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1 Introduction

In program evaluation studies, it is important to learn about the heterogeneous impacts
of policy variables on different points of the outcome distribution of interest. Examples
include, but not limited to, evaluating the effects of government training programs on
lower quantiles of earning distributions studied by Lalonde (1995) and Abadie, Angrist
and Imbens (2002), the effects of the government-subsidized saving program on lower tails
of savings distributions, and among many others. To characterize the heterogeneous effects
along with the outcome distribution, quantile treatment effect (QTE), originally suggested
by Doksum (1974) and Lehmann (1975) and defined as the difference between the quantiles
of the marginal potential distributions of the treatment and control responses, provides a
powerful tool to document such heterogeneity. In the last few decades, QTE has gained
increasing popularity in economics, political science, and many other social, behavioral,
and statistical sciences. Recent studies on QTE include, but not limited to, the papers
by Abadie et al. (2002), Chernozhukov and Hansen (2005), Donald and Hsu (2014), Firpo
(2007), Frolich and Melly (2013), and the references therein. Moreover, Tang (2020) pro-
vided a comprehensive survey on recent developments in modeling methods for QTE.

It is importantly noted that the aforementioned papers mainly focus on identification
and estimation of the quantile treatment effect for the overall population or the treated
group under various assumptions. It is generally believed in program evaluation literature
that the effect of a treatment can be heterogeneous across different individuals as in Heck-
man and Robb (1985) and Heckman et al. (1997). Consequently, in many cases, researchers
may be more interested in studying the effects of programs across different individuals in-
stead of the effects for the overall population or the subpopulation of treated individuals.
For example, it may be of substantive interest to investigate the heterogeneous effect of
maternal smoking during pregnancy on infant birth weight across mothers with different
ages. How to characterize the heterogeneity of treatment effects across different individuals
is a challenge in the treatment effect literature and it has been extensively considered in
the recent literature. Recently, to characterize the heterogeneous effect across different
sub-populations defined by some covariates of interest, Abrevaya, Hsu and Lieli (2015) and

Lee, Okui and Whang (2017) considered the partially conditional average treatment effect



(ATE). Different from Abrevaya et al. (2015) and Lee et al. (2017), to capture hetero-
geneities for both across-distribution and across-individuals simultaneously, Cai, Fang, Lin
and Tang (2021)! and Zhou, Guo and Zhu (2021) proposed a partially conditional quantile
treatment effect (PCQTE) model, whereas Tang, Cai, Fang and Lin (2021) considered a
parametric model.

Our motivation in this paper comes actually from the empirical estimation results in
Cai et al. (2021) and Tang et al. (2021) by investigating the QTE of maternal smoking
during pregnancy on infant birth weight across different age groups of mothers. The main
findings in Cai et al. (2021) are that there is a significant negative effect of smoking on infant
birth weight across all mothers’ ages and quantiles considered for both whites and blacks
and there is substantial heterogeneity across different mothers’ ages for whites but not for
blacks. Motivated by these estimation results, from statistical and empirical perspectives,
it is interesting to test whether or not the conditional QTEs conditional on mothers’ ages,
for both whites and blacks, change over mothers’ ages, in other words, whether there exists
heterogeneity for the QTEs of maternal smoking on infant birth weight across different age
groups of mothers for both whites and blacks. To this end, we propose in this paper a novel
test to assess whether there exists heterogeneously distributional effect for an intervention
on outcome of interest across different sub-populations defined by covariates of interest.
Specifically, a nonparametric test is developed for testing the null hypothesis that the
treatment has a constant quantile effect for all subpopulations defined by covariates of
interest. In other words, there is no heterogeneity in QTEs by covariates of interest. To
this end, a consistent test statistic is constructed based on the Cramér-von Mises type
criterion.

Under some regular conditions, we establish the asymptotic distribution of the proposed
test statistic under both the null and alternative hypotheses and investigate the power of
our test against a sequence of local alternatives. However, note that to calculate the
critical value of the proposed test statistic under null hypothesis, one needs to consistently
estimate the conditional density of the potential outcomes conditional on covariates of

interest involved in the asymptotic bias and asymptotic variance, which is not an easy

' Please note that the working paper version of this paper in English with a modification can be down-
loaded at https://econpapers.repec.org/paper/kanwpaper/202005.htm.



task recognized in the literature. To overcome this problem, a nonparametric Bootstrap
procedure is proposed to approximate the finite-sample null distribution of the proposed
test. Furthermore, the asymptotic validity of the proposed Bootstrap test is justified.
Through Monte Carlo simulations, we demonstrate the power properties of the test in
finite samples. As an empirical illustration, the proposed testing approach is applied to
investigating whether there exists heterogeneity for the QTE of maternal smoking during
pregnancy on infant birth weight across different age groups of mothers. The testing results
show that the QTE of maternal smoking on infant birth weight do change over mother’s age
for all quantile levels considered for whites but not for blacks, which support the findings
obtained in Cai et al. (2021).

Interestingly, this paper is related to some works in literature. For example, first,
Crump, Hotz, Imbens and Mitnik (2008) developed two nonparametric tests based on se-
ries approach, in which the first is to test whether a treatment has a zero average effect
for all sub-populations defined by covariates, and the second is to test whether the ATE
conditional on the covariates is identical for all sub-populations, in other words, whether
heterogeneity exists in ATE by covariates. Second, Lee and Whang (2009) proposed to test
whether the conditional QTE is significant, conditional on the whole set of covariates. By
contrast, our focus is on testing if the partially conditional QTE is a constant, in which
the constant needs to be estimated. More importantly, one may be interested in studying
the heterogeneous effect on some particular covariates instead of the whole set of covari-
ates, for example, the effect of maternal smoking during pregnancy on infant birth weight
across mothers with different ages. Moreover, Escanciano and Goh (2014) considered a
nonparametric test for testing the specification of a linear conditional quantile function
over a continuum of quantile levels and they showed that the use of an orthogonal projec-
tion on the tangent space of nuisance parameters at each quantile index can improve power
and facilitate the simulation of critical values via the application of a simple multiplier
Bootstrap procedure. Finally, Dong, Li and Feng (2019) introduced a new approach to
assess the lack of fit for quantile regression models. They first transformed the lack-of-fit
tests for parametric quantile regression models into checking the equality of two conditional
distributions of covariates. Then, by applying some successful two-sample test statistics in

the literature, two tests are constructed to check the lack of fit for low and high dimen-



sional quantile regression models. Finally, to calculate the p-values or critical values, they
suggested adopting the wild Bootstrap procedure.

The remainder of this paper is organized as follows. Section 2 introduces the proposed
test statistic and presents its asymptotic properties under the null hypothesis. Also, a
Bootstrap procedure is suggested to approximate the finite-sample null distribution of the
proposed test and the asymptotic validity of the proposed Bootstrap test is theoretically
justified. In Sections 3 and 4, the finite sample properties of our test through Monte
Carlo simulations are investigated and an empirical application is considered, respectively.
Section 5 concludes the paper. Finally, the key steps for proving the theorems can be
found in Appendix, together with some auxiliary lemmas with their detailed proofs given

in Supplement.

2 Testing Heterogeneity for Conditional QTE

2.1 Test Statistic

Let us first introduce the model framework considered in this paper. To this end, let D;
be the binary treatment variable of individual ¢ in population, where D; = 1 if individual
1 receives the treatment of interest and otherwise, D; = 0. Using the potential outcome
framework initialized by Rubin (1974), define Y;(0) and Y;(1) to be the potential outcomes
of individual ¢ if it is in the control group or in the treated group, respectively. Also,
assume that D; and Y; are observed, where Y; is the realized outcome as Y; = (1 — D;) -
Yi(0) + D; - Y;(1). In addition, suppose that X;, a p-dimensional vector of pre-treatment
variables for individual ¢, is observed too. Therefore, throughout the paper, it is assumed
that {Y;-(O), Y:(1), X;, Di}, i=1,--- n, are independent and identically distributed (iid).

Let Z; be a d-dimensional sub-vector of X;, where 1 < d < p and in particular, d is
small and much smaller than p in many applications. To capture heterogeneities for both
across-distribution and across-individuals simultaneously, Cai et al. (2021) and Zhou et al.
(2021) considered a partially conditional quantile treatment effect model, which is defined

as

AT(Z) = Q1,T(Z) - QO,T(Z>7 (]')



where 7 € (0, 1) is the quantile level and for j = 0 and ¢; ,(2) is the 7-th conditional quantile
function of Y;(j) conditional on Z; = z. It is important to note that for each individual in
the population, only one of Y;(0) and Y;(1) is observable, so that due to the missing variable,
the PCQTE parameter A,(z) in (1) can not be identified without further restrictions on
the data-generating distribution. To identify the functionals in (1), it is common in the
treatment effect literature to assume that assignment to treatment is unconfounded and
that the probability of assignment is bounded away from 0 and 1. Formally, the following

assumption is imposed throughout the paper.

Assumption 1. Assume that
(i) (unconfoundedness) conditional on pre-treatment variables X;, the potential outcomes

are jointly independent from the treatment variable D;, namely,
(Yi(0),Yi(1)) AL D; | X,

where 1 indicates statistical independence, and
(ii) (overlap) for almost every x € X, where X is the support of X;, there exists some small
e >0 so that e < p(x) = P(D; = 1|X; = x) < 1 — ¢, where p(x) is called the propensity

score function.

Part (i) of Assumption 1 is often referred to as the (strongly) ignorable treatment assign-
ment, conditional independence assumption or selection on observables in the econometrics
and /or statistics literature and it requires that conditional on the observed individual char-
acteristics X, the treatment assignment D; is independent of the potential outcomes Y;(0)
and Y;(1). Although it is a strong assumption, it has been extensively employed in many
applied fields to study on the effect of treatments or programs, among others, see, for ex-
ample, the papers by Abadie and Imbens (2006, 2016), Hirano, Imbens and Ridder (2003),
Heckman et al. (1998), Dehejia and Wahba (1999), and Firpo (2007). Part (ii) of Assump-
tion 1 states that in the population for almost all values of X;, both treatment assignment
levels have a positive probability of occurrence. In practice, however, there are often con-
cerns about possible lack of common support. A common approach to address this problem
is to drop observations with the propensity score close to zero or one, and focus on the

treatment effect in the subpopulation with propensity score bounded away from zero and
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one; see Crump et al. (2009) for more details.

Under Assumption 1, Cai et al. (2021) showed that the PCQTE function A,(2) is
nonparametrically identified and further proposed a semiparametric estimation procedure
to estimate A, (z). Specifically, the proposed estimate for A.(2) in Cai et al. (2021) is given
by

Ar(2) = Gis(2) = Qo (2), (2)

where for j =0 and 1,

. 1 —
Gjr = argmin — > Kn(Zi = 2)Wo;(Xi, Dy)p-(Y; — q)

i=1

—~

with W,o(Xs, D;) = (1 — Dy)/[1 — pu(X3)], War(Xi,Dy) = Di/pu(X;), and Kj(u) =
K(u/h)/h. Here, K(-) is a kernel function, h is the bandwidth parameter, p,(u) =
w- (1 — I{u < 0}) is the check function as in Koenker and Bassett (1978) and Koenker
(2005), and p,(z) is the parametric estimate of p(x). Furthermore, the consistency and
asymptotic normality of the proposed semiparametric estimator 87-(2) are also established
in Cai et al. (2021). The reader is referred to the paper by Cai et al. (2021) for more details.

As discussed in the introduction, in this paper, our interest is to investigate whether
there exists heterogeneity in QTEs across different sub-populations defined by covariates

of interest. To this end, the following hypothesis testing problem is investigated
Hy: A (z)=06, forallze€ Z versus H;:A,(2)# 9, for some z € Z (3)

for some constant d,, where Z is the support of Z;. Under the null hypothesis, the partially
conditional quantile effect of the treatment is a constant and under the alternative, the
PCQTE varies across different sub-populations defined by Z;. Furthermore, the above

testing setting in (3) can be generalized to the following testing problem
Hy: Ar(2) =Arp(2,0;) versus Hy: A(2) # Aro(2,0;), (4)

where A, (2, 0;) is a known function with unknown parameter 6. The purpose of the test

in (4) is to see whether A, (z) has a particular parametric form, say, a linear function as in



Tang et al. (2021).
In order to test whether the hypothesis testing problem formulated in (3) holds or not,
the test statistic is constructed based on Cramér-von Mises criterion as follows. To this

end, let

J = / (AT(Z) — 5T>2dz >0,

where the integral is taken over Z. Note that J = 0 if and only if the null hypothesis in

(3) is true. Hence, a test statistic using the sample analogue of J is defined by

J, = / (AT(z) _ ST>2dz,

where A, (z) is the semiparametric estimator (2) of A(z), and 4, is a /n-consistent esti-

mator for d,, such as the estimator

5, =

S|

proposed in Cai and Xiao (2012). Note that by following the same idea in Cai and Xiao

(2012), one can show easily that 6, in (5) a is \/n-consistent estimator of 4, .

Remark 1. If Z is taken to be X in (3), then, the hypothesis testing problem in (3)
collapses into testing whether the conditional QTE is a constant for all values of the co-
variates. Different from our setting, Crump et al. (2008) considered to testing whether the
conditional ATE is a constant or zero for all values of the covariates. However, note that
even though the conditional ATE is equal to a constant, the conditional QTE may not
be a constant. Consequently, our paper complements and extends the paper by Crump
et al. (2008) on testing whether there exists treatment effect heterogeneity across different

sub-populations defined by covariates.

Remark 2. Besides the testing issues displayed in (3) and (4), one may be interested in
testing
Hy: A (2) <0 (or >0) forall z€ Z, (6)

which leads to studying the stochastic dominance between Y (0) and Y(1) for all Z. Re-

cently, Lee, Song and Whang (2015, 2018) developed a general method for testing inequality
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restrictions on nonparametric functions using a Bootstrap procedure. Hence, the procedure
as in Lee et al. (2015, 2018) may be used here to test the null hypothesis formulated in (6)
being true or not. These extensions are beyond the scope of this paper but certainly worth

pursuing in future research.

2.2 Limiting Distribution of Test Statistic J,

This subsection is devoted to investigating the asymptotic properties of the proposed
test statistic J,. Although the asymptotic theory for J, can be obtained for any d-
dimensional Z; with d < p, the result is presented only for d = 1 to save notation
throughout the rest of this paper. As pointed out by Abrevaya et al. (2015), the case
for d = 1 is the most relevant case in practice. Before studying the asymptotic properties

of the proposed test statistic J,,, the following technical assumptions are needed, list below.

Assumption 2. (Distributions of X; and Z;) X; has a compact support X and the density
function of X;, fx(x), satisfies inf,.cx fx(x) > ¢ for some ¢ > 0. Furthermore, the density

function of Z;, f7(z) is twice continuously differentiable in Z.

Assumption 3. (i) The conditional density function fy ;) x (y|x) is continuous and bounded
on the support of Y;(j) and X; for j = 0 and 1. (i) The conditional density function
Ty)z(yl|z) is continuous and uniformly bounded away from zero in a neighborhood of ¢; (%)
for 5 =0 and 1. It is twice differentiable with respect to z, and its first derivative with

respect to y is continuous and bounded on the support of Y;(j) and Z;.

Assumption 4. For j =0 and 1, the conditional quantile function q;,(z) is continuously

differentiable on the support of Z with bounded second order derivatives.

Assumption 5. (Kernel and bandwidth) (i) The kernel function K(u) is a symmetric,
continuously differentiable probability density function with compact support, [—1,1], say.

(ii) h — 0, nh* = oo and nh* — 0 as n — oo.

Assumption 6. (Parametric propensity score function) Suppose the propensity score func-
tion has a parametric form p(z) = p(x;0y) with a fired dimensional parameter 0y. Also, as-
sume that the estimated propensity score function p,(x) = p(z; én) satisfies Sup,cx ‘p(x; én)—

p(z;00)| = Op(n™1/2).



The restriction imposed on the distribution of X; in Assumption 2 is commonly used in
the literature on treatment effect evaluation; see Hirano et al. (2003), Abadie and Imbens
(2006, 2016), Firpo (2007), Abrevaya et al. (2015), and among others. Assumption 3 guar-
antees the conditional quantile function g; (%) for j = 0 and 1 is unique and well defined
and the smoothness conditions imposed are easily satisfied in practice. The smoothness
conditions on the conditional quantile function g; -(z) for j = 0 and 1 imposed in Assump-
tion 4 are also easily satisfied in practice. Assumption 5 on kernel function and bandwidth
is frequently assumed in the literature on nonparametric estimation. Many commonly
used kernel functions, such as the Epanechnikov kernel, satisfy the requirements. Assump-
tion 6 typically holds for standard parametric estimation methods under reasonably mild
regularity conditions.

Under the assumptions listed above, we now can state our main result on the asymptotic
properties of the proposed test statistic J,, and its proof can be found in Appendix. For easy
presentation, first, define some notations as follows. Let pg(z;u) = E { [1{Yi(0) < o (u)}—
T}Q/[l—p(Xi)] | Z; = z} and i (z;u) = E{ [1{Y;(1) < ql,T(u)}—Tf/p(Xi) | Z; = z} Then,

we have the following asymptotic results.

Theorem 1. Suppose that Assumptions 1-6 are satisfied. Then, under the null hypothesis
Hy in (3), one has
n\/ﬁ(Jn — ) N N(0,03),

where

_ n(K) (25 2) po(2; 2) L
M /{f§(1)|z(q1,7(2)\z) i f%(o)z(QO,T(Z)\Z)}fZ(Z)d ’

and with vy(K) = [ K*(u)du,

e 2 1(u;u) o(u;u) 21
=2 [ ([ wwm o) [ {fa(l)f;<q1,7<u>ru>+ aml;(qof(unu)} 20"

and under the alternative hypothesis Hy,

n\/E(Jn — 1) -5 too. (7)
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Following Theorem 1, an asymptotic significance level ag test is to reject Hy if n\/E(Jn—
1 J) Jo; > C,,, where C,, is the oy upper-quantile of the standard normal distribution.
Clearly, (7) implies that the proposed test is consistent. Note that to the best of our
knowledge, the above asymptotic result for testing nonparametric QTE is new in the liter-
ature.

In addition to testing the null hypothesis against fixed alternatives, it is of interest to
consider testing power for local departures from the null. Suppose that ¢§, is estimated

using (5), we focus on a set of Pitman alternatives represented by
Hip 0 Ar(2) = 6- + pn - ((2), (8)

where p, = n~/2h~1/* — 0 as n — oo and the function ((z) satisfies

/C(z)fz(z) d:=0 and 0< /g?(z)dz < oo

The following theorem shows that our test can distinguish alternatives H;, that get closer

to Hy at rate n~/2h~/* while maintaining a constant power level.

Theorem 2. Under Assumptions 1-6, suppose that the local alternative (8) converges to

the null in the sense that p, = n~Y2h=1*. Then,

nvh

oJ

(J —,uJ —>N /C le

Clearly, it follows from Theorem 2 that under the local alternative (8),

P(n\/ﬁ(Jn—uJ)/aJ>CaO>—>1— Coy — 05 /C dz

where @ is the cumulative distribution function of the standard normal distribution. This
indicates that the testing power for local alternative (8) converges to a constant greater

than the significance level «y.
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2.3 A Nonparametric Bootstrap Test

Theorem 1 provides the asymptotic null distribution of the test J,. Consequently, one
can perform tests for Hy by comparing the value of J,, with its asymptotic critical value.
However, as expected, it can not be used directly for an accurate calculation of critical
values. This is because the test based on the asymptotic distribution might be sensitive
to the choice of bandwidth h and the consistent estimation of j; and 0% in small samples.
In particular, it is well known in the quantile regression literature that the consistent
estimation of the conditional density of Y;(j) given Z; involved in y; and o2 is not an easy
task; see, for example, Koenker and Xiao (2004) and Cai and Xu (2008). To overcome
this difficulty, following Chen et al. (2003) and Firpo et al. (2017), although other types
of Bootstrap methods such as the multiplier Bootstrap in Escanciano and Goh (2014) and
the wild Bootstrap in Dong et al. (2019) can be used, for simplicity, here a nonparametric
Bootstrap procedure is proposed to determine the p-value for J,. It involves the following

steps.

(1) Generate the ith Bootstrap sample by drawing samples from the original sample
{(Yi,Xi, Di)}:’; with replacement, denoted by {(Y;*,Xi*, D;‘)}?:l.

(2) Compute the Bootstrap test statistic

-~ ~

Ti= [(@:0)-8) - B - 5)) e

where A*(z) and 0% = pran A*(Z3)/n are estimated using the Bootstrapping sample
{(v7,X;,D;)} and 87(2) and 0, = Yo KT(Z,)/n are computed based on the

=1
original data.

(3) Repeat steps (1) and (2) a large number of times, say, B times, to obtain {JZ(j)}le.

(4) Reject Hy at significance level oy if J,, exceeds the (1 — agp)-th sample quantile of
{ J;:(J) ;3:1.

Define J: = nvV/h(J: — ) /o. The following theorem justifies the asymptotic validity

of the Bootstrap test with its proof given in Appendix.
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Theorem 3. Suppose the same conditions as in Theorem 1 are satisfied. Then under Hy
or Hy, we have

sup
yeR

P(T; < y[{¥: Xi, D) = 0(y)| = 0,(1),
where ®(+) is the cumulative distribution function of a standard normal distribution.

Theorem 3 states that the Bootstrap statistic j; = nvVh(J: — /,LJ)/O_J converges to
N(0,1) in distribution in probability. It is important to note that Theorem 3 holds true
regardless of whether the null hypothesis is true or not. Therefore, when the null hypothesis
is true, the Bootstrap test procedure leads to asymptotically correct size, because condi-
tional on the data, the Bootstrap statistic J; has the same asymptotic distribution as .J,.
When the null hypothesis is false, because the test statistic nvh (Jn — K J) /oy diverges to
+oo as the sample size n goes to infinity as shown in Theorem 1, whereas the Bootstrap

critical value is still finite, the Bootstrap procedure leads to a consistent test.

3 Monte Carlo Studies

In this section, we investigate the finite sample performance of the proposed test J,, by
means of simulation studies. The goal is to assess the accuracy and power of the proposed

test for moderate sample sizes in various scenarios.

Let the data generating process (DGP) be:

Y(0) =v%vVUoXs and Y(1)=X-p, - X5 +711vVU1 Xy,

where p, = n"2h71/4 4y = 1.0, 7, = 1.5, Uy and U, independently follow the U[0, 1] distri-
bution, X; and X, are independently generated from U[—1, 1] and Beta(3, 1), respectively,

and the propensity score function is

exp{—0.5+ X; + X5}

P(D =1|X1,X5) = .
( X1, Xe) 1+ exp{—0.54+ X7 + X5}

Finally, the conditional variable Z is taken to be X;. Under this setting, by straightforward
calculations, the conditional quantile function for Y (j) for j = 0 and 1, conditional on

Z = z, is given by qo.-(2) = Ya, and ¢1.-(2) = A pn 2 + 11a,, respectively, where a, is the

13



unique solution of equation —2a® + 3a* — 7 = 0 within the interval (0,1). Therefore, the
PCQTE is
Ar(z) = Apnz+ (11 —0)ar,

where A in the above equation takes different values in the experiment so that we can
investigate empirical sizes and local power curves of the test statistic J,, indexed by A. It
is easy to see that A,(z) is equal to a constant only when A = 0, which corresponds to the
null hypothesis. The Bootstrap procedure outlined in Section 2.3 is used to determine the
critical value. The number of Bootstrap replications is set as B = 599. To examine the size
and local power performance of the test statistic J,, three different sample sizes n = 400,
n = 800 and n = 1600 are considered. To check the sensitivity of the test with respect to
different values of the bandwidth A, motivated by the conditions in Theorem 1, h = c¢n /3
is used with ¢ = 0.5, 1.0 and 2.0. Finally, three quantiles levels, namely, 7 = 0.25, 0.5 and
7 = 0.75, are considered. The empirical sizes and local powers of the test J,, are computed
using 1,000 simulations under the nominal size o = 5%, respectively.

The empirical sizes of the test .J,, based on Bootstrap critical value are reported in Table
1. It can be seen that the empirical sizes converge to their nominal sizes as the sample size
n increases. Particularly, when the sample size increases to 1600, the test J,, performs well
in all cases considered. Also, one can observe that the choice of the bandwidth h seems to
have little influence on empirical sizes.

Next, Figures 1-3 display the estimated local power curves with nominal size a = 5% of
the test J, for different quantile levels and different choices of the bandwidth. In general, the
test J,, performs reasonably powerful in detecting the deviation from the null hypothesis in
all cases considered. Specifically, it can be seen from these figures that the test .J,, has power

/4 Moreover,

against local alternatives converging to the null at the rate of p, = n=%/2h~
it is not surprising that the powers increase quickly with the value of \ increasing. It is
also noticed from these figures that the bandwidth A in a certain range seems to have little

impact on the power of the test.
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Table 1: Empirical sizes of J,, (nominal size o = 5%)

h=0.5n"13
A=0 n T =0.25 7=0.5 7 =0.75
400 0.030 0.034 0.031
800 0.040 0.037 0.045
1600 0.047 0.053 0.044
h=1.0n"13
A=0 n T =0.25 7=0.5 T =0.75
400 0.043 0.043 0.045
800 0.058 0.052 0.055
1600 0.044 0.053 0.053
h=2.0n""3
A=0 n T =0.25 7=0.5 T =0.75
400 0.034 0.036 0.038
800 0.056 0.056 0.054
1600 0.053 0.051 0.053
Local Power Curves for Test Statistic Jn
S -5 =1 n = 400
o - n =800
S - n=1600
2 S /* @ 3 » '1*
£ 5+ A g s S
% S ,a’fﬁ/ % = ."’*':,
g o~ ‘V;.,_-a:""'a: . g - /.,-;#”’-b
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N g -+ n = 1600 ”¥
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A

Figure 1: Local power curves for test statistic .J,, with p, = n~%/2h~1/* and bandwidth h = 0.5n~1/3 and
nominal size o = 5%.
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Figure 2: Local power curves for test statistic J, with p, = n~1/2h~1/4 and bandwidth h = 1.0n"1/3 and
nominal size a = 5%.
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nominal size o = 5%.
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4 A Real Example

In this section, the proposed testing approach is applied to investigating whether there
exists heterogeneity for the QTE of maternal smoking during pregnancy on infant birth
weight across different age groups of mothers. To this end, we use the same dataset as in
Abrevaya et al. (2015), composed of vital statistics collected by the North Carolina State
Center Health Services between 1988 and 2002, accessible through the Odum Institute
at the University of North Carolina. As in Abrevaya et al. (2015), our sample is limited
to first-time mothers and as routine in the literature, we also treat blacks and whites as
separate populations throughout. The number of observations is 157,989 for the blacks
group and 433, 558 for the whites group.

It is generally recognized that low infant birth weight is associated with health and
human capital development throughout life as argued by Black et al. (2007) and Almond
and Currie (2011), and maternal smoking during pregnancy is considered to be the most
important preventable negative cause of low birth weight; see Kramer (1987) for more
discussions. Recently, there have been several studies in the literature to explore how the
effect of maternal smoking during pregnancy on infant birth weight varies across different
values of the mother’s ages by using program evaluation approach. In particular, Abrevaya
et al. (2015) and Lee et al. (2017) considered the ATE of maternal smoking on infant birth
weight conditional on different mothers’ ages, and found different degrees of heterogeneity
by age. The main qualitative finding in Abrevaya et al. (2015) and Lee et al. (2017) is that
smoking has a more severe impact at higher ages. Different from the studies by Abrevaya
et al. (2015) and Lee et al. (2017), Cai et al. (2021) considered the QTE of mothers’ smoking
status during pregnancy on infant birth weight conditional on different mothers’ ages, and
found that the QTEs for the quantile levels considered seem to change significantly over
ages only for whites but not for blacks. Motivated by the estimation results in Cai et al.
(2021), it is further interesting to test statistically whether or not the partially conditional
QTEs, for whites and blacks, change over mothers’ ages. Therefore, our interest in this
section is to test whether the QTE of maternal smoking on infant birth weight varies across
different age groups of mothers using the proposed testing approach in Section 2.

Since our interest is in exploring whether the QTE of maternal smoking during preg-
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nancy on infant birth weight changes across different age groups of mothers, hence the
conditional variable Z is the mother’s age. In addition, the treatment variable D is a
binary variable which takes value 1 if the mother smokes and 0 otherwise. The outcome
variable of interest Y is the infant birth weight measured in grams. Also, in this example,
Y (0) denotes the infant birth weight for the untreated (no-smoking) group and Y (1) stands
for the infant birth weight for the treated (smoking) group.

To explore the treatment effect heterogeneity of mothers’ smoking on infant birth weight
using the proposed testing approach in Section 2, one needs to find certain baseline covari-
ates such that the unconfoundedness assumption holds true, that is, the potential infant
birth weight outcomes are independent of the smoking decision conditional on the base-
line covariates. In this paper, we use the same set of covariates X as in Abrevaya et al.
(2015), which includes the mother’s age, education, month of first prenatal visit, number of
prenatal visits, and indicators for the baby’s gender, the mother’s marital status, whether
the father’s age is missing, gestational diabetes, hypertension, amniocentesis, taking ul-
tra sound exams, previous (terminated) pregnancies, and alcohol use; see Abrevaya et al.
(2015) for the detailed discussion.

To use the proposed testing approach, another problem is how to estimate the unknown
propensity score function p(z). Following Abrevaya et al. (2015) and Cai et al. (2021), here
a logist model is used to estimate the propensity score function p(x) and the explanatory
variables used in the logist model consist of all the elements of X, the square of the
mother’s age, and the interaction terms between the mother’s age and all other elements
of X. Finally, the partially conditional QTE is estimated for mothers aged between 20 and
30 for both whites and blacks.

Table 2 displays the testing results for testing whether the partially conditional QTE
changes over mother’s age. It can be seen clearly from Table 2 that one should reject the
null hypothesis for whites for all quantiles considered at 5%. This means that PCQTEs do
change over mother’s age for all quantile levels considered at the significance level a = 5%
for whites. But, for blacks, there is a strong evidence to support the homogeneity of
PCQTE over mother’s age for all quantile levels considered. These testing results support

strongly the empirical findings obtained in Cai et al. (2021).
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Table 2: Test results for testing if PCQTE function changes over mother’s age.

Test statistic J,

Quantile level (Bootstrap p-value)

T Whites Blacks
0.10 0.022 0.573
0.25 0.002 0.307
0.50 0.033 0.151
0.75 0.035 0.474
0.90 0.042 0.326

5 Conclusion

Motivated by investigating whether or not the conditional QTEs conditional on moth-
ers’ ages, for both whites and blacks, change over mothers’ ages, in other words, whether
there exists heterogeneity for the QTEs of maternal smoking on infant birth weight across
different age groups of mothers for whites and blacks, we propose a nonparametric ver-
sus constant test under quantile regression setting, which is applied to assessing whether
there exists heterogeneously distributional effect for an intervention on outcome of interest
across different sub-populations defined by covariates of interest. To test whether the null
hypotheses of interest holds true or not, a consistent test statistic is proposed based on the
Cramér-von Mises type criterion. To the best of our knowledge, it is believed that this test
is novel in the QTE literature. Under some regular conditions, we establish the asymptotic
distribution of the proposed test statistic under the null hypothesis and its consistency
against fixed alternatives. We also study the power of our test against a sequence of local
alternatives. Also, we propose a Bootstrap procedure to approximate the finite-sample null
distribution of the proposed test. Furthermore, the asymptotic validity of the proposed
Bootstrap test is also established.

Finally, some extensions of our paper can be considered. For example, the first is to
consider the hypothesis formulated in (4) which is a test for nonparametric versus paramet-
ric. Second, one might be interesting in extending our results to time series cases, which
has a potential in a wide range of applications. Such extensions can be warranted as a

future research.
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Appendix: Mathematical Proofs

Note that this appendix provides some key steps for proving Theorems 1, 2 and 3,
together with some auxiliary lemmas with their detailed proofs as well as some notations

given in Supplement.

Proof of Theorem 1: Let A.(z) be the partially conditional QTE conditional on Z; = z
and let 6, = [ A.(2)fz(z) dz. Then,

Iy = / (37(,2) — 57)2dz = / [(37(,2) — AT(2)> + (57 — 5T> + <AT(2) — 5T)Fdz,

where 6, = L =3 A-(Z;). Following the proof of Theorem 1 in Cai and Xiao (2012), it is
easy to show that 57 is a y/n-consistent estimate of ¢, under Assumptions 1-6. Under the
null hypothesis Hy, A,(z) — d, = 0, thus, by Lemma 3,

1 & 2
/ n;'y ( z)+e z

1 — 2 1 —
= [ (G Di2)) e 20, [ 3 5V X D)
/(nzv( 2)) dz+e;, +2e n;'y( 2)dz
= Jn,l + Jn,2 + Jn,37
where v, (Yi, Xy, Dis 2) = 0n1+(Ys, Xi, Di; 2) — Eopa-(Yi, Xi, Dis 2) — 0n0.-(Yi, Xi, Dis 2) +

Eon0.Y:, X;,D;;2) and e, = O, (max {Tn (ﬁ }) It is easy to verify that nv/h I =
0p(1). Also, by noting that E(% Y;,XZ,Dz,z)) =

, we have
n\/ﬁng =nvVh-e, - %i/%(Yi, X, Di; 2)dz = nVh - e, - O,(n _1/2) = 0p(1).
i=1
Thus, an application of Lemma 5 leads to
nVh(Jy = 1) = 0Vh(Juy = g + Jno + Jus) — N(0,02).
Now, we consider the case under the alternative hypothesis H;. Under Hj, it is easy to
show that J,, — p; = [ (A-(2) — 5T)de + 0p(1). Since [ (A(z) — 57)2dz is a positive

constant under H;, so that
n\/%(Jn ) L5 fo0.
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This completes the proof of Theorem 1. [

Proof of Theorem 2: Under the local alternative Hy, : A (z) = 6, + pn - ((2) with

pn = n"2h71/4 we have

J, = / ﬁf(z) — &)2(12 = / [(37(2) — AT(Z)> + (5T — 3T> + <AT(Z) — (57)]2dz

(
[(Br(2) = Ac(2)) +0,(1/v) + - (2)] a2
(

A(z) — AT(Z)>2dZ +p2 - /C2(z)dz + Op< 1) + QOP(%> : / (KT(Z) - AT(z)>dz

n
1 ~
+20,( =) - [ @iz 4o [ (B - )
= JW 4 gD 4 g® 4 @ 4 g6 g6),

By noting that p, = n='/2p=1/4,
~ 1 & Inn  VInn
/ <A7(z) — AT(Z)>CZZ = /ﬁ ;%(Yu Xi, Dy z)dz + Oy (max {%’ (nh)3/4 })

- o) <o (e {5250} )

and

/C(z) <37(z) — Af(z))dz = Op(%) + 0, (max{%,%}) ,

it is easy to show that nvVhJE = 0p(1) for 3 < k < 6. Then, using the result in Theorem

1, we have
n\/ﬁ(Jn — ) = n\/E(JT(ll) — ) + nVhJ® + 0,(1) 2, N(/Cz(z)dz, a?,).

This completes the proof of Theorem 2. [

Now, before considering the proof of Theorem 3, first, let P denote the distribution
of {(Y;(0),Y;(1), X;, D;)}, and use P* to denote the Bootstrap distribution, which is the
distribution of {(Y;*, X7, D7)}, conditional on {(Y;, X;, D;)}" ;. Also, we use E* and
Var® to denote the expectation and variance with respect to P*, respectively. Furthermore,

following Lee et al. (2015), let S1, S5, -+ be a sequence a random variables and aq, as, - - -
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be a sequence of positive real numbers. Finally, define S,, = o0, (a,,) if for any € > 0 and
€ >0, lim, oo P{P*(|S,/a,| > €) > e} = 0. Similarly, S, = O, (a,) means that if for any
e > 0and € > 0, there exists M > 0 such that limsup,,_,., P{P*(|Sn/an| > M) > e} <e.

Proof of Theorem 3: It is easy to see that we have the following decomposition

Jro= / ((ﬁj(z)—ﬁ;f) - (Mz)—&))%
_ /( )dz+/ (5 —5)dz—2/(5;-57)(3j(z)—37(z))dz

= [ (B0~ A) =+ 01~ 20,1/ / (B2(2) — Bo(2))d=
= Qn71 + Qn,Q + Qn,3-

>

For the term Q,, 1, we have

On1 = / (&j(z)—&(z))zdz

n 2

= [ (3 (o i2) — a2 ) 2+ 0 )

i=1
n

+20, )+ [ |53 (oar(Ris2) = i)

=1

= QU+ QN+,

where 7, = max{%‘ (;/,11;1?74}. It is easy to check that n\/ﬁQ,(f)l = 0p+(1). Also, from
Lemma 10, we know that n\/EQS)l = 0,+(1). Therefore, an application of Lemma 9 leads
to

n\/E(le — /LJ)/O'J = TL\/E(Qq(;)l - MJ)/O'J + 0p*<]-) —)N(O, 1)

in distribution in probability. For the term Q,, , it is easy to see that n\/ﬁQn,z = 0,+(1).
By using Lemma 10 again, we also know that n\/ﬁng = 0p+(1). Finally, we have

nVh( T — py))og =nVh(Qur — 111) /o5 + 0y (1) — N(0,1)

in distribution in probability. Because N(0,1) is a continuous distribution, by Polya’s
theorem in Bhattacharya and Rao (1986), we obtain Theorem 3. [J
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SUPPLEMENTARY MATERIAL

This supplement provides some lemmas for proving the main theorems in the paper, en-
titled “A Nonparametric Test for Testing Heterogeneity in Conditional Quantