when W, is a-mizing. The assumption hy = o(hy) in Assumption A10 is about the
under-smoothing at the step one, which is common for the two-stage nonparametric estimation
approaches; see also Cai (2002) and Cai and Xiao (2012) for more discussions. The assumption
mhy — 0 in A10 is necessary for the proof of stochastic equi-continuity. Assumption A1l is very
standard and used for the proof under mixing conditions. Assumption A12 allows one to verify
standard Lindeberg-Feller conditions for asymptotic normality of the proposed estimators in the
proof of Theorem 1; see Cai and Xu (2008) for details on nonparametric quantile regressions

models for a-mixing time series.

Before stating the asymptotic behavior of g, (2p) in the following theorem, for notational sim-
plicity, it needs to define some notations. Define Q*(zy) = E [XtXtTfy‘Zyx(qT(zo, X )2 = zo}
with ¢, (20, X+) = g% (20) X and fy |z x(-). In addition, let E(z9) = 7(1 — 7)1 [Q(20) — Hi(20) +
Hy(20)], where Q(2) = E[X: X7 |Z = 2, Hi(z20) = E[X:W{|Z; = 2](D"(20))"'T" (20) +
[(20)(D*(20)) " E[W X7 | Z; = 20, Ha(2) = (20)(D"(20)) "' D(2)(D"(20))~'T" (29), and
) = £ { faae(a: o XO) Xeg o) T

)7Wt7 ce '7Wt70£><(

Zy = zo} is a (2k + 1) x (km + 1) matrix, with

it = (]

I (sm-+1 )). Now, the asymptotic normality of g._(z) is presented

rkm-+1
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in the following theorem with its detailed proof relegated to the Appendix (see Appendix A).

Theorem 1. (Asymptotic Normality) Under Assumptions A1-A12, we have

. h3
Vnhy |g,(20) — g.(20) — 2T'u29§2)(20) + 0p(h3) t N(0,2:(20)),

where £, (0) = (2*(20)) " E(z0) (¥ (20)) "/ £ z0)-

Remark 7. It is not surprising to see from Theorem 1 that the asymptotic bias h%uggg)(zo) /2
does not depend on hy. Indeed, since the estimation in the step one is under-smoothed by As-
sumption A10, so that the part that relies on hy in the asymptotic bias term disappears, see
Lemma A.10 in the Appendix for more details. However, different from the conventional non-
parametric estimation, E(zy) in the asymptotic variance term contains additional two terms
Hi(z0) and Hy(zp), which involve Wy in the first step. This formation of asymptotic variance
appears because of the fact that X, contains Gri—1, which is estimated in the step one of our
two-stage approaches and therefore includes information of W. Similar results of asymptotic
variance were also obtained by Xiao and Koenker (2009), which can be seen as a nature of any

two-stage approach; see, for example, Cai, Das, Xiong and Wu (2006) for more discussions.

Remark 8. (Bandwidth Selection) Finally, we would like to address how to select the bandwidth
ho at the second step. It is well known that the banduwidth plays an essential role in the trade-
off between reducing bias and variance. In view of (10), it is about selecting the bandwidth
in the context of estimating the coefficient functions in the quantile regression. Therefore, we
recommend the method proposed in Cai and Xu (2008) for selecting hy in (10), which is used in

our simulation study in Section 3.

2.4 Covariance Estimate

For constructing confidence intervals for the estimated functional coefficients in the empirical
study, it turns to discussing how to obtain consistent estimator of the asymptotic covariance ma-

trix ¥,(20). To this end, one needs to estimate D(zy), D*(20), I'(20), H1(20), Ha2(20), 2(z0) and
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Q*(20) consistently. For this purpose, define D(z) = Y7, W WT K, (Z— 2)/n and D (z) =
S wi W W Ky, (Z: — 20) /n, where wy, = (W] @ (20) =610 < Vi < W[ &, (20) +610)/(261)
for any 01, — 0 as n — oo. Similar to the proof in Cai and Xu (2008), one can show that
D(z) = f.(20)D(z)+0,(1) and D' (z) = f2(20)D*(20)+0,(1), respectively. Also, let E,,,(z) =
Yoy X, WTK,,(Z — z)/n. Clearly, the consistent estimators of I'(z), Hy(z0), Ha(z), Q(z0)
and Q*(zg) can be constructed as follows: f‘(zo) =3, ’LUQtthZ(Zo)HtK}Q (Zi—20)/n, Fll(zo) =

Eq(20)(D(20)) 17 (20) + D(20) (D" (20) ™ (Bs(20))", Qz0) = Sy Xu X, Ky (Z0 — 20) /.
Hy(z0) = D(20)(D"(20)) D (20) (D" (20)) L7 (20), and " (20) = iy wa XX, Ky (2= 20) .
where wy, = [(QZ(ZO)Xt — 0o < Y; < QZ(ZO)Xt + 02,)/(202y,) for any &, — 0. In the Appendix
(see Section A.3 in Appendix A), it shows that indeed, the above estimators are consistent; that is,
[(20) = f2(20)T(20)+0p(1), H1(20) = f2(20)H1(20)+0p(1), Ha(20) = f:(20) Ha(20)+0p(1), Q(z0) =
£2(20)(20)+0,(1), and Q*(z0) = f.(20)Q*(20)40,(1). The proof of these results relies on the uni-
form consistency (in probability) of the estimator &, (-) obtained from the first step of our estima-
tion procedures, which is guaranteed by Lemma A.2 in the Appendix. Therefore, it will show in

(20) (€27 (20)) "

is a consistent estimate of ¥, (zo), where B(zp) = 7(1 — 7)o[Q(z0) — Hi(20) + Ha(2)] is the

(1

the Appendix (see Section A.3 in Appendix A) that indeed, 3, (z0) = (Q*(20)) "

consistent estimate of Z(zo) with Q(zp), H1(20) and Ha(z) given above.

3 A Monte Carlo Simulation Study

In this section, we provide a simulation example to exam the performance of our two-stage
estimations for functional coefficients. In this example, the bandwidth is selected based on a
rule-of-thumb idea similar to the procedure in Cai and Xiao (2012) as follows. First, we use a
data-driven bandwidth selector as suggested in Cai and Xu (2008) to obtain an initial bandwidth
denoted by ho which should be O(n~'/?). At step one, the bandwidth should be under-smoothed.

Therefore, by following the idea in Cai (2002) and Cai and Xiao (2012) for two-step approaches,
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we take the bandwidth as hy = Ag x hg with Ay = n=1/10 so that h satisfies Assumption A10.
At step two, we choose optimal bandwidth ho by the nonparametric AIC criterion as in Cai
and Xu (2008). Finally, the Epanechnikov kernel K(z) = 0.75(1 — 2?)I(|z| < 1) is used and
m = O(n"/7).
In this example, for 1 <17 < 4, the data are generated from the following process:
Yit = oucit

with oy = %i0(Zt) + Vitew (Z0)010—-1) + Vizoxir (Ze)T2(t-1) + Visierr (Ze)T3(-1) + Vidixse (Z1)Tage—1) +
51'1(Zt)|yl(t—1)| + ﬁiz(Zt)|Y2(t—1)| + ﬁis(Zt)W?»(t—lﬂ + 51'4(Zt)|y4(t—1)|= where 719(2) = y30(2) =
15 exp(—=3(z + 1)?) + exp(~8(z — 1)%), 120(2) = 7a0(2) = L5 exp(=3(z — 12) + exp(—8(= + 1)?),
€ir = 0.2U2 + 0.8 and x; = 0.2exp(Uy) + 0.8 with Uy ~ i.i.d. Uniform [0,1] for 1 < i < 4.
In addition, 7;j,(2) and 5;(z) for 1 < j < 4 and 1 < i < 4 are defined as follows. For
i =1, Yite,(2) = 0.1{1 + exp(—42)} "€, Yiona (2) = (0.1sin(—0.572) + 0.1)xir, Vise, (2) =
(0.042)€st, Viany, (2) = (—0.042% + 0.15) x4, Bi(2) = 0.1sin(0.572) + 0.1, Bia(2) = 0.1sin*(2),
Bis(2) = 0.02exp(—=z), and Biy(z) = 0.1cos?(2). For i = 2, yi1.¢,(2) = (0.1sin(—0.572) + 0.1)e,
Yionn (2) = 0.1{1 4+ exp(—42)} " Xit, Vizey (2) = (—0.0422 4 0.15) €51, Yians, (2) = (0.042%) x4,
Bi1(z) = 0.1sin?(2), Bia(2) = 0.1sin(0.572) +0.1, Biz(2) = 0.1 cos?(z), and Bi(z) = 0.02 exp(—=z).
Fori =3, Yi.e, (2) = 0.1 {1 + 2 exp(—22)} " €11, Yz (2) = (0.18i0(—0.672)+0.1) Xit, Yise,, (2) =
(0.0422)€5t, Yians (2) = (—0.042% + 0.15) x4, Bi(2) = 0.1sin(0.672) + 0.1, Biz(2) = 0.1sin*(2),
Bis(2) = 0.02exp(—=z), and Biy(z) = 0.1cos?(2). For i = 4, vi1.,(2) = (0.1sin(—0.672) + 0.1)e,
Yionn (2) = 0.1{1 + 2 exp(=22)} " Xit, Vize, (2) = (—0.0422 + 0.15)€ir, Vi (2) = (0.042%)x41,
Bi1(z) = 0.1sin?(2), Bia(2) = 0.1sin(0.672)+0.1, Biz(2) = 0.1 cos?(z), and Bis(z) = 0.02 exp(—=2).
Finally, e;; are mutually i.i.d. from N(0,1). Thus, for 1 <i < 4, our data generating process is

given by

4 4
Grti = Yior (Ze) + Z Vijir (Ze)r 1,0 + Z Bijr (Z)Yige-1)l,

j=1 j=1

where Z; is generated from Uniform [—2,2] independently. Notice that our data generating

process corresponds to the model in (1) or (2) with k = 4, Y, = (|Yi], [Yae|, |Yae|, [Yae )T, g=p =1
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and Z; = Z,. Also, note that vi0-(-) = %io()® (1), vir-(-) = 71(-)(0.272 + 0.8), viz.(-) =
7i3(+)(0.27% + 0.8), while v, (-) = 7i2(-) (0.2 exp(7) + 0.8), Yiar () = Yia(-)(0.2 exp(7) + 0.8) and
Bijr(-) = Bij ()@ (1) for 1 < 4,5 <4, with ®(-) being the distribution function of the standard
normal. Therefore, vio,(), 7ij-(-) and §;;,(-) are functions of 7, suggesting different covariate
effects at different levels of 7.

To assess the finite sample performance of the proposed nonparametric estimators, we utilize

the mean absolute deviation error (MADE) for 4i.+(-), 4i.-(-) and fi;-(-), defined as

MADE Z |7‘r Zk — Zk)| and MADE 51j'r = Z ‘5”7' Zk 5ij,r<zk)|a

where 7,(-) can be either v,;+(-) or 7io-(-), both 4.(-) and f;;,(-) are local linear quantile es-
timates of v, (-) and f;;-(-), respectively, and {z, = 0.1(k — 1) — 1.75 : 1 < k < ny = 36} are
the grid points. Also note that in this example, ¢,,; = 04 F.'(7) = 0 when 7 = 0.5, which
leads the quantile regression problem to be ill-posed so that the results for 7 = 0.5 are omitted.
Therefore, we only consider 7’s level to be 0.05, 0.15, 0.85 and 0.95 and the sample sizes are
n = 500, 1500 and 4000. For each setting, we replicate simulation 500 times and compute the
median and standard deviation (in parentheses) of 500 MADE values. Finally, the results are
reported in Tables 1-4 only for 7 = 0.05, 0.15 and 0.95 but the results for 7 = 0.85 are omitted
due to the space limitation, available upon request.

One can see clearly from Tables 1-4 that both median and standard deviation of 500 MADE
values steadily decrease as the sample size increases for all four values of 7. Moreover, the
performances for v ,(-) and §;;,(-) at 7 = 0.15 are slightly better than those for 7 = 0.05 and
0.95. This observation is because of the sparsity of data in the tailed regions, which is similar
to that in Cai and Xu (2008). Nevertheless, since the data that are used to estimate ~;; -(-) at
7 = 0.05 and 0.95 are conditional quantiles, the distributional information at tailed regions is
preserved, which may reduce the problem of data sparsity. For this reason, the performances for

Yij~(+) at 7 = 0.15 are not necessarily superior to that for 7 = 0.05 and 0.95.
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Finally, we illustrate the finite sample performance for the consistent covariance estimation
given in Section 2.4 via evaluating the pointwise confidence intervals (CI) with the asymptotic
bias ignored. To do this, define \7;7‘() as the asymptotic variance calculated by the estimators
presented in Section 2.4. Then, we compute the average of empirical coverage rates (AECR) of
95% pointwise CI of v;;,(-) and §;;,(-) without the asymptotic bias correction for 1 < 1,5 < 4,
defined as,

B

1 « ) )
AECR(vij,r) = ] DO i () € Figr(2) £ 1.96 X se(Yi- (20))
k  b=1

_ 1/2
where se(9;5.-(+)) = [VGT(’%]‘J('))/TL}LQ] s In{ij (4) € ij () £1.96 X se(Yi;(+)) } is an indicator

function which equals to 1 if 7,5 -(-) is covered by the interval 4;; -(-) &= 1.96 x se(9;;-(-)) in the
bth time of replication (equals to 0, otherwise), and the number of replication times B is 500.
Similarly, AECR(8i;.,), se(Bi;-()), and I,{B;;+(-) € Bij+(-) £ 1.96 x se(B;;-(-))} can be defined
in the same fashion. The simulation results are presented in Table 5, for n = 4000 and 7 = 0.05,
0.15 and 0.95. From Table 5, one can see basically that AECRs of 95% pointwise Cls are close
to the nominal level 0.95 for all settings. In general, the results of this simulated experiment

demonstrate that the proposed procedure is reliable and works fairly well.

4 A Real Example

4.1 Empirical Models

In this section, the proposed model and estimation methods are applied to constructing and
estimating a new class of dynamic financial network in international equity markets. Different
from the existing literatures, the interdependences of this class of network vary with a smoothing
variable of general economy. To capture the inter-temporal transition of risk and avoid endo-
geneity, we consider the interaction between current and one-day lagged VaR. In particular, we
define each linkage between a pair of VaRs in our network as the sensitivity of VaR of returns

of one market index at time ¢ to that of another at time ¢ — 1. Therefore, our network can be
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written as following equation system:

VaRy =~/ (Z;-1)VaRi1, i=1,2,... kK, (11)

where VaR;_; = (VaRl(t_l), ... ,VaRH(t_l))T is a vector of VaRs for all market index returns at
time ¢ — 1 and VaR;; is the VaR of the 7th market index return at time ¢, which is described as

follows

VaRy; = —inf{Y e R: P(Yiy > Y|Fis1) <1—7}=—inf{Y e R: F(Y|F;1-1) > 7}
for i = 1,2,--- ,k at a given 7 € (0,1). Here, F;;1 is the information set to present all
information of the ith return available at time ¢t — 1 and F'(-|F;,—1) represents the conditional
distribution function of Y, given F;, ;. In addition, Z;,_; is a smoothing variable of general
economy and 7, . (-) = (Yir,~ (), - - -, Yir,r ()7 is & K x 1 vector of functional coefficients. Then, we
extract the quantile estimation of functional coefficients from equation system (11) and construct

the matrix |T'y ,(Z,_1)| as our financial network as follows:

T (Ze-)| = (Wigr (Ze=1)]) e

in which, |9;;-(Z;—1)| represents the absolute value of the sensitivity of VaR of return for the
market index j at time ¢ to that of return for the index ¢ at time ¢ — 1, under 7-th quantile level,
and is driven by the smoothing variable Z;_;. Here, taking absolute value on each 7;;.(Z;—1)
enables us to calculate and analyze indicators of connectedness, and details will be reported in
Section 4.3 later. Thus, matrix |IA‘LT(Zt,1)\ is useful to capture risk interdependence and how
it changes with a smoothing variable Z;_;. Notice that entries |IA‘1,T(Zt_1)| correspond to the
absolute value of the estimated values of {7;;-(-)} in the network model in (3). Therefore, our
two-stage procedures can be applied here for direct estimation of the interdependence among
VaRs of returns for the market indexes. In general, the proposed framework is particularly
suitable to investigate the dynamic characteristics of risk spillover across global market indexes

under the changes of economic circumstance.
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4.2 Data

Our dataset includes the daily series between January 5, 2006 and February 10, 2021 for four
major world equity market indexes: the U.K. FTSE 100 Index, the Japanese Nikkei 225 Index,
the U.S. S&P 500 Composite Index and the Chinese Shanghai Composite Index. We model
the ith index’s return series Y;; = 10log(m;:/m;—1)), where ¢ = 1,2,3,4 correspond to the four
aforementioned market indexes in turn and 7; is ith index level on the tth day. The studies of
global market indexes help to explore the dynamic of risk dependences in the global financial
market, and the time range of data includes the financial crisis in the U.S. in 2008, the European
sovereign debt crisis of 2011-2012 and the COVID-19 pandemic starting from 2019. The daily
series of four market indexes are downloaded in Yahoo Finance and the estimation sample sizes
n = 3254. Thus, we take m = n/7 ~ 3 in this empirical study. Although it is feasible to
introduce more kinds of market index into the equation system (11), due to the computational
burdens, we only consider risk co-dependences among four major markets’ indexes.

As for the smoothing variable Z;, we choose Z; = 10log(D;/D;_1), where D, is the U.S. dollar
index on the tth day and can be downloaded from the Federal Reserve Bank of St. Louis. The
U.S. dollar index measures value of U.S. dollar against the currencies of a broad group of major
U.S. trading partners, higher values of the index indicate a stronger U.S. dollar. This choice of
smoothing variable is reasonable, because the exchange rate has been regarded as an important
factor associated with international transmission of risk in many empirical studies. For instance,
Menkhoff, Sarno, Schmelling and Schrimpf (2012) discussed the relation between innovations
in global foreign exchange volatility and excess returns arising from strategies of carry trade,
through which the risk spillover transmits from one country to others. In addition, Yang and
Zhou (2017) showed that volatility spillover intensity increases with U.S. dollar depreciation.
We do not claim that the U.S. dollar index is the only choice for smoothing variable, but we
choose the U.S. dollar index because it contains more information about risk transmission among

international equity markets. It is desirable to consider other variables of economic status as the
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smoothing variable and this may be left in a future study.

4.3 Empirical Results

The empirical analysis in this section includes two steps: First, we estimate 7;;.(Z;—1) for
each market index in the equation system (11) under 7 = 0.05. Second, we use the estimated
value of v;; - (Z;—1) to construct the matrix |f1,T(Zt_1)|, and do network analysis on this matrix.
Before exploring the matrix |T'; ,(Z;_1)|, it is important to exam whether each 7;;-(Z;_1) in (11)
varies significantly with Z;_; or not. To this end, we estimate each v;; -(Z;—1) and corresponding
95% pointwise confidence intervals with the asymptotic bias ignored. Figure 1 depicts the cor-
responding estimation results, in which ij-th panel represents the result for v;; ,(-), respectively.
The black solid line in each panel of Figure 1 represents the estimates of the v;; . (-) for 1 <i <4
and 1 < j < 4 in (11) along various values of Z; ; under 7 = 0.05, and the red dashed lines
are 95% pointwise confidence intervals for each estimate without the asymptotic bias correction.
From Figure 1, we clearly see that these coefficient functions vary significantly over the interval
[—0.075,0.075], which means that we can not use fixed-coefficient dynamic quantiles models to
fit the data.

Next, we consider analyzing the matrix |T'y,(Z_;)|, in which each entry is |vi;-(Zi_1)|.
To simplify notation, Z;_; and 7 are dropped from |;;,(Z;—1)| and |¥;i-(Z;—1)| in the matrix
Ty -(Z_1)], in what follows. Then, |9;,| in the matrix |T';(Z,_1)| represents the intensity of
influence from the risk of market index 7 at time ¢ — 1 to that of market index j at time t.
For the purpose of visualization, by following Héardle et al. (2016), we first define the levels of
connectedness. The connectedness with respect to incoming links (CIL) is defined as Z?Zl 1Yiil,
which is the strength of the influence of all indexes’ VaR at time ¢t —1 to the VaR of market index
j at time t. Analogously, the connectedness with respect to outgoing links (COL) is defined as
Z?zl 9471, which is the strength of the influence of index j’s VaR at time ¢t — 1 to the VaRs

of all indexes at time t. Here, 7,5 = 1,2,3,4 correspond to the four aforementioned market
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indexes in turn. The CIL measures the risk spillover that was emitted from all four market
indexes one day ago and is received currently by a certain market index; the COL measures the
risk spillover emitted from a certain market index one day ago and is received currently by all
market indexes. Intuitively, the CIL measures exposures of individual indexes to systemic shocks
from the financial network, while the COL measures contributions of individual indexes for risk
events in the network. Other than the CIL and COL, we also analyze the total connectedness in
the global market, which is equal to 2?21 S°1 %] and indicates the total risk spillover in the
global market, see Hardle et al. (2016) for more applications about these types of connectedness.
Figures 2 and 3 display the corresponding results along the same values of Z;_;, under 7 = 0.05,
respectively. In Figure 2, each panel displays the CIL and COL subject to the U.S. dollar change.
The solid line in each panel represents values of COL and the dashed line indicates values of the
CIL. For Figure 3, the vertical axis measures the total connectedness appeared in international
equity markets and the horizontal axises in both figures are the same as those in each panel of
Figure 1.

Figure 2 shows that the curves of all four major market indexes vary greatly over the interval
(—0.075,0.075) and exhibit almost asymmetrically U-shaped. In particular, when the U.S. dollar
experiences appreciation and during the “bad times” of the market (when Z;_; is large and
7 = 0.05), domestic prices of commodity in Europe, Japan and China may increase, which pose
risks on domestic companies. Then, all investors who invested corporations in the European,
Japanese and Chinese markets suffer from loss of returns, causing both CIL and COL to go
up in all three markets. For the U.S. market, U.S. assets may become favorable among global
investors during the U.S. dollar appreciation, while investors in the U.S. market who invested
corporations in the rest of the world face loss of returns. These two forces lead the U.S. market to
be both more influential to the global market and to be influenced by global market more easily,
respectively. Thus, both curves in the panel of S&P 500 index increase. As for the case when

U.S. dollar depreciated, profits of investment on domestic corporations in European, Japanese
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and Chinese markets may increase, which lead the total amount of investment in these three
markets to grow. As a result, both types of curves in all three markets, as well as the CIL in
the U.S. market increase. Nevertheless, global investors who invested assets in the U.S. market
subject to adverse situation, which results in an upward movement of COL of S&P 500 index.

It is interesting that in the European and Japanese markets, during the U.S. dollar appre-
ciation (Z;_; is large), the COL dominates CIL. These dynamic patterns in the European and
Japanese markets may be explained by the so called “carry trade”. The carry trade refers to
borrowing a low-yielding asset and buying a higher-yielding foreign asset to earn the interest
rate differential plus the expected foreign currency appreciation. Due to the relatively lower
interest rate in the European and Japanese markets within our time span of study, as Z; 1 is
large, carry traders who borrowed low-yielding assets from the Japanese or European markets
and bought assets from the U.S. market enjoy the increase of excess returns to carry trade. This
increase of excess returns may attract more carry traders to borrow the Japanese or European
assets and thus, make these two markets more influential to the global market. For this reason,
the COL becomes larger than CIL in these two markets. While in the U.S. market, since the
price of risky assets relies heavily on the demand of carry trade during U.S. dollar appreciation,
it becomes much easier for the U.S. market to be affected by the global market. Therefore, the
CIL dominates the COL in the U.S. market.

On the other hand, during the U.S. dollar depreciation, carry traders who borrowed the
Japanese or European asset may be unable to repay due to the significant loss of returns, which
cause the Japanese or European market to become more vulnerable. Consequently, the CIL
in both Japan and Europe markets increases drastically relative to the COL. Yet, in the U.S.
market, the price of risky assets affect the solvency of carry traders in the world, which let the
U.S. market become more influential to the world. Thus, the COL rises compared to the CIL for
S&P 500 index. As for the Chinese market, when U.S. dollar depreciated, corporations associated

with export subject to harmful impact. Under this unfavorable environment, investors in China
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may be more willing to invest assets from outside of the Chinese market. This trend magnifies
the influence of global risk events on the Chinese market, causing the CIL to dominate the COL.

Figure 3 sheds light on the variation of risk spillover in the global financial market. Observed
that in Figure 3, the total connectedness of all four market indexes demonstrates an U-shaped
and asymmetric pattern. It means that total risk spillover in the four major markets decrease
when Z;_; becomes larger within the interval [—0.075,—0.025]. As Z;_; exceeds —0.025, the
risk spillover intensity is magnified. In general, Figure 3 shows that the response of total risk
spillover to the U.S. dollar change switches its pattern at a certain threshold of the U.S. dollar

change, which is a relatively new result in literature.

5 Conclusion

In this paper, we investigate a functional coefficient VAR model for conditional quantiles,
which is new to the literature. A two-stage kernel method is proposed to estimate coefficients
functionals and the properties of asymptotic normality for the proposed estimators are estab-
lished. The simulation results show that our new methods of estimation work fairly well. In
addition, there is little literatures regarding the relationship between the variation of financial
network and the general state of economy. Based on our two-stage estimation approaches, the
proposed framework allows to study how specific state of economy has an influence on the net-
work characteristics of risk spillover in a financial system.

There are several issues still worth of further studies. First, it is interesting to visualize the
topological change of our financial network and to measure the transition of risk spillover among
different market indexes when the general economy is shifting. Technically, these studies can be
realized by our econometric model. Second, the asymptotic properties of functional coefficients
in our model provide solid theory to test the abnormal variation of financial network. Third, it is

meaningful to allow for cross-sectional dependence in the current model. Although some methods
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have been developed to deal with cross-sectional dependence in the literature of conditional mean
models, due to the nature of conditional quantile model, it is not obvious to extend these under
the quantile setting. Finally, if Z; in (2) is time, then the model in (2) provides a good start for
studying conditional quantile estimation of ARCH- and GARCH-type models with time-varying
parameters; see, for example, the papers by Dahlhaus and Subba Rao (2006) and Chen and Hong
(2016) for the time-varying GARCH type models. We leave these important issues, together with

some possible extensions as mentioned earlier in the paper, as future research topics.
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Table 1: Simulation results for v19,-(-), Y20+ (*), V30,7 (*), 740,-(+), and v;; - (-) for i = 1,2 and for 1 < j < 4.

T

0.05
0.15
0.95

n = 500

n = 1500

n = 4000

MADE(710)
0.649 (0.110)
0.376 (0.055)
0.732 (0.188)

MADE(720)
0.679 (0.108)
0.376 (0.055)
0.638 (0.126)

MADE(710)
0.548 (0.050)
0.338 (0.031)
0.518 (0.061)

MADE(720)
0.548 (0.050)
0.290 (0.035)
0.580 (0.068)

MADE(710)
0.424 (0.036)
0.291 (0.022)
0.432 (0.038)

MADE(v20)
0.384 (0.035)
0.225 (0.024)
0.412 (0.036)

0.05
0.15
0.95

MADE(v30)
0.627 (0.102)
0.403 (0.053)
0.754 (0.186)

MADE(740)
0.700 (0.126)
0.409 (0.049)
0.691 (0.157)

MADE(v30)
0.563 (0.050)
0.307 (0.033)
0.522 (0.064)

MADE(y40)
0.569 (0.048)
0.305 (0.032)
0.579 (0.071)

MADE(v30)
0.488 (0.033)
0.245 (0.024)
0.464 (0.037)

MADE(y40)
0.458 (0.031)
0.243 (0.023)
0.369 (0.037)

0.05
0.15
0.95

MADE(711)
0.148 (0.063)
0.116 (0.051)
0.182 (0.085)

MADE(712)
0.139 (0.063)
0.141 (0.063)
0.201 (0.103)

MADE(m11)
0.111 (0.045)
0.081 (0.036)
0.141 (0.055)

MADE(712)
0.126 (0.056)
0.104 (0.048)
0.153 (0.061)

MADE(711)
0.093 (0.036)
0.069 (0.032)
0.108 (0.040)

MADE(712)
0.100 (0.042)
0.085 (0.034)
0.122 (0.047)

0.05
0.15
0.95

MADE(713)
0.147 (0.063)
0.105 (0.051)
0.176 (0.081)

MADE(714)
0.147 (0.068)
0.153 (0.065)
0.212 (0.092)

MADE(713)
0.115 (0.050)
0.082 (0.036)
0.132 (0.054)

MADE(714)
0.124 (0.054)
0.113 (0.047)
0.153 (0.060)

MADE(713)
0.095 (0.035)
0.069 (0.026)
0.108 (0.036)

MADE(714)
0.094 (0.040)
0.078 (0.039)
0.120 (0.045)

0.05
0.15
0.95

MADE(721)
0.164 (0.077)
0.134 (0.054)
0.194 (0.073)

MADE(722)
0.120 (0.060)
0.125 (0.057)
0.183 (0.076)

MADE(721)
0.119 (0.047)
0.098 (0.037)
0.154 (0.058)

MADE(722)
0.111 (0.049)
0.101 (0.043)
0.140 (0.056)

MADE(721)
0.097 (0.039)
0.086 (0.034)
0.115 (0.040)

MADE(y22)
0.087 (0.038)
0.092 (0.034)
0.108 (0.038)

0.05
0.15
0.95

MADE(723)
0.156 (0.071)
0.120 (0.054)
0.186 (0.073)

MADE(724)
0.133 (0.066)
0.127 (0.053)
0.184 (0.075)

MADE(723)
0.124 (0.052)
0.094 (0.040)
0.143 (0.065)

MADE(724)
0.111 (0.047)
0.098 (0.041)
0.135 (0.054)

MADE(723)
0.099 (0.038)
0.079 (0.031)
0.113 (0.036)

MADE(724)
0.087 (0.035)
0.095 (0.035)
0.104 (0.038)
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Table 2: Simulation results for 7;; () for i = 3,4 and for 1 < j < 4.

0.05
0.15
0.95

n = 500

n = 1500

n = 4000

MADE(731)
0.146 (0.064)
0.115 (0.059)
0.178 (0.085)

MADE(732)
0.143 (0.063)
0.140 (0.065)
0.200 (0.093)

MADE(731)
0.107 (0.043)
0.082 (0.035)
0.135 (0.053)

MADE(732)
0.124 (0.052)
0.105 (0.048)
0.149 (0.061)

MADE(731)
0.099 (0.041)
0.069 (0.028)
0.108 (0.040)

MADE(732)
0.087 (0.036)
0.093 (0.034)
0.113 (0.049)

0.05
0.15
0.95

MADE(733)
0.153 (0.062)
0.100 (0.047)
0.180 (0.084)

MADE(734)
0.147 (0.062)
0.136 (0.062)
0.212 (0.097)

MADE(733)
0.116 (0.051)
0.085 (0.036)
0.136 (0.049)

MADE(734)
0.121 (0.054)
0.113 (0.045)
0.153 (0.057)

MADE(733)
0.099 (0.037)
0.073 (0.028)
0.104 (0.041)

MADE(v34)
0.093 (0.037)
0.087 (0.036)
0.131 (0.043)

0.05
0.15
0.95

MADE(741)
0.156 (0.079)
0.129 (0.063)
0.195 (0.085)

MADE(742)
0.123 (0.065)
0.115 (0.061)
0.180 (0.086)

MADE(741)
0.118 (0.050)
0.099 (0.040)
0.148 (0.059)

MADE(742)
0.116 (0.050)
0.098 (0.041)
0.141 (0.056)

MADE(741)
0.099 (0.039)
0.079 (0.030)
0.113 (0.043)

MADE(7s2)
0.091 (0.036)
0.081 (0.031)
0.105 (0.036)

0.05
0.15
0.95

MADE(743)
0.147 (0.080)
0.109 (0.055)
0.188 (0.088)

MADE (744)
0.139 (0.066)
0.118 (0.054)
0.184 (0.076)

MADE(743)
0.118 (0.056)
0.092 (0.037)
0.146 (0.060)

MADE (744)
0.111 (0.047)
0.099 (0.039)
0.137 (0.052)

MADE(743)
0.093 (0.039)
0.072 (0.027)
0.105 (0.041)

MADE(714)
0.085 (0.034)
0.086 (0.030)
0.108 (0.037)

Table 3: Simulation results for 3;;,(-) for i = 1,2 and for 1 < j < 4.

0.05
0.15
0.95

n = 500

n = 1500

n = 4000

MADE(11)
0.215 (0.098)
0.137 (0.058)
0.253 (0.115)

MADE(f12)
0.214 (0.098)
0.145 (0.060)
0.286 (0.125)

MADE(B11)
0.131 (0.052)
0.084 (0.036)
0.151 (0.053)

MADE(812)
0.137 (0.054)
0.089 (0.043)
0.159 (0.060)

MADE(S11)
0.087 (0.033)
0.056 (0.024)
0.095 (0.036)

MADE(f12)
0.088 (0.035)
0.060 (0.025)
0.103 (0.036)

0.05
0.15
0.95

MADE(B13
0.210 (0.092
0.136 (0.062
0.246 (0.114

~

~— ~— ~—

MADE(B14)
0.210 (0.097)
0.143 (0.062)
0.255 (0.119)

MADE(f13)
0.124 (0.052)
0.079 (0.034)
0.149 (0.055)

MADE(B14)
0.130 (0.054)
0.083 (0.039)
0.151 (0.057)

MADE(f13)
0.082 (0.031)
0.051 (0.020)
0.084 (0.034)

MADE(814)
0.083 (0.033)
0.058 (0.023)
0.094 (0.029)

0.05
0.15
0.95

MADE(B21)
0.213 (0.104)
0.132 (0.059)
0.249 (0.099)

MADE(f22)
0.218 (0.104)
0.150 (0.062)
0.260 (0.105)

MADE (2,
0.135 (0.058
0.088 (0.036
0.150 (0.060

~—

— o

MADE(822)
0.133 (0.052)
0.090 (0.036)
0.160 (0.063)

MADE(821)
0.084 (0.030)
0.061 (0.026)
0.091 (0.031)

MADE(822)
0.084 (0.034)
0.064 (0.023)
0.100 (0.036)

0.05
0.15
0.95

MADE(f23)
0.219 (0.102)
0.132 (0.058)
0.237 (0.096)

MADE(f24)
0.204 (0.104)
0.140 (0.061)
0.251 (0.107)

MADE(23)
0.122 (0.050)
0.084 (0.034)
0.150 (0.061)

MADE(B24)
0.123 (0.052)
0.087 (0.034)
0.153 (0.065)

MADE(23)
0.086 (0.031)
0.058 (0.021)
0.095 (0.032)

MADE(24)
0.080 (0.031)
0.059 (0.022)
0.090 (0.029)
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Table 4: Simulation results for 3;; (-) for i = 3,4 and for 1 < j < 4.

0.05
0.15
0.95

n = 500

n = 1500

n = 4000

MADE(f31)
0.218 (0.086)
0.138 (0.065)
0.262 (0.119)

MADE(f32)
0.219 (0.099)
0.144 (0.067)
0.260 (0.137)

MADE(31)
0.131 (0.054)
0.087 (0.037)
0.151 (0.058)

MADE(32)
0.132 (0.054)
0.091 (0.037)
0.161 (0.058)

MADE(31)
0.089 (0.035)
0.058 (0.022)
0.095 (0.037)

MADE(32)
0.091 (0.035)
0.061 (0.024)
0.106 (0.041)

0.05
0.15
0.95

MADE(33)
0.207 (0.092)
0.130 (0.068)
0.247 (0.119)

MADE(S34)
0.218 (0.094)
0.129 (0.068)
0.255 (0.137)

MADE(s3)
0.121 (0.052)
0.082 (0.034)
0.147 (0.059)

MADE(s4)
0.130 (0.052)
0.083 (0.039)
0.151 (0.060)

MADE(B33)
0.076 (0.032)
0.057 (0.021)
0.089 (0.033)

MADE(B34)
0.087 (0.033)
0.056 (0.028)
0.110 (0.037)

0.05
0.15
0.95

MADE(f41)
0.219 (0.101)
0.132 (0.066)
0.253 (0.110)

MADE(f42)
0.234 (0.108)
0.141 (0.069)
0.265 (0.119)

MADE(B41)
0.132 (0.057)
0.087 (0.034)
0.157 (0.061)

MADE(B42)
0.139 (0.052)
0.084 (0.034)
0.167 (0.066)

MADE(f41)
0.091 (0.032)
0.057 (0.021)
0.089 (0.032)

MADE(B42)
0.088 (0.034)
0.057 (0.023)
0.097 (0.035)

0.05
0.15
0.95

MADE(843)
0.211 (0.109)
0.131 (0.061)
0.234 (0.109)

MADE(B44)
0.207 (0.100)
0.125 (0.066)
0.238 (0.115)

MADE(f43)
0.124 (0.048)
0.080 (0.034)
0.144 (0.057)

MADE(B44)
0.123 (0.056)
0.083 (0.032)
0.152 (0.071)

MADE(B43)
0.082 (0.031)
0.058 (0.021)
0.090 (0.028)

MADE(B44)
0.082 (0.032)
0.056 (0.022)
0.088 (0.029)

Table 5: Average of empirical coverage rates (AECR) of 95% pointwise confidence intervals of v;; -(-) and

Bij~(-) without the asymptotic bias correction, for 1 < ¢,j < 4 and n = 4000.

0.05
0.15
0.95

Coverage Rates of 4;;.-(-)

Coverage Rates of BAUT()

12,7
0.934
0.943
0.913

Y1
0.959
0.945
0.925

V14,7
0.941
0.921
0.912

Y37
0.948
0.953
0.929

312,7
0.936
0.954
0.938

311,7
0.925
0.955
0.909

Brar
0.938
0.954
0.943

Bra.r
0.933
0.957
0.935

0.05
0.15
0.95

Yo2,7
0.935
0.953
0.938

Y21,
0.916
0.923
0.930

Yod,r
0.937
0.952
0.936

Y23,
0.930
0.934
0.934

522,7
0.932
0.952
0.938

521,7
0.931
0.958
0.947

524,7
0.934
0.953
0.935

323,7
0.929
0.956
0.942

0.05
0.15
0.95

V32,7
0.939
0.936
0.905

:731,7-
0.949
0.952
0.927

V34,7
0.939
0.921
0.913

'3’33,7-
0.942
0.955
0.927

Bsar
0.958
0.961
0.934

331,7'
0.944
0.957
0.913

B34,‘r
0.940
0.956
0.932

333,7
0.949
0.956
0.940

0.05
0.15
0.95

42,7
0.934
0.954
0.947

Ya1,r
0.930
0.923
0.936

Yad,r
0.926
0.943
0.945

Y43,
0.936
0.932
0.929

342,7
0.921
0.955
0.941

541,7
0.923
0.951
0.944

544,7
0.929
0.957
0.942

343,7
0.939
0.956
0.949
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Figure 1: Plots of the estimated coefficient functions 7;;,(-) for 1 <i <4 and 1 < j <4 in (11) in the main
article under 7 = 0.05 (black solid lines), in which j-th panel represents the result for v;; - (-), respectively. The
red dashed lines in each panel indicate the 95% pointwise confidence interval for the estimate with the asymptotic
bias ignored.
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Figure 2: Connectedness with respect to outgoing links and connectedness with respect to incoming links for
four market indexes with 7 = 0.05. The solid line in each panel represents values of connectedness with respect
to outgoing links and the dashed line in each panel indicates values of connectedness is for incoming link.
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Figure 3: Total connectedness in international equity markets with 7 = 0.05.
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Appendix: Mathematical Proofs

Appendix A: Mathematical Proofs of Theorem 1 and Con-
sistency of 3,(z,)

In this section, we give certain lemmas with their detailed proofs that are useful for proving
the theorem in the main article. Of course, notations and assumptions that are used here are
the same as those in the main article. Also note that C' and M are denoted as generic constants

that may vary across occurrences.

A.1 Some Lemmas

Lemma A.1. Let 3 be the minimizer of the function Y. wip,(Yi— X[ ), where w, > 0. Then,

1300 X, (Y, = XTB)|| < dim(X) maxi<y [|wr X
Proof. The proof follows from Ruppert and Carroll (1980). O

Now, some notations are introduced here to make a convenient presentation of our Bahadur
results given in Lemma A.6 (below). In Lemmas A.2 - A.6, 7 is dropped from o, (-) and write

hy as h for simplicity. Let a, = (nhy)~'/2, for 1 < s # t < n and for any fixed Z;, # Z,, define

A « 0o — a(Zt) A
Yo = a, (80 — a(Z;)) and Yy = a,,' (g — a(Z;)). Of course, ¥ = a,, ' H, , 9=
61 — a(l)(Zt)
&0 — a(Zy) W,
a. 'H, , where Hy = diag{lxm+1, h1lum+1}- In addition, let W = ,
31 — a(l)(Zt) ZshWE

where 2y, = (Z, — Z;)/h. Also, define Y* =Y, — W!|a(Z,) + a™M(Z,)(Z, — Z;)]. Therefore,

9 = arg mﬁin Z pr (Y — a, 9" WK (2y) = arg rnﬂin G(9).
s=m+1#£t
The derivative of G(19) with respect to 9 (except at point Y = a, 9”7 W) is given by
T.(0) =an Y (Y —and WHWiK (za), (A.1)

s=m+1#£t



where ¢, (2) = 7 — I(z < 0). Write ¢ = a,® and ¢ = a,9. Then, (A.1) becomes to

n

Tu(C) =an > (Ve = TWHWIK (za). (A.2)

s=m+1+#t

In particular, suppose that Z is any compact subset of R. To show the uniform consistency
. a(z) - a(z)
of &(-) in Lemma A.2 later, for any 2 € 2, define ¥(z) = a,'H, and
aW(z) — aW(z)

" . W,

C(2) = ap¥(z). Let W(z) = and Y;(2) = Y, — Wl a(z) +aW(2)(Z, — 2)].

((Zs = 2)/ MW
Lemma A.2. Under Assumptions A1 — A12 in the theorem, one has ||C(2)|| = O,(/m/nh)

uniformly over z € 9.

Proof. Let v € R2*™+1) be an arbitrary 2(km + 1)-dimension vector that satisfy ||v|| = 1, where
| - || is a Euclidean norm. By convexity of the objective function, for any small € > 0, if we can

show that there is a large constant C' such that

P{ inf v Y (Y (2) — (Cm/nh) o)W, (2))W(2)K ((Zs — 2)/h) > O} >1—¢

(A.3)
uniformly over z € 2, then, the proof is finished. We first show that (A.3) holds for any fixed zq €

9. To this end, define 2,0, = (Z; — 29)/h and let & (v) = ¥, (Ya(20) =0T W 4(20))W(20) K (2501 ) —

U7 (Ys(20)) W s(20) K (250n), then,

n

Y 0 e (Ya(z0) — (Clm/nh) o) W (20)) W o(20) K (2e0n)

- Z V" (Ya(20))Ws(20) K (2a0) + Z vTB{&,(C(m/nh)?v)}

+ Z v [,(C(m/nh)*v) — E{&(C(m/nh)Y?v)}] = My + My + M.
s=m+1
Following the proof in Xiao and Koenker (2009), we first analyze Mjs. Covering the ball
{|lv]| € C(m/nh)'/?} with cubes C = {Cy}, where C; is a cube with center v, and side length

C(m/(nh)®)Y/2, so that N(n) = #(C) = (2(nh)*>)™, and for v € Cy, ||v — vi|| < C(m/(nh)>?).



Since I(Ys(z9) < x) is nondecreasing in z, then,

n

sup
[0l <C(m/nh)1/2

UT[§5<U) - E{£5 (U)}] |

s=m-+1

< max
1<k<N(n)

Z 'UT[fs(Uk;) — E{fs(vk)}]‘

s=m+1

+ max Z |(0" W 4(20)) K (2501) | {bns (v1) —E(bm(vk))}‘

1<k<N(n) “
5=m

+ x| 5%;1 |(’UTWs(Zo))K(ZsOh)|{E(dns(vk))}‘ = My + My + M,
where bys(vi) = I(Ys(20) < viWi(20)) — I(Ys(z0) < viWi(20) + C(m/(nh)*?)[We(20)l))
and dns(vr) = 1(Ye(20) < viWa(20) + C(m/(nh)"?)[We(z0)ll) — 1(Ya(20) < vy We(z0) —
C(m/(nh)®?)||[W4(2)|]). The analyses of Mszy and Mz are similar to those in Welsh (1989)
and Xiao and Koenker (2009), so that our focus here is only on Ms;. Notice, for any b > 0,
[0 (Ya(20)) — ¥ (Ya(20) — vEWi(20))) = I(dss < Yo < dys), where dz; = min(ca,, Cos + C34)
and dy, = max(Cas, Cos + C35) With cs = [x(20) + @M (20)(Zs — 20)]" W, and ¢z, = v} W(20).
Therefore, by Assumption A4, there exists a C' > 0 such that E{|{(Ys(20)) — ¥r(Ys(20) —

VEW o(20))|’| Zes Wi} = Fyizw(das) — Fyizw(dss) < Clof Wi(20)] < C(m/nh)?|[W(20)],

which implies that

Elv"&(ur)|” = Ell¢r(Ys(20)) = ¢r(Ya(20) — vi W(20))[°[0" Wa(20)|° K° (200n)]

< C(m/nh)' E[|W(20) Il Ws(20) K (220n)] < C((m/nh)"2m+2h) (A4)

by Assumption A7. Thus, we have

W2= > Ep™{&w) — EGu))}? < Y Ep"&(u)]* = O((mnh)!/*m??)

and

n

Sp= Y &) = BE(& (o))} = Op((mnh)'*m™?).

s=m+1

Also, notice that ns(vg) = {&(ve) — E(&s(vk))} is a martingale difference sequence. Therefore,

let L = (mnh)'/2. Thus, we have



n

LS (ol l () — B ()]}

P
v nh’ s=m-+1

max
1<k<N(n)

g
g

1 oo
< N(n)max P \/—_h Z {v7 & (o) — E(&(vr))]}

k
s=m-+1

< N(n) mkaxP v ns(vg)| > Vnhe, W2 + 52 < L]
Lls=m+1
+N(n) m]?XP Z v, (vr)| > Vnhe, W2+ S% > L] = Ji + Ja. (A.5)
s=m-+1

For J;, by exponential inequality for martingale difference sequences (see, e.g., Bercu and Touati,

2008), we have

n

Z UT775 (Uk>

s=m+1

N(n) max P

2
> Vnhe,W3+S,2L§L] < 2N (n)exp (—%)

For Jy, because P[W? + S2 > L] < P[W2> L] + P[S? > L] and each term can be bounded
exponentially under Assumptions A1, A5 and A6. Thus, Mz = o,((mnh)'/?). As for My, notice

that

n

My= 5 w7 B{&(Clm/nh) " *v)}

s=m-+1

= Y v B{(Ye(20) — (C(m/nh)0) " Wi(20)) W (20 K (250n) — r(Ye(20)) Ws(20) K (2e0n) }

s=m+1

= > VT E{[Fyizw(a:(20, W) + hzana" (20) W | Zo, W)

s=m+1

- FY|Z7W<qT(ZO7 Ws) + hstha(l)(Z())TWs

+ C(m/nh) 20T W o (20)| Zs, W) ]W s (20) K (250n) }

= C(m/nh)1/2 Z vTE{fY|Z,W(QT(ZOa W) + thOha(l)(ZO)TWs

s=m+1

+ nC(m/nh)l/szws(zo) | Zy, W)W o (20) WL (20) K (201) },



L zson
where W, (20) W1 (2) = e W, W, Similar to the idea in Xu (2005),

Z50h 2520h
fY|Z,W(QT(ZO7 Ws) + hstha(l)(ZO)TWS + nC(m/nh>l/2vTW5(ZO)|Zsa Ws)

:fY|Z,W(QT(207 Wﬁ)|Zﬁy Wﬁ) + ChzﬁOha(l) (ZO>TW5 + Op(h)u

which implies that

n

S o E{&(C(m/nh)v)}

~— C(m/nh)'? Y " 0T Elfyi 2w (g:(20, We)| Ze, W) W (20) W (20) K (22010

s=m-+1
n

— C(m/nh)"?h* > v {E[|a (20)" W W4 (20) W (20) Kn(2e0n)|}v = Moy + Mas.
s=m-+1
Again, by Assumption A7,

2V G T WD) _

LS [ )WL = () RISk B

s=m+1

Hence,

" {% > !a“)<zo>TW5|} < n”E{ (% > [a“’(z@TWEP) 1/2} < Cm/n)'?,

s=m-+1 s=m+1
which implies that E[|a® (20)TW,|] < C(m/n)? and then, Myy = o((mnh)/?). Thus,

n

My~ — C(m/nh) >~ v Efy1zw (- (20, W) | Ze, W) Wa(20) W7 (20) K (20n)]v

s=m+1

Loy Ly
=—v v,

L, L,

where, for d = 0, 1 and 2,

Lq = _C(mn)1/2h_1/2E[fY|Z,W(QT<207 W)l Z, Wﬁ)zg()thWZK(zﬁoh)]

25—20
)

— — C(mnh)"/? / D* (2o + h2) 2K (2) f.(20 + hz)dz = —C(mnh)"*ugf.(20) D* ().

= — C(mn)l/Qh*I/QE[D*(zo)zSOhK(

In addition, for M, since



Elpr(Ye(20))Wa(20) K (z50n)] = E[r — I(Ys(20) < 0)]Ws(20) K (250n)
=E[r — Fyizw(a(z0)" W + hzona™ (20) " W| Ze, W) ]W (%) K (20n)
=E[Fyizw(q:(Zs, W )| Zs, W) — Fy 12w (¢-(20, W)

+ hasona (20) T W] Zo, Wo) W o(20) K (2e0n)
=E[fyizw (- (20, W) + hzgona ()" W,

+ nA(h, 20, Zs, W )| Zs, W) A(h, 20, Zs, W)W s(20) K (2s0n)],

where A(h, 20, Zy, W3) = ¢-(Z5, W) — @7 (20, W) — hzgona™ (20)T W, an application of Taylor

expansion of ¢,(Z;, W) at (zy9, W) leads to

@ (z + phzeon)”
2

A(h, 2z, Zs, W) = h22520hW5.

Therefore, by Assumptions A7 and A10, one has

El7(Ys(20))Ws(20) K (250n)]
h2

:?E[fY\Z,W(QT(Zm Ws) + hstha(l)(ZO)Tws + ’I’]A(h, 20 Zsa Ws)|Zsa Ws)]

x Wo(20) WX (29 + phzeon) 22, K (2s0n)
h2

= Elfvizw (4 (20, W) + hzeonad (20) "W + nA(h, 20, Zs, W )| Zs, W]

1
X D(Z)a? (g + phzson) 22, K (2s0n)

Z50h

et | @ Do) o).
0

Thus, E[v7 ), (Ye(20))Ws(20) K (2s0n)] = O(m!/2h?). Then, by Markov’s inequality, stationarity

and Assumption A10, M; = > " Toh (Ye(20) )W s(20) K (250n) = 0,(Vmnh). Thus,

s=m+1 v



{ inf 0T (Yo(20) — (C(m/nh)!*0) W o(20))Wo(20) K (2e0n) > 0}

vll=1 <
s=m+1

C 1 0
D) {Efz(ZO)D*(ZO))\mzn |:’UT ’U:| > O}
0 po

with probability going to 1 for a sufficient large C' and as n — oco. Thus, we complete the first
part of the proof.
Next, we show that (A.3) holds uniformly over z € . To proceed, define B = {v : ||v] <

C(m/nh)Y/?} and K., = K((Z, — 2)/h). Then, we want to show that

P{ inf inf v (Ya(2) — 0T Wo(2) )W, (2) K., > 0} >1—e.
2ED vEY
s=m+1

Since Z is compact, it can be covered by a finite number 7'(n) of cubes %; = %, ; with side
length 1, = O(T7(n)) = O(m'?(nh)~'/*) and center z;. Clearly, I, = o(1) due to Assumption

A10. Now, write
supsup > v' [, (Ya(2) — 0" Wa(2))|Wo(2) K.

g 7
z2€D U€£5:m+1

< supsup Z E{v" ), (Y(z) — 0" W(2))Wo(2) K. 1}

[ 77
z2ED vER s—m+1
n

+ sup sup Z [UT@/JT(Ys(Z) — "W, (2))Ws(2) K. 1

2ED vERB —)

— B{oT ¢ (Yy(2) = 0TW,(2) )W (2) K.} | = KV + K.

We first consider K. Let 1, (2,v) = ¢, (Ys(2) — vT W4(2)) for simplicity. Indeed,

n

K zspsip > o Wl K~ B0 el W) Ke)|

[
2ED vVER s—m-+1

n

> 0 [bralar W5 e~ Bl Wl |

s=m+1

< max sup
1<G<T(n) ves

n

+ max sup sup
1<G<T(n) 2e9; ves

|:’UT[77Z)T,5(27 U)Ws(z)Kz,h - ¢T,5(zj’ U)Ws(zj>KZj,h]

s=m+1

— E{v" [(0rs(2,0)W4(2) K. jp — ¥r5(2, v)Ws(zj)Kzﬁh]}} ‘ =HY + 7O,



We only focus on H® since the rate of H(!) can be controlled in the same way as in (A.5), when

z is fixed. Then,

’UT[¢75(Z U) ( ) w'rs(zjv ) S(Zj)]KZj,h

}

T[wTﬁ(za U)W5(Z) - w‘r,ﬁ<zj7 U)W5<zj)]

n
H® = max supsup E {
<j5< .
1<j<T(n) 2€9; vER s—m+1

_E{v [¢T5(z U) ( ) wTs(zJ’ ) 5(Zj)]KZj7h}

n

+ max sup sup g { v
1<j<T :
<j<T(n) 2€9; Ueggs:m—i—l

B — Koy ] — E{0 [tz 0)Wal2) — a2y, 0) Wal2))]
< Ko — sz,h]}\}

,vaT,S(zj7 U)Wﬁ(zj) [szh - sz’h]

n
+ max sup sup E {
1<5<T 7.
<IST(n) 2€9;ve 2,

— E{v ;4 (2, V)W o (2)) [ Ko — sz,h]}‘} =H® + g 4 g,
For H®Y | similar to the derivation of (A.4), one can show by Lipschitz continuity that for any
b > 0, there exists a C' > 0 such that
E{|[thrs(2,0) = Prs(25,0)]| Zs, W} < Cm/2L,,
uniformly over v € &, which implies that
E{|v" [Yrs(2,0)Wa(2) = Yrs(z), 0) Wo(2)] K, ]}
=E{[v" [rrs(2,0) = Yrs(25,0)]Wo(2) K., 5}
+ B{[v" [¥rs(2, )] (Wa(2) = Wi(2)) K’}
SE{[thrs(2,0) = e sz, 0) 0T W (2) P K2, 1}
+ B{[¢rs(25,0) " [0T (We(2) = Wi(2y)) K2 .} < Clom®h
by the boundedness of 1. 4(z;,v) uniformly over v € Z. Define A, 4(2, 2j) = Vrs(2,v)W4(2) —

(25, v)W(2;). Thus, we have

n 2
= Z E{ vTAwT,s(z,zj)szﬁh — E{vTAwT,ﬁ(z,zj)sz} }

s=m-+1




< z": E{’UT[@/JT,E(Z,?J)Ws(Z) - ¢T75(zj,v)W5(zj)]szyh}2 < Climnh = O((mnh)l/ng/Q)

s=m-+1

and

}2 = O ((mnh)2m3/?),

’UTAwT,ﬁ(Za Zj)KZ‘,h - E{UTAwTﬁ(Z? ’Zj)KZle}

7

Hﬁ—i{

s=m+1

Now, let Xs(2;) = AYrs(2, 2)) Koy n— E{A%r5(2, 2j) K., 1 }. Thus, the fact that A, (2, 2;) K., n—

g
g

E{At:4(z, ;) K., 1} is a martingale difference sequence implies that

P

max
1<<T(n)

e 3 (0T A5 Koy — E{ Al ) Ko}

s=m+1

<T'(n) mjaxP \/% S;FI{UT[Awm(z, 2i) Koy 0 — E{AYr4(2, 25) K2, 0} }

<T(n)maxP || Y v x(z)

J

> Vnhe, G2 + H2 < (mnh)1/2]

|| s=m—+1
+ T'(n) max P Z v xs(2)| > Vnhe, G2 + H? > (mnh)1/2] =710 4 1@
J
s=m-+1

Similar to the derivation in (A.5), under Assumptions Al, A5 and A6, one can show that /()
and I® can be bounded exponentially. Hence, H®Y = o,((mnh)'/?). We can also show that
H® = o,((mnh)Y?) and H® = o,((mnh)/?) in similar ways. Thus, K® = o,((mnh)¥/?). As

for KM notice that

KO =supsup Y E{v" ¢, (Yi(z) — 0" We(2))Wa(2) K. 0}

2ED vERB s—mi1

< sup sup > B{o [ (Yi(z) = 0" W(2)) = ¢ (Ya(2)|Wa(2) Ko}

2ED vVEY s=m-+1

+supsup Y E{o" v, (Ya(2)) Wa(2) K.} = KU 4 K02,
Z2ED vERB s—mt1

In a similar way of calculating My, it can be shown by Assumption A10 that K = O((mnh)'/?)

and K2 = O(m'?nh3) = o((mnh)'/?) uniformly z € 2 and v € %. Therefore, the proof of

Lemma A.2 is finished. ]



In the next two lemmas, we focus on 7),(¢) in (A.2) to show stochastic equi-continuity for
T.(¢) — T,.(0) — E[T,,(¢) — T,,(0)], so that we can derive the local Bahadur representation for

vnh¢. In particular, define D,, = {¢ : ||¢]| < C(m/nh)'/?} for each fixed 0 < C' < oo.

Lemma A.3. Under Assumptions Al — A12, for any a € R2*™+V satisfying |lal| = O(1), one

has

sup [a’ {T5,(¢) — T(0) — E[T4(¢) — Tu(0)]} = 0p(1).

¢EDm

Proof. For any ¢ € Dy, let Yy = Yy — CTW? and Mu(€) = [,(Vs) — v (Y2)] WK (zan).

Then,
T.Q) = Tu(0) =an > [ (Vs = C"W0) = (V)WIK (za) = an > Mous()
s=m-+1+#t s=m+1#£t

and My (¢) = [ () — - (VWK () = (ME(€), ME Q) with ME Q) = [v-(¥) -

U (V)W K (2) and M2 (C) = [-(Y5) — ¢ (Y)W oz K (251). Thus,

S5

sup [a’ {T5.(¢) — T0(0) — E[T0(¢) — T (0)]}

¢€Dy,
<ansup | 30 I OMYQ) - EMPO) 40 sy | D M2(0) - M)
S JPE— CEDm | ommi14t
=q, sup Z (M) (¢) — E(My(éal)(C))}’ + a, sup Z {M2e2)(¢ (Mﬁ“Q)(C))}’
CEDm | st 154t CEDm |g—mt 14t

=M (¢) + MP(C),

where a; € R*™*! and ay € R*"*! are partitions of a. For Mr(Ll)(C), it is easy to see that
Mi(€) = ansubeep,, | S iz {Mus™ (€)= E(Mi" ()}, where Mys™(¢) = af My (C).
Similar to the proof of Lemma A.2, for any b > 0, |1, (V%) — - (Y¥)|" = I(azs < Y; < ay,), where
a3s = min(bog, bos + bze) and ays = max(bys, bag + bss) With boy = [a(Z;) + aV(Z,)(Zs — Z,)]* W,
and bzs = CTW;*. Therefore, by Assumption A4, there exists a C' > 0 such that

E{|¢p-(Y) = e (Y)W | Ze, Wi} = Fyjzw(ass) — Fyizw(ass) < CI¢TW7E],

which implies by Assumption A7 that

10



EIMa™ QP = Bl (Vi) = ¢ (Y7 o] Wi K2 (211)]

< CE[CTWi[WiIPK (21)] < Clagm?m9Ph). (A6)

Similar to the proof of Lemma A.2, covering the ball D,, with cubes C = {Cy}, where Cy is a
cube with center ¢, and side length C(m/nh)'/?, so that N(n) = #(C) = (2(nh)?)™, and for

¢ €Ch |I€ — ¢l < C(m/(nh)®?). Since I(Y,* < x) is nondecreasing in z, then,

MV (¢) =a, sup
¢EDm

Z (M0 (¢) — (M,Si‘“)(c»}‘

s=m-+1+#£t

Z (MOe)(¢) — (Méﬁ‘“’(ck»}|

s=m+1#t

< max a,
1<k<N(n)

n

+omax Y |(a] W) K (z) {0 (¢ >—E<b;1“1><ck>>}|

1<k<N(n)
s=m+1#t

n

+ max | Y |(af Wo)K (za) {E(d™ (Ck))}‘ = K+ Ko + K,

1<k<N(n)
s=m+1#t

where b2 (¢,) = I(YF < CTW,) — 1Y < (TW, + C(m/(nh)¥/2)|W||) and

Ao () = 1Yy < CEW o + C(m/ ()| W|[) = (Y, < CEW o = C(m/(nh)*?) [W|)).

Now, our focus is only on K;. By noting that N(n) = (2(nh)?)™ and ||¢,]| < C(m/nh)*/? and

K is fixed, it follows by (A.6) that

Q= Y E{MIMC) - BMEIC)E < Y BIME ()P = O(mnh)2m*?)
s=m-+1#t s=m+1#t
and
Z {M(lal) (M(1a1)(c ))} ZOp((mnh)1/2m3/2),
s=m+1#t

Also, notice that ¢s(¢;) = {Mé?(g p)—F (Mé?(( 1))} is a martingale difference sequence. There-

fore, let L = (mnh)/?, we have

11



1a1 _ 1CL1
P max Z {0y E(M5™(C))}| > ]
s=m+1#t

SN(n)max P || —— Z {ME™(C) = E(M™ (¢} > 6]

F L 5 m-41#t
<NmmaxP || Yl > Vihe, @2 + B2 < L]

F | [s=m+1#t

+N(n)m’?xP Z al os(¢y)| > Vnhe,Qi+Ri>L] = K1 + Kps.
s=m+1#t

For Ki;, by exponential inequality for martingale difference sequences (see, e.g., Bercu and

Touati, 2008), we have

n

Z a?@s(Ck) >

s=m+1#t

N(n)max P

k 2L

nhe, Qi + Ri < L] <2N(n)exp < — (nh)e2> .

For K5, because

PlQ2+R:>L|<P[Q>L]+P[R:>L]

and each term can be bounded exponentially under Assumptions Al, A5 and A6. Thus,
MV(¢) = 0p(1). Similarly, it can be shown that MP(¢) = 0p(1). These complete the proof of

the lemma. O

Lemma A.4. Under Assumptions Al — A12, for any a € R2<™+Y satisfying |la|| = O(1), one

has

sup [|a"{E[T5(¢) = T(0)] + f-(Z) Di(Zi)Vnh¢}|| = o(1),

CEDm

where D}(Z;) = diag{ D*(Z;), uaD*(Z;)}.

Proof. First, notice that

n

an Y Bl (Y7 = W) = (V) WK (20n)]
s=m+1#£t

—a, Y E[I(Y; <0)—1(Yy < TWD)IWIK (2)
s=m+1#t
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=an Y ElFyvizw(a:(Z, We) + hzaaV (2,) W| Z;, W)

s=m+1#t
— Fyizw (0 (Ze, W) + hzg oM (Z) "Wy + bz Zo, W) WK (241,)]

n

1
=—— > Blfvizw(a(Z W) + hzaal ) (Z)'W,

s=m+17#t

+ wWhse| Zg, W ) WIW TV nhC K (241)],

where WW:T = ® W W, Therefore, similar to the proof of Lemma A.2,

Fyv1zw (4 (Ze, W) + hzguaM (Z,) "W, + wbss| Z, W)

:fY|Z,W<qT<Zt7 W5)|Z57 Ws) + Chzsha(l)(zt)Tws + Op<h)'

Hence, it follows that

n . Ay Ay
an Y Bl (VS = (WD) = (V) WK (2an)] = +o(1),
s=m+1#t Al A2

where for d =0, 1 and 2,

n

Ay=—— > Blfvizw(:(Z. W) + 9(Z.h, 2. W )| Z,, W)

s=m+1#t

X thwswgv nh¢ K (zsp)]
1
- - EE[fY|Z,W(QT<Zt; W5)|Zsa Ws)zghwswz Vv nhCK(zﬁh)]

1
= B 9( 200 2, W @), W W VG (zan)}

1
= - EE[fY|Z,W(QT<Zta Wﬁ)‘Zﬁa W5>Z§thsWZ \ nhCK(zsh)]

— CE{|aW(Z)"W |24 W WIVnh¢ K (za)} + o(1)

_ %E[D*(ZE)MCZ?hK(Zs ; Zt)]

— CE{|a™W(Z)"W |24 W W IVnh¢ K (z)} + o(1)

13



1 . 2=l g, %= Ly
—— 4 [ DV C Y R )
— CE{|aW(Z)"W |24 W W VnhC K (2)} + o(1)
_ / D*(Z, + ha)Vnh¢2 K (2) f.(Z, + h)dz

— —CE{|aM(Z)"W |24 W . WTVnh¢ K (2z)} + o(1),
with g(Z;, h, Z, W, @) = hzg,aW(Z,)TW , + wbs,. Note that
_ / D*(Ze + ha)WahC2 K (2) f(Z0 + h2)dz + 0(1) = —pafs(2)D*(Z)Vahe + o(1).

Also, by Assumption A7, one has E[la")(Z,)"W,|] < C(m/n)"/2. Then, by choosing suf-
ficiently large C' > 0 and by Assumption A10, |E[T,(¢) — T,.(0)] + f.(Z,)D;(Z,)vVnh¢|| <
Cmn~"*mh = o(1). Thus, |a"{E[T,(¢) ~ T(0)]+ £.(Z:) D} (Z)Vnh¢}| < C||E[T,(¢) — T (0)] +
fA(Z) D35 (Z)Vnh¢|| = o(1). Combining the above analysis with the methods of constructing

cubes in the proof of Lemma A.3, the lemma is proved. O

Lemma A.5. Let Ss = ¥, (Y, )W K (zs,). Under Assumptions A1 — A12, for 1 <s #t <n

and for any fized Z; # Zs, one has

and
Var(Ss| = hr(1 — 1) f.(Z;) D1(Z;) + o(h),

where D1(Z;) = diag{voD(Z;), oD (Z;)}. Further,
Var[T,(0)] = 7(1 = 7) f.(Z:) D1(Z).

Therefore, ||T,,(0)| = Op(1).

Proof. This proof follows from the proof of Lemma 3.5 in Xu (2005). Firstly, we calculate E[Ss].

Indeed,

14



E[Ss] =B (Y)W K (za)] = Elr — I(YS < 0)]W K (2)
=E[1 — Fyjzw(a(Z)" W, + hzan D (Z,) "W | Zo, W)W K (241
:E[FY|Z,W(qT(Z57 W5)|Zsa Ws) - FY|Z,W(QT(Zt7 Ws)
+ hzgn e (Z) W | Zo, W) [W K (2a1)}
=E{fyizw(@:(Ze, W) + hzsnaM(Z,) "W,
+EM(h, Zy, 25, Wo)| Zo, W )M, Zy, Zy, W)W K (2a) },
where A(h, Z;, Ze, W) = q:(Zs, W) — q-(Z1, W) — hzguaV(Z,)"W,. An application of the
Taylor expansion of ¢.(Zs, W) at (Z;, W) leads to

oD (Zy + chzg,)T

A, Zy, 2y, W) = h?z2 W .

2
Therefore, similar to the proof in Lemma A.2,
h,2
E[SS] = ?E[fY‘Z,W(qT(Zt7 Ws) + hzsha(l)(zt)TWS + €A(h7 Zt7 Z57 W5>|Z57 W5>

xWIWTaPD (Z, 4+ chzgn) 22 K ()]

h2
= 7E{ Frizw(@r(Ze, W) + haano ) (Z)W o + EM(h, Zi, Zs, W) | Zo, W)

1
X D(Z)a'?(Z, + ghzgh)thK(zsh)}

= || e D 2))a®(2) + o). (AT)

As for E[S,ST], one has

E[S.S7] = EW (Y)W W T K? (24))
=E{[r* — 21 = DI(Y; < 0)|W W K*(zar)}

=21 — D) E{[r — I(Y} < O)|W:W:TK?(2)} + 7(1 = T)EW:W:TK?(2)] = RY + R,

15



Similar to the above derivation, it is not difficult to show that
RY =21 — E{[r — I(Y;" < O)]W; W, TK*(2)}
=27 = DE{[Fy|zw (4:(Zs, W) | Zs, W)
— Fyizw(q-(Zi, W) + hzan " (Z,)" W o| Ze, W) IW W T K2 (2) }

=27 — VE[fy1zw (¢ (Z;, W) + hzgua™M (Z,) "W,

A 2,2, W) 2, W) ST ) W
x WIWITK?(2)] = o(h?)
and
RO = (1 - ) EW WK ) = it - Dz | | @ D@+ o). (A8)
0 1

Next, it is shown that the last part of lemma holds true. To this end, it is easy to check that

n—1

1 14
Var(T,(0)] <7 [Var($) + 2;(1 = —)Cou(S1, Sp1a)]
1 2 T 2 &
SEVCLT‘(Sl) + E Z |COU(81, Sg+1)| + E Z |COU(51, Sg+1)| = J4 + J5 + J6
=1 t=dn,
By (A.7) and (A.8),
Vy 0
Jy—= 7(1=7)f(Z) ® D(Z).
0 1%5)

Now, it remains to show that |J5| = o(1) and |Jg| = o(1). First, we consider Js. To this end, using
Davydov’s inequality (see, e.g., Corollary A.2 of Hall and Heyde (1980)) and the boundedness
of 1-(+), one has

|Cov(Sy, Sey1)| < Cal=22(0)[E]S1°)?° < Cmh¥2at=%°(p),

which gives

Js <Cmb*P71 N "o 00 < Ok Y T ol (0) = o(mh®P71d?) = o(1),
{=dp l=dp

by choosing d,, to satisfy d®m~'h!=2/% = ¢. As for Js, following the proof of Lemma 3.5 in Xu

(2005), one has |J5| = o(1). These prove Lemma A.5. O
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Lemma A.6. (Bahadur representation) Under Assumptions A1 — A12, for any fized Z; # Zs,

one has,
. . 1 -
Y= Vnhi = — (D (Z)! Ve (YIYWEK (2n,) + 0,(1),
1 \/n_hlfz<Zt)( 1( t) )szmzj;l# ( ) ( h ) P( )
1 0
where D}(Z;) = ® D*(Zy).
0 pe

Proof. We first derive the local Bahadur representation for 9. Indeed, by Lemma A2, ||¢| =
O,((m/nh)'/?). On the other hand, by Lemmas A.3, A.4 and A.5, T,,(¢) satisfies || T,,(0)|| = O,(1)
and Sup|¢<cm/mny/2 |67 {T0(¢)+DVnh¢ —T,(0)}| = 0,(1) with D = f.(Z,)D}(Z). In addition,
it follows from Assumption A10 and Lemma A.1 that ||7,(¢)]| = 0p(1). Then, replacing a by

D~!'a, the lemma is proved. O

Lemma A.7. Define K,e = {(A,9) : [|[9] < &£, ||Al| < M} for some 0 < M < oo and
0 < £ < oo, let V,(9) and V,,(A,9) be vectors that satisfy (i) —ATV,(AA,9) > —ATV, (A, 9)
for A >1 and |9 < £, and (ii)
sup  [[Va(A,9) + V,(9) + DA — A, || = 0,(1),
(AY)EK ¢
where ||A,|| = O,(1) and D is a positive-definite matriz. Suppose that A, and ¥, are vectors
such that |V,(An,9,)] = 0,(1) and ||V, (9,)| = Op(1). Then, one has ||A,]| = O,(1) and

A, = DA, = Vo(89,)) + 0p(1).

Proof. The proof follows from Koenker and Zhao (1996) and Conditions (i) and (ii) that

Va(Ay,9,) + Vi (9,) + DA, — A, = 0,(1). This completes the proof. O

To show Lemmas A.8 and A.9 later, 7 is dropped from g.(29) and hs is written as h for sim-

plicity. For the notational convenience again, define b, = (nhy)~/2, let 8y = b (0 —g(2)) and
©0 — g(20)
0, = hbgl(@l —g(l)(Z())) Then, 0= b;lHQ s where Hy = diag{lg,ﬁl, hg]g,ﬁ_l}.
0, — g"(2)

For convenience of analysis, we rewrite X; = X,(9) = X (a(Z,) + (nhy)/28) because it

contains G, = WTd,. Similarly, X(90) = X, (a(Z,) + (nhi)~/20), X} (90) = Xi(a(Z) +
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. . X X ()
(nh1)~280) and X, = X7(80) = X (a(Z:) + (nh)"2dy), where X*(9) = oo

ZthXt('ﬁO)
. X (o) X,
and X; () = and zy, = (Zy — 29)/h. Of course, X7(0) = X} =
ZthXt('ﬁO) 2in X ¢
Hence, 0X(19)/09 = a,I1;, where HtT = (01Tx(mn+1)7 Wi, ...,W,, Ofx(mnﬂ)) has the same def-

inition as that in the main article. Next, denote v} () = Y; — X7} (90)[g(20) + 9" (20)(Z; — 20)],
i (0) =Y, = X7 [g(20) + 9 (20)(Z: — 2)] and vy, = v7,(8,99) = v} (D) — b0 X (Iy). In addi-
tion, define I'*(Z;) = E|fy|2,x(¢:(20, X 1)) X9, (20) ' IL| Z;) and T(Z;) = E|fyz.x (¢ (20, X)) X
9. (20)TTL| Z;]. Again, let A,, = {0 : |0 < M} and B,, = {9 : |[|9] < £} for some
0 < M < oo and for some 0 < £ < oo, Therefore,

0 = arg min > pr (v (Do) — 0,07 X[ (99)) K (21) = arg min J(6).
t=1
Now, define vector functions of 8 and 9,

Vi(6,90) = b Y r (07 (90) — 0,07 X[ (90)) X7 (90) K (218,

and

Va(90) = by Y T*(Z1)[anDo] K (zun),
=1
where ¢, (z) = 7 — I(z < 0). In the next three lemmas, we show that V,(0,9,) and V()

satisfy Lemma A.7, so that we can derive the local Bahadur representation for 6.

Lemma A.8. Under the assumptions in Theorem 1, one has

sup  [[Va(6,99) — V2 (0,0) + Vo (o) — E[Va(6,90) — Va(0,0) + Va(Do)][| = 0p(1).

YoEBm,0€A,,
Proof. For any @ € A,, and for any 9, € B,,, we have

Vo (6,9¢) — V,(0,0) + V, ()

=by > [0+ (0] (90) — 0,07 X7 (D)) — ¥r (07 (90))] X (90) K (21)
b Y[ (07 (90)))( X7 (90) — X7) K (21n)

t=1
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0 [ (v7 (80)) — ¥ (v (0))] XK () + b ) T (Z0)anPo] K (21n)

t=1

:bn Z Vnt(ea 190) + bn Z Unt(ea 1190) + bn Z Wnt(ea 190) + bn Z Rnt(ﬂo);

t=1 t=1 t=1 t=1
T
where Vau(0,80) = [, (v5,) = (v (90))| X5 (90)K (z0) = (Vi V"), Una(0,90) =

W (0 (O0)(X (00) — XK () = (U7 UDT) W0, 90) = [, (7 (90)) — (07 (0))1 X

T
XK (zn) = (W W™, and Ruu(Bo) = anl*(Z)06K (20) = (RL)" R<2>T) with V) =

nt -

[0 (v5,) — ©r (07 (90))] XL (90) K (2), Ve = [0 (v5) — e (v} (90)] X o(F0) 2 K (z), USy =
[t (v (D)X 4(F0) — XK (z), and U = [v0, (v} (90)))(X1(99) — X 1) 2K (20). Tn addi-
tion, Wy = [1h, (v} (Do) — ¥ (v ()] X K (2), WP = [0, (vF(90)) — 9r (0] (0)] X 2 K (208,

RY = a,T(Z,)00K (z) and R® = a,T(Z,)00zn K (2n). Thus,

[V (8, 90) — Vi (0,0) + Vo (o) — E[Vi(0,90) — Vi (0,0) + Vi (Do)

N Zt 1(V(1) EV() H Zt . U(1 EU,(LP) H
S (VY — BV S (U — EUY)
L S N S (R — ERLY) H
S (WP - EWD) S (R — ERY)
<ball SV — BV 4 b Z v — BV
t=1
Y f(uﬁ? ~ BUD)] + b Z(U,S? ~ BU®))

t=1

+ b i(WS EWS)|| + bl Z W — EWD)|
£l S (RY — BRD)| + by Z (R? — ERY)|
t=1
=V + v+ UM+ 0P + W + WP + RY + RP.
As for Vn(l), it is easy to see that

2k+1 2k+1

=hll 205 = VA< 3l Z (V8 — BV = 3 IV
t=1 i=1
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where V.37 = [1b,(vF,) — ©r (0] (96))] Xt (90) K (2), and Vi = b, S0 (V1) — EVIY). Now,

we consider the variance of Vn(”); that is,

- Lo X ‘N
BV = nhE{Z(VéP—Ev,EP)}

t=1
1 - (12 (14) (14)
= %{;‘/CLT(VH +22 COU 1 ,Vn£+1 )
dn 1
< EVGT h Z |Cou( nll ) z+1 )+ h Z |Cov( nll ’ £+1))|
t=dy,
= Jr+Jg+ Jy

with d,, — oo specified later. First, we consider the last term, Jy, in the above equation. To this

end, using Davydov’s inequality (see, e.g., Corollary A.2 of Hall and Heyde (1980)), one has

1Coo(VL? VD | < Cat=2(0) BV 19120 (A.9)

nl > €+1

Notice that for any k > 0, |1, (v7,) — ¥, (v (90))|¥ = I(r3; < Y; < 714), where 73, = min(pas, par +

p3t) and ry = maX(pzt,pzt + p3t) with pyy = [QT(ZO) + Q(Tl)(zo)(zt - ZO)]TXt('ﬂo) and p3 =

ﬁBTX ¥(9¥9). Therefore, by Assumption A4, there exists a C' > 0 such that

E{[tr(v3) = ¢r (0 (90))|*| Z0. X o} = Frizx(ra) — Frizx (rse) < Cbal0" X7 (90)],
which implies by Assumption A9 that

EWVS = Bl (vf) — ¢r(v5(90)) | Xi1 (90) P K (215)]

< Cb,E[|07 X (90)||Xi1(90) | K (214))-

Notice that since |9y < £, by mean value theorem and triangle inequality, one can choose a

sufficiently large C' > 0, such that || X} ()| < C||X7}||. Then,

BIVSP = By, (vhy) — e (05 (90))]°) X1 (90) P K2 (201)]

< Ch,E[|07 X7 (190)]|Xi1(90) P K2 (213)] < Cb,E[|07 X || X1i|° K°(210)] < Cbyh.

This, in conjunction with (A.9), gives that
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Jo < CRPREN "ol 0(0) < OO T el T () = o(b2hP ™) = o(1).

l=dn, {=dp

As for Jg, again by choosing sufficiently large C' > 0, we use Assumptions A4 and A1l to obtain

17 12 12 17 12 12
Cov (VYD Vi ) < EIVEIVE L+ BIVAP BV

< CE|X1;Xr0il K (z10) K (2(051)n) + Ch* < Ch2.
It follows that Js = o(1) by d,h — 0. Analogously,
_ -1 (19) -1 (Li)y2 _
Jr=h"Var(V,;") <h T EV,;;") =0(b,).

Thus, Vn(lli) = 0,(1). So that v = 0p(1). Similarly, it can be shown that v, = 0p(1). For

UT(LI), also notice that

n 2k+1 n 2k+1
1 1 17 17 i
U = b Y (U = BUSHI < D7 |Iba Y (05" = BURD) =~ (U7,
t=1 i=1 t=1 i=1

where U" = [1b, (v} (90))](Xu(90) — Xui) K (zn) and US = b, S (U — EULY). By mean

value theorem, there exists 9, € (0,9), such that

EIUS 1 = Bl (05 (90)))°) X16(90) — Xuil K (211)]

X 1:(9) 0

< CEIIXu(90) = Xul K (2)] < CE H( 99,

190) KJ(Zlh):| S Caih
Yo=1,

by the boundedness of ¢, (-). Then, it can be shown that U,(Llli) = 0,(1) so that Ul = op(1).

Similarly, one can also prove that U = 0p(1). As for W'D, notice that for any k > 0,

nt

[0, (05 (90)) — (v} (0))|F = (e < Y; < cyy), where ¢z = min(dos, d3;) and cy = max(day, da;)
with dyy = [gT(zo)—i-gg)(zo)(Zt—zo)]TXt(’ﬁo) and ds; = [gT(zo)+g$1)(zo)(Zt—z0)]TXt. Therefore,
by Assumption A4, there exists a C' > 0 such that

8Xh- (190)
09

I

E{[tp-(v; (90)) — ¥r(vi (0)|*| Ze, X} = Fyjzx(car) — Fyjzx(cze) < C‘ (

9o=>

which implies by Assumption A9 that
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EW P = Bl (v (90)) — ¥ (07 (0))°| Xt |l (215)]) < CaShh.

Then, it is not hard to show that W,Ei) = 0,(1) and ij) = 0,(1). Similarly, one can also obtain

that R(lt) = 0,(1) and Rfft) = 0,(1). Thus, it follows that for any fixed 8 € A,, and for any fixed

n

190 € Bma
1V (8,90) = V(0,0) + V(Do) — E[Vi(0,90) = V2 (0,0) + Vi (Do)][| = 0p(1). (A.10)

Next, to show that the above result holds uniformly in A, and B,,, we use the Bickel’s (1975)

chaining approach to show that

o [Va(8,80) = Vi (0,0) + Vo (o) — E[Va(0,90) — V1 (0,0) + Va(Do)][| = 0p(1).
Now, we decompose A,, and B,, into cubes, respectively, based on the grid (j1AM, ...,
oy RM) and (i1KE, . . . isonskE), Where jx = 0,1, ..., +[1/h]+1, i, = 0, %1, ..., £[1/k]+
1, [-] denotes taking integer part of -, and /& and k are fixed positive small numbers. Denote D(8)

and D(1) the lower vertex of cubes that contain @ and 1y, respectively. Then,

sup  [[Va(6,99) — V(0,0) + Vo (o) — E[Va(6,90) — Vi(0,0) + Vo (o)

YoEBm,0€A

< sup  [[Va(D(6),0) = Va(0,0) — E[V,(D(6),0) — V,(0,0)]]

T 90€Bm,0EAm

+  sup  [[Va(D(8),90) — Va(D(0),0) — E[Va(D(8),90) — Vo (D(6),0)]]

YEBm,0€EA,

+ Sup [V (0,90) — Vo (D(0),90) — E[Vn(ea'ﬂo) - Vn(D(G)a'ﬂO)]H

YEBm,0€A,

+ sup |[[Va(9o) — E[Va(90)]]]

YoEBm,

EH1+H2+H3+H4.

Notice that following the way in Xu (2005), it is not hard to show that Hy = 0,(1). We only

need to focus on Hy, Hy and Hs. To this end, for Hy, since X; = X,(0), it follows easily from
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(A.10) that

Hy=  sup  [[Va(D(0),0) = V,(0,0) = E[V(D(8),0) = Vo, (0,0)][] = 0p(1).

YoEBm,0€A,
As for the first term of Hs, notice that

sup ||Vn(07 190) — Va(D(0), 190)”

90EBm,0€Am
=by  sup || D[ (v3(6,90)) — ¥r (v}, (D(8),90))] X (90) K (z0n) |
90EBm 0€Am 13

<b,  sup 1> [ (05,(D(8),9) < 0) = I(v},(D(8), D(¥)) < 0)] X (90) K (211)]|

+b,  sup || Y [(0},(D(8), D(90)) < 0) = I(v7,(8,80) < 0)]X;(90) K (z1n)|

ﬂOEBmvoeAm

t=1
SQb Sup I * max{h,k} X* 19 K Z
™ SocBu O An | ;[ {|vm(D(e>,D(z90>>|<%}] ¢ (Bo) K (zun) |

<2by, sup H Z[I{an(D(9)7D(00))|<7ij’;i}fv”‘} }](X:(ﬂo) - X:(D(QO)))K(ZM) H
t=

YoEBm,0€A

+2b,  sup ”Z oy D(O)Dwo))Kcm{hk}}]x (D(9)) K (zu) |

YoEBm,0€A,

<2b,  sup ||Z[I{lv:t(Dw)’Dwo))KCm;%n,lk}}](XI(D(ﬂO))-I-S)K(zth)“

YoEBm,0€Am —1

SQCbn Ssu [ * Cmax{hk}y — EI * C max{hk}
ﬂOeBm};eAm I ;[ {[v7,1(D(8),D(B0))| < “=LELy {\vm<D(9>,D(ﬂo>>|<T“‘}]

x X3 (D(d0)) K (2|

+ 2Ch,, su max X (D(99))K(z
19o€BmB€A HZ {|Unt(D D(90))|< C—\/ﬁk}}] F(D(90)) K (z) ||

§20bn Su [ * Cmax{hk}y — EI * C max{h,k}
ﬂoGBmBGAm I ;[ {107 (D(6),D(B0))|< ——==—"} {\Unt(D(g)vaO))KT}]

X X5 (D(90)) K (z) || + (2C/h) max{h, k} | E[X K (z)]]]

§2Cbn Sup ] * C max{h,k}y — E.[ * C max{h,k}
90EBum €A, H ;[ {[v7:(D(6),D(D0))|<=—7==="} {\Unt(D(e),D(ﬂo))KT}]

x X7 (D(00)K ()| + 2C max{h,k},

(A.11)

where the fourth inequality follows from the Lipschitz continuity. Since the number of the

elements in {D(0) : ||0|| < M} and {D(Yy) : ||[¥¢]| < £} are finite, one can easily show that
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2Cbn Ssu I % max{hk}{ — EI * max{fk}
%eBm}geAm I ;[ {[v,(D(6),D(B0))| < il y {|vm(D<e>,D<ﬁo>>|<CT“‘}]

X X5 (D(90)) K (z)]| = 0p(1)

by following the same steps as in (A.10). Let max{h,k} — 0. Then, it follows that the first

term of Hj is 0,(1). As for the second term of Hj, in the same way as in (A.11),

sup || E[Va(8,90) — Vi (D(6), Do)l
YoEBm,0€A,

t=1

bu  sup || D E{[r(v3(6,90)) — ¢ (07, (D(8), 90))] X (90) K (200}
YoEBm,0€A,
< 2nby ﬂoegggeflm ||E[I{\U;t(D(B),D(ﬂo))K—Cmﬁ’k}}]Xt (Do) K (2e) || < C'max{h,k}.
When max{h,k} — 0, one has
sup

, 5w [EVa(8,90) = Va(D(8), Bo)lll = o(1).

Thus, H3 = 0,(1). For the first term of H», notice that

sup Vo (D(8), 99) — Vo (D(6), 0)]]]
Y0EBm,0€A,

=b sup | D10 (07 (D(6).90) X (90) — - (0 D(6). 0) XK )|

b sup | S ((D(8). Do) — s (05,(D(6). D(B)]X; (00)K (2|

b s | Y (D(0), D)) — v (13 (DO), 0K o) K )
+ bnﬁ _sw 1) [ (v3,(D(6),0)](X; (90) — X7) K (21)|| = Har + Haz + Hos.

It is easy to see that by following the same deduction as in (A.11), one can derive Hy = 0,(1)

and Hay = 0,(1). Also, notice that for Hys, by mean value theorem,

Hy=bn sup 1> [r(07,(D(8), 0)](X; (F0) — X)) K (20n) |

t=1
< Canb,  sup || [tb-(0},(D(8),0))] K (zn),
YoEBm,0€A,

t=1
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and the last term can be vanished in probability in the same way as processing UM and U2,

Therefore, the first term of Hj is 0,(1). For the second term of H,

sSup HE{Vn(D(e)aﬂO) _Vn(D(O)’O)}H

YEB,,0€A,
=bi sup |37 Bl (0, (D(8), 90)) X (B0) — wr(v3(D(6),0) XK (2|
0EBm,0€Am 4

YoEBm,0€A,

b sup D B (v3,(D(8), 90)) — v (v,(D(8), 0)) X (90) K (z01)|

+bu  sup || ) Bl (v],(D(6),0)(X; (90) = X))K (20n) | = Hay + Hi.

ﬁOEBmyeeAm t=1

Now, we consider H),. Notice that

Hy=  sup b Y E{[$(v,(D(8),0)](X;(90) — X{)K (zu) }|

YoEBm,0€A,

= sup | br, Z E{[t — Fyiz,x (¢ (20, X¢) + hzthg(rl)(ZO)TXt
90EBm,0€Am —

+b,D(0)" X7 Ze, X 1))(X (90) — X7) K (zen) } |

ﬁOEBm 70€Am

= sup  ba Y E{[frizx(a:(20, X0) + hzng (20)" X,
t=1

+ %H(h, 20, Zt, Xt)|Zt, Xt>]<X:(’l90) — X:)}
X H(h, ZO, Zt7 Xt>K(Zth)H7

where I1(h, zo, Z, X¢) = ¢ (Z, X 1) — ¢- (20, X¢) —hzthgg)(zo)TXt—an(O)TXI. An application

of Taylor expansion of ¢,(Z;, X;) at (z9, X) leads to

d® (20 + Chzw)”
2

L(h, 20, Z;, Xy) = h?2E X, — b,D(0)" X} = O,(h?).

Therefore, it results in that by mean value theorem, there exists 9 € (0,1), such that

Sup [br Z E{[fy1zx (¢ (20, Xt) + hzing™ (20)" X,
D0EBm OEA, 13

+ SI(h, 20, Z1, X4) | Z1, X)|(X 5 (Do) — X5) (R, 20, Ze, Xo) K ()|
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< sup by Z E{[fv\2.x (- (20, X:) + hzngM (20)" X
t=1

YEBm,0€Am,
Yo}
Jo=1

In the same way as in analyzing (A.11), it can be easily shown that H);, = 0,(1). So, Hy = 0,(1).

0X (%)

+%H(h7Z07Zt7Xt)|Zt7Xt)] ( 8,190

x 11(h, 2o, Zs, X ) K (z) || = o(1).

The proof of Lemma A.8 is completed. O

Lemma A.9. Under the assumptions in Theorem 1, one has

sup || E[Va(6,90) — Vi (0,0) + Vo (o)) + f2(20)21 (20)0]] = o(1),

YoEBm,0€A,

where % (zy) = diag{Q*(z0), p22*(20) }.

Proof. Notice that

EV,(0,99)—V,(0,0)+V,,(9¢)] = E[V,.(0,9)—V,(0,0)+V,,(0)]+E[V,(0,0)—-V,,(0,0)] = R1+Ro.

For Ry, since the deduction is the same as that in Cai and Xu (2008), we only need to focus on

Ry. Indeed,
B = 03 A0 05,0,90) X (00) = 6.0 0.0) XK o)+ EVG00)
= Y B 5(0,00) 050X 0 )
3 {1 05,0.0) = b 50,0 X (00K )
3 B0 50.00) = 550, )X 90K )}

+bn Y E{[r(0},(8, 0)](X7(90) — X7)K (2)} +ba ) BT (Z)an®K (211}

t=1

= Ry + Ria+ Ri3+ Rig + Rys.

Here, R14 can be vanished in the same way as that in proving Lemma A.8. We first consider Ri;

as follows
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Riy =bn ) E{[r (17(6,90)) — ¥r (07,(0,90))] X[ (90) K (2)}

=by, Z E{[Fy|zx(a:(20, X1(0)) + hzng'™ (20)" X 1(80)| Z, X 1)

t=1

— Fyi2,x(¢-(20, X1(90)) + hzng!? (20)" X 1(90)
T 0,67 X} (90)|Ze, X)) X7 (00) K (z))

= B{[frizx(a-(z0, X(B0)) + hzng® (20) X (B0)
00,607 X (80)| 20, X1))6" X5 (90) X (90)K (z41)}

T %E{[fwz,x(qf(zo, X 1(90))] 24, X1)]0" X[ X (00) K (z41) } + o(1).

In the same way, one can easily show by Assumption A4 that

Rus+ Buz =2 B{[frizx oo X0\ 2 X0) — Frizx (-0, Xo(90)| 20 X )]
< 0" XX (00) K (2)} + o)

SC%E{QT(Zo)T(Xt — X 1(90))0" X7 X7 (90) K (21)} + 0(1) = o(1).

As for Ry3 and Rys, by applying mean value theorem, there exists 9 € (0,19) such that

Rug =by ) E{[r(07,(0,90)) — 97(07,(0,0))] X (90) K (20n)}

=by, Z E{[FY|Z,X(QT(207 Xt) + hzthgﬁl)(Zo)TXAZt, Xt)

t=1

— Fy12.x(q:(20, X ¢(90)) + hzng™ (20)" X 1(90)| Zi, X )] X} (90) K (20n)}

=— b, > B{{fvizx (X, (9. (20) + hzng(%0))| Z, X))
X X7 (90)(X1(90) — X1)" (g, (20) + hzing!) (20)] K (z) }
=— by ¥ B{T*(Z)a, 00K (1)} + o(h)

t=1

by some simple calculations, where X, = X, + Ca,¥. This implies that Ri3 + Ri5 = o(1).
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Thus, one has
[E[Va(6,90) = Va(0,0) + Vi (F0)] + f2(20)€21 (20)0]| = o(1). (A.12)

Similar to the proof of Lemma A.3 in Xu (2005), one can prove that (A.12) holds uniformly in

A,, and B, with the details omitted. These complete the proof of Lemma A.9. O

Lemma A.10. Let B, = [¢, (v} (0) X} — 1, (Y)T*(Z,)(D*(Z;))*W | K (24n,). Then, under the

assumptions in Theorem 1, one has

_ W3 f(%) 120 (20)g (20)
2

E[B] + o(h3),

0
and

IZ40) 0
VarlBy = har(1 — 7)1 (z0) ® {Q<ZO> Hy(z)+ H2<zo>} +ofhy).

0 v
where Hy(z) = B[ X \WT|Z, = z](D*(20))'T7 (20) + ['(20)(D*(20)) 'E[W X7 |Z, = 2 and

Hy(29) = T'(20)(D*(20)) ' D(20)(D*(20)) T (29). Then,

var{L zn:Bt} Py R {Q(zo) Hy(2) 4+ HQ(ZO)} +o(1).

0 1%5)

Proof. This proof is similar to the proof of Lemma A.4 in Cai and Xu (2008). First, we calculate
E[B4] to obtain
E[B)] = E{[¢r(v](0))X] — ¢, (Y7 )T*(Z1)(D"(Z1)) ' WK (210,)}
= B{- (v1(0) XK (211,)} — E{¢r(Y7)TN(Z1)(D*(21)) ' Wi K (211,)} = Q1 + Q2.
Similar to the proof of Lemma 3.5 in Xu (2005), one can easily obtain that

="t "] @ 2 Cte? o) +olh (A.13)
0

with the detail omitted. For @)y, similar to the derivation in (A.7) and by Assumption A10,

Q2 = —E{¢-(Y7)I"(Z0)(D*(21)) ' WK (211,)} = O(Bihs) = o(h3).
As for E[B;BT], we have
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Bl 5] = B ({20 O)XIXTT = 0,000 (V) X3 W (D7 ()17 (2)
b (010 (V7T (20) (D" (20) WA XT)

YOI (20D (2)) W WD (2)) T () | ) )
B0 0) X XK (210,))

— B{ [ (07 0 (V) XTW (D" (2)) T (24)

(0100 (V1T () (D" (20) WA XTI (o )}

+ ER07)T (20)(D(20)) WA W (D (20) T (20 K (21n,))

=pW + p® 4 pO,

For P, similar to the derivation in Lemma A.5, one has

IZ0) 0

PWY = r(1—7)E{ XX TK?(21,) } +0(h2) = hot(1—7) f.(20) ( ) @0 (20)(14+0(1))+o(h3).

0 1)

(A.14)
Similarly,

P® = E[2(Yy )T (Z0)(D*(Z1)) " WAW T (D*(Z21)) ' T (Z0) K* (210,)]
=7(1 = 7)E{T*(Z1)(D*(Z,))"'W\W T (D*(Z1)) "' T*"(Z1) K*(210,) } + 0(h3)
=7(1 = 7)E{T*(Z1)(D*(%,)) ' EIW W | Z)](D*(Z1)) "' T*"(Z1) K*(z18,) } + 0(h3)

Vy 0

0 1%}

=hy7(1 —7)f.(20) ( ) ® {F(zo)(D*(ZO))ID(ZO)(D*(ZO))1FT(ZO)}(1 +0(1)) + o(h2)

0 Vo

IZ0) 0
Mﬂlﬂﬂuw{( )@Hx%§u+ou»+d@»

(A.15)
As for P by Assumption A10, one has
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P = — B{ (0] (0 (Y7 [XTW T (D*(2) 7' T (Z1)

+ T Z)(D*(Z) "' WL X T K2 (2, }

= — B{[7 — I; )<} [T = Ly <o) [ XTWT(D*(20)) 7' T (1)
+T5(2)(D*(2,)) "W XK (211,)}

= — B{[7* — 7(Iyp<0y + Ips 0<0y) + Loy <o)l [ XTWT(D*(20)) ' T (1)
+T5(Z)(D* ()" "W X T K2 (211,)}

=~ E{[(r = D)(7 = Iyy<oy) + 7(7T = Ly 0) <o) [ XTWT (D*(Z1)) "' T (Z)
+T(Z)(D*(Z1)) "' W X K2 (210,) }
— (1 — ) E{X:WT(D*(2,))'T*7(Z,) + T*(Z,)(D*(Z1)) "W/ X T K% (214,)}

=p@e 4 p),

It can be shown that P! = o(h3), using the same idea in proving Lemma A.5. We now focus

on evaluating P . A simple algebra gives that

PP = —r(1 = 1) E(IXIW(D*(2)) T (2) + T(Z)(D*(20)) "W XTI K (10))

X\ WT(D*(Z,))™!
=—T7(1- T)E{ o) <FT(Z1) Z1h2FT(Z1)> KQ(Z”W)}
Z1h2X1WT1F(D*(Zl>)_1
0(z,)
- T>E{ ((D*<zl>>—1wlx$ zlh2<D*<zl>>-1wlx%‘) K2<zwz>}
21n, L (Z7)
1ho 1
1 Z1hs
. T>E{ "o E[XIWﬂZA<D*<Zl>>—1rT<Zl>K2<zlh2>}
Z1hg Z%hz
1 21h2
. T>E{ ® r(Zo<D*<Zl>>-1E[W1X1T|ZﬂK?(zlhz)}
Z1hg Z%hz
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IZ0) 0
—  har(1 = 7)fu(z0) ® {E[Xlwfm = 20)(D*(0)) T (z0)

0 1%5)

T(20)(D*(20) " EIWLXT |2, = ZO]}u To(1))

y 0
=~ har(1 = )10  Hy(a) 1+ o(1).
0 Uy
Therefore,
120 0
PO = —har(1 = 1) (0] 9 Hia) 1 of1) +o0). (A10
0 125)

Next, it is shown that the last part of lemma holds true.

-1
{ NG ZBt} = —[Var(B,) + ZZ (1—— C’ov (Bi, Bes1))

en—1

2
<hVar(Bl 7 Z |Cov(By, Bey1)| + — . Z |Cov(By, Bey1)| = G + G + Gs.

l=en
By (A.13), (A.14), (A.15), (A.16) and Assumption A10,

IZ0) 0
G = 7(1— 7)f.(=0) ® {mz@)  Hy(z)+ H2<ZO)}.
0 Vs

Now it remains to show that |G3| = o(1) and |G3| = o(1). First, we consider G3. To this
end, by using Davydov’s inequality (see, e.g., Corollary A.2 of Hall and Heyde (1980)) and the

boundedness of 9.(-), one has

|Cov(By, Bea)| < Ca' P (O)[E|B|"1° < Ch*°al=20(0),

which gives

Gy < Oh2/6—1 Z a1—2/6(€) < Ch?/zs—leT—Lw Z gwal—Q/J(g) _ 0(h2/5—1€;w) _ 0(1),

{=enp l=ep,
by choosing e,, to satisfy eh!=2/° = ¢. As for Gy, following the proof of Lemma 3.5 in Xu (2005),

one has |G| = o(1). These prove Lemma A.10. O
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A.2 Proof of Theorem 1:
Proof. Following Cai and Xu (2008), ||V,,(0,0)|| = O,(1). Thus, by Lemmas A.8, A.9 and A.10,
V,.(0,19) satisfies Condition (ii) in Lemma A.7; that is, ||A,| = O,(1) and

Sup||A||§M7||"9O||§2 ||Vn(A,'l90) + Vn('ﬂ(]) + DA — An” = Op(l) with D = fZ(Zo)QT(Zo) and An =

V,(0,0). Next, we want to show that ||V, (d)|| = O,(1). Indeed, by Lemma A.6,

O

o)
b, ZE{{F* ) rlﬁi}ft) > W, K(zsm]K(sz)}
{

1 5= m—H;ét

=b, ZE [F* Z)(D*(Z;)~ Z {0 (Y)W, + (V)W

s=m+1#t

b, >Wt}f<<zshl>}f<<zth2>}

.3 £ [wmr*<zt><D*<zt>—1>wt L ni#mzsm)] KGa) |
+ b, ZE{[F* ND*(Z:)~

DS W — (07 W
X K(zshl)] K(zthQ)} =7W 4+ 7@,

s=m-+1+#£t

For T, using the technique in deriving (A.7), one has

b=y, ZE{[wT Iz z) WPy K} >}

s=m-+1#t
= by, ZE{ e (YOI (Ze) (D (Z) T YW K (2n,) } + (1)
= O((nh2)'h3) + o(1) = o(1),
by the fact that f'(Z:)(nhi)~' 320,114 K(%n,) = 14 0(1) and by Assumption A10. As for
T® it is not hard to show that T® = o(1). Thus, E[V, ()] = o(1). In addition, similar to the

proof of Lemma A.8, one can obtain that Var[V,,(9¢)] = o(1). Therefore, ||V, (9)| = O,(1). To

show [|V,,(8, )| = 0p(1), it follows from Lemma A.1 and mean value theorem that
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n
A

> [ (v (D) — ba0 X5 (Do) X (Do) K (211,)

t=1

< b, max || X (90) K (2, ) ||

1<t<n

V(8. 00) | = bn

<b, max ||X K (z,)|| + Cb, max =o(1),

1<t<n

= K (zih,
o )<th>

Bo=,
where 0 is the minimizer of .J (0). Finally, because 1,(z) is an increasing function of z; then
—0"V,(\0,90) = a, 1 V- [0 (90) + Aan(—0" X} (90))](—0" X (90)) K (214,) is an increasing
function of A\. Thus, Condition (i) in Lemma A.7 is satisfied. Then, it follows from Lemma A.6,

Lemmas A.8 and A.9 that

5 (G
\/n—hQ.fz(ZO)
(2(z0)"
\/sz(zO) =1

Z 1/)-,— W K(z5h1> K(zthz) + 0p<1)
s=m+1#£t

_\/n—fz(zo) t=1 |:1/)7'( t(o))Xt r (Zt)(D (Zt> )

f Z {V- (Y)W + 4, (Y)W — wT(Y*)Wt}K(ZshJ} K (z1n,) + 0p(1)

nh
1 s=m+1#£t

(7 (07 (0) X} — anl™(Z) Do) K (2in,) + 0,(1)

M:EMz

[¢T<vz‘<o>>xz‘ CI(Z)(DY(Z) )

nh1

1M ;

_ (2i(z)”"
\/n—thZ(ZO) =1

CTCD IR A
e S )

LB S (WL = WK )| K ) + 00

M= s

G O)X: — (V2D 2 WIS K| K )

s=m+1#t

Here, by using Davydov’s inequality to control the variance, the second part of last equality can

be asymptotically vanished. Then,

0 = %;)2 1)2{%(%( )X 2‘—wT(Yt*>r*(zt)(D*(Zt)—l)wt}K(zﬂm)+op(1),

by the fact that f;'(Z;)(nhy)™! D eemi1zt K (Zen,) = 1+ o(1). Therefore, following the proof of

Theorem 1 in Cai and Xu (2008), the theorem is proved. O
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A.3 Proof of Consistency of 3, (z)

Proof. We first focus on I'(z) in Section 2.4. Notice that

. 1 — L
P(z0) == > waX1g7 (20)TL K, (2, — z)

t=1

S (K X8, 0) 0,0 T (7 )
t=1
DX, () = . (o) T (7 )
4 % iw2t<Xt - Xt)gf(zo)HtKhQ(Zt —29) + % i w2tXtQZ(ZO)HtKh2(Zt — 20)
t=1 t=1
=50 1 9@ 4 gB) L @)
We first consider S®). By Taylor’s expansion and Lemma A.2, we have
Elwa| Ze, X¢) = (Fyizx (G~ (20) X + 620) — Fy12.x (97 (20)X ¢ — 020))/(2020)
= frizx (g7 (20) X ) + 0,(1).

On the other hand, by applying mean value theorem, there exists {9:) € (0, {90) such that

~

. . 0X (9
Xt E.Xt(ﬂo):Xt—’— <$
0

>’lA90 = .Xt + (’I’th)_l/QHt’lgo.
Do)

Therefore, by Lemma A.2,

E[S(g)] = (nhl)71/2E[fY|Z,X(QZ(ZO)Xt)Ht@OQF}F(ZO)HtKhz(Zt — 20)] +o(1) = O(m3/2/nh1) = o(1).

Similar to the proof of Var[T,(0)] in Lemma A.5 and by Lemma A.2, it can be shown that
Var[S®] = o(1). Therefore, S® = o0,(1). Similarly, we can show that S = o0,(1) and

S® = 0,(1). Now, we only need to focus on S@. Indeed,

E[S(4)] = E[fYIZ,X(gf(zO)Xt)thZ<ZO>HtKh2(Zt — )] +o(1)

= /fY|z,x(gf(Zo)Xt)thf(Zo)HtK(Z)fz(20 + hez)dz + o(1) = f(20)T(20)-

Again, similar to the proof of Var|[T,,(0)] in Lemma A.5, it is shown that Var[S®] = o(1). This
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yields that T'(z9) = f.(20)['(20) + 0,(1) in Section 2.4. The consistency of Q(z), Q*(20), H(20)

and Hy(z) can be derived in similar ways. O
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Appendix B: Mathematical Proof for Stationarity and a-
Mixing

In this section, we show that the model (1) in the main article can generate a strictly sta-
tionary and a-mixing process. Throughout this section, 0,x; stands for a (a x b) matrix of zeros
and I, is a (a X a) identity matrix. Next, we define ¢(-) = || - ||, where || - || is the Euclidean
norm. For a random vector Z and random matrix A, we denote ||Z]|42 = [E]|Z]|?]/? and
|Ally2 = sup. [|Az[ly2/]|z]. In addition, for 1 < i < k, let F?, be the o-algebra generated
by {(Yit, Zit)}2_,. Then, a stationary process {(Yi, Zi;)}3° . is said to be a-mixing (strongly
mixing) if the mixing coefficient «(t) defined by

a(t) =sup{|P(ANB) — P(A)P(B)| : Ae F,_.,B € Fy}
converges to zero as t — 00.

To study the probabilistic properties of model (1) in the main article, Y, and gq,, in (1)
need to be jointly introduced in a vector autoregression process. To proceed, for convenience of
presentation, let kK = k; and Z; = Z;; in (1) in the main article, denote Uy (1 <i <k, 1 <t <n)
as an independent and identically distributed (i.i.d.) standard uniform random variables on the
set of [0,1]. Then, we consider following equation system of functional-coefficient VAR models

for dynamic quantiles, given by

q p
Y =%0Uit: Z20) + Y _¥ta(Uie Z0@ry s+ Y BL(Ui, Z) Y1, (B.1)
s=1 =1
and
q P
Arti = %O,T(Zt) + Z ’Y’L?:S,T(Zt)qT,t—S + Z /BZZ,T(ZQYt*l (B2)
s=1 =1

for some p and ¢, where Yy, q,, and Y, in (B.1) and (B.2) have the same definition as that in
(1) and equation (B.2) is the same as (1) with Z; = Z;;. In addition, v;o(+,-) in (B.1) is a scalar
and measurable function of Uy and Z; (from R* to R), both ; ,(,-) = (ysir () - -+ s Ysin(5 )"
and B;,;(-,-) = (Bur(-,)s - - -, Buin (-, NT in (B.1) are k x 1 vectors of measurable functions from

R? to R. Following the same argument in Koenker and Xiao (2006), by assuming that the right
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side of (B.1) is monotonically increasing in Uy, the conditional quantile function of Yj; given
(Ze Ay oY1 {Yei}]_;) becomes (B.2). Note that (B.1) is called a Skorohod representation
for Yj;, see Durrett (1996) for the definition of Skorohod representation.

Now, we can rewrite the system formed by (B.1) and (B.2) into an autoregression process of
order 1 as follows

Xy = p(Z) + Av, (Z)Xi1 + Dy, (Z), (B.3)

where Xy = (Y{,..., Y] .1,qL,....q, ,.1)" and Ay,(Z,) is a k(p+ q) X k(p + ¢) matrix as

follows:
Fﬁ,Ut(Zt) FUt(Zt)
[L»:(p—l)a On(p—l)xn] On(p—l)an
AUt (Zt> =
Ls.(Z:) L' (Z)
Or(g—1)xnp [L(g-1) Or(g—1) ]

Here, for s =1,...,qand l=1,...,p, Tsp,(Z) = Taav,(Zt), ... . Tppu,(Z:)), where L'y, (Z1)
where ' 1, (Z;) = (Vsij(Uits Zt) )1<i<ni<j<x 1S & KX & matrix. Similarly, g -(Z;) = (Pg1.(Z), ...,
Lsp-(Zt)), where T'g - (Z;) = (Buijr (Zi) )1<i<ni<j<w 18 a KXk matrix. Also, I'7(Z;) = (T'1-(Zy), . ..
I, (Z)), where T's -(Z:) = (Vsijir(Zi))1<i<ni<j<x 1S @ K X Kk matrix. Furthermore, pu(Z;) =
(EL(vo(Uits Z4)), 0,...,0,9¢ (Z4),0,...,0)T, where Ey(v,(Uit, Zt)) = (Eu(v10(Ure, Z4)), - - -, By
(Veo(Usts Z1)))" and v .(Z1) = (m10+(Z1), - - Vw0, (Z1))". Here, Ey(-) is denoted as taking ex-
pectation on Uy for any fixed Z;, and vio(Uit, Z;) and 7;0.-(Z:) are defined in a similar way as
foregoing functional coefficients, respectively. Finally, Dy, (Z;) = (510(Us, Zt)s - - - 5 Yo (Ut Z1),

len(p—l—q—l))Ta where ’VYio(Uit, Zt) = %O(Uit, Zt) - EU(%’O(Uit, Zt))-

Remark B.1. Notice that when setting Z; as a smoothing variable, the equations corresponding
to (kp+1)-th, ..., (kp+kK)-th rows of (B.3) are ezxactly the (B.2) and the model (1) in the main
article, while the ith row of (B.3) withi =1,..., Kk is equation (B.1). Given these relations, one

can conclude that Y, and q,, jointly follow a VAR process of order 1 in (B.3), which is similar
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to the nonparametric additive models in Cai and Masry (2000) and the generalized polynomial

random coefficient autoregressive (RCA) models in Carrasco and Chen (2002).

Now, denote Ayax(Ay,) as the largest eigenvalue in absolute value of following matrix Ay,:

Tsaiv, Toove - Tgpu Tapue Tive Tow, -0 Tevue Tow
IH OHXK/ AR OK,XH OH/XH ONXK/ OHXH AR OHXK/ OKZXK,
OKXK) [IQ AR ONXKZ OKXK OKXK OIQXI{ AR OKZXK OI{XK
OKXN OHXK/ AR [H OHXH ONXH/ OHXH AR ONXH/ OKXN
AUt - )
Ps1 Do Popa Tpp I T P
OKZXK/ OHXKZ AR OKZXH ORXH Ili OHXKJ AR OHXR OKJXH
OHXK OKXH AR OHXK OKXK OKXK Ili AR OKXK OI{XK
Onxn Onx& cee Onxn OH/XKZ Onx& Onxn s In OKZXK,
where
Bi1(Ure)  Bu2(Uie) .. Buwx(Une) Ys11(Ue)  ¥s12(Une) oo Ys1x(Une)
3121(U2t) 5122(U2t) ‘e ﬁzzn(Uzt) ’7521(U2t) %22(U2t) e %%(Uzt)
Isiu, = , Tou, =
5l51<Unt> 6ln2(Unt) cee ﬁlnn(Unt) Vsnl(Unt) ,YSKZQ(UHt) ce 7snn(Unt)
6l11,‘r /8112,7' <. Blln,‘r Vsil,r  Vs127r -+ Vsler
5121,7 5122,7 - Bzzn,T Vs21,r  Vs22,7 oo V2w,
I's; = , and TI'y= ,
ﬁlnl,‘r 5ln2,7' see 6lm€,‘r Vselr  Vsw27 - Vskr,T

with each entry being defined in the Assumption B later. Then, following assumptions are needed

to guarantee that process {X;} in model (B.3) is strictly stationary and a-mixing.
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Assumption B.

B1: Let {X;} be a ¢-irreducible and aperiodic Markov chain. Fori = 1,...,k, j = 1,... K,
l=1,...,pands=1,...,q, each entry of T'sv,(Z;) and L', p,(Z;) in (B.1) is bounded such that
Vi (Uit )| < vsij (Uie) and | B1ij(Uir, )| < Biij(Uir), Brij(Uir) and vs;(Ui) are unknown measurable
functions of Uy from [0,1] to R; Similarly, each entry of T's(Z:) and T's;.(Z;) in (B.2) is
bounded such that |Vsij- ()] < Vsijr and |Bujr ()| < Bujr. Furthermore, E{[Amax(Ar,)]*} < 1.
B2: Fori=1,...,k, %o(Uy, Z;) in Dy,(Z;) is bounded such that |¥,0(Us, )| < Fio(Uit), where
{Fi0(Uir)} are i.i.d. random variables with mean 0 and finite variance. In addition, denote

Dy, = (110(U1e); - - -, ¥w0(Ust), Otsnpg-1)) "+ then, E||Dy,||* < oo and E||pu(Z;)|| < oo.

Remark B.2. The ¢-irreducibility and aperiodicity in Assumption B1 are key assumptions for
deriving geometric ergodicity and subsequently, a-mixing property. The conditions that imply
o-irreducibility and aperiodicity of nonlinear time series have been studied extensively in liter-
ature. For example, Chan and Tong (1985) showed that under some mild conditions, a simple
nonparametric autoregressive process is a ¢-irreducible and aperiodic Markov chain. In addition,
Pham (1986) obtained conditions for random coefficient autoregressive (RCA) models to be ¢-
wrreducible. In this article, we simply impose the assumptions of ¢-irreducibility and aperiodicity
on {X;}, which are common settings among literature, see, for example, Chen and Tsay (1993). It
is of particular interest to explore the conditions under which {X;} is ¢-irreducibility and aperiod-
icity and we leave this as a future topic. Moreover, the moment conditions E{[Amax(Ay,)]?} < 1
in Assumption B1 is used to bound the random matrices Ay,(Z;), which is similar to the con-
dition in Carrasco and Chen (2002). We stress that we are not seeking to achieve the weakest
possible reqularity conditions for probabilistic properties of model (B.3), but instead focus on

constructing varying interdependences among conditional quantiles.

Proposition B.1. Under Assumptions B1 and B2, if X s initialized from the invariant mea-

sure, then, {X;} defined in (B.3) is a strictly stationary and a-mizing process.

To prove Proposition B.1, we first need to prove following lemma.

39



Lemma B.1. Under Assumptions B1 and B2, for any W = (wi, ..., Wgpiq)”, we have

| Av, (Zi)W|p2 < ||Av, |W|||y2. Here, Ay,(Z:) is defined in (B.3), Ay, is defined previously and
(W[ = (Jwil,..., [werq )"

Proof. Similar to the proof of Lemma A.1 in Chen and Tsay (1993), let Ay, (Z)W = (di, . . ., dupiq)”

and Ay, |W| = (g1, -, Guprq))” - Then, for o =r+1,...,5pand for o = kp+r+1,...,6(p+q),

we have |d,| = g,. For t =1,...,k and for ' = kp+1,..., kp + Kk, by Assumptions B1 and B2,

|d,| = |B1a (U, Ze)wr + -+ 4 Bpus Uity Zt)wep + Y11 (Usty Z)Wipyr + -+ - +
Vaur(Uit, Zt)Wr(p4q) |

<[Bra(Ust, Zo)wi| + -+ - + [Bpuw(Uit, Z)wip| + 710 (Ust, Zt)wiepsr | + - +
Vaus(Usts Zt)We(p+g)|

§|/61L1<ULt)w1| +-+ |5pm(ULt)w/~:p| + |’71L1(Ubt)w/¢p+1| +--+ |'7qm<ULt)wn(p+q)| = G,

and
’db” :|/81(L’—np)1,T(Zt)w1 + -+ ﬂp(L/_Kp)R,T(Zt)w,{p + "Yl(L’—np)l,‘r(Zt)wan et
Vo —rpyr (Zt) Wr(ptq) |
<|Brw—rpy1,r(Zo)wi] + - + [ Bp—rpyr,r (Z6) Wiep| + 710 —rp)1,7 (Ze) Wiy |
+ o+ @ -y (Z0)Waipia) |
<IBr—rpy1,rWi] + - | Bpr —rp)rr Wp| + (V10 —rp) 17 Wipg1| + - +
|’YQ(L’—KP)HyTw/€(P+Q)’ = G-
Hence, || Ay, (Ze)Wlly2 < [[Ag, W]l O

Proof of Proposition B.1:

Proof. By Proposition 3 in Carrasco and Chen (2002) and Lemma 2 in Pham (1986), Assumption

B1 implies ||Ay,|ly2 < 1 for all Uy € [0,1]. Then, we can find 0 < 6 < 1 and p > 0, such that

40



ITT5= . Ap, 2 <1 —=4. Consequently, by Assumption B2 and Lemma B.1, for some constant

C >0,
o—1 o [eo—1
E([[Xerol[|[Xe =X) = E ( HAUt+](Zt+])Xt + Z HAUHJ(Ztﬂ) Dy,,,(Zi+) ‘Xt = X)
7=0 =1 L=y
o [eo-1
+E< Z HAUHJ(Ztﬂ) B(Ziy)|| | X :X>
=1 L=
o—1 o [e—1
HAUt+]|X| +C-FE ( Z [H AUt+] |DUt+j| ’Xf = X)
7=0 0.2 7=1 Li=y

1 o—1
> (T4
1=)

=1 L=

+o.E(

o—1
H Auvis,
=0

)

IX[|+C-FE

o—1

i [H AUtﬂ] Dy, |

((gfin])

where each element of Dy, = (510(U1t), - - -, F0(Uxt), Olm(ﬁq,l))T is defined in Assumption B2

911)72 o—1 )
+C’.E( > [HAUH]] )
=1 L=y

<1 -d)|X|+C-E

o [o—1
Z [H AUt+y] |DUt+J

=1 L=y

=1

and the first inequality follows from Jensen’s inequality. Notice that E HZ;’ZI [ f:_jl Ay, ﬂ] is

bounded and by Assumption B2, E||Dy,|| is bounded, so that E HZf:l [ f;ﬂl AUHJ |Dy,,,|

is bounded and the bound does not depend on X and Z;. Thus, we can find a sufficiently large

+C’-E< D (1—46)IX],

where 0 < §; < 1. Hence, the compact set K = {X : ||X]|| < M} satisfies that when X ¢ K,

M > 0 such that when || X|| > M,

(1-0)|X||+C-E

o [o—-1
Z [H AUt+J] |DUt+J|

=1 L=y

> [H AUH]]

=1 L=y

E(||[Xtsol||X: = X) < (1 —01)[|X]. By Lemma 1.1 and Lemma 1.2 in Chen and Tsay (1993),
{X;} is geometrically ergodic. If X is initialized from the invariant measure, then, by the results

of Pham (1986), {X;} is strictly stationary and a-mixing. O
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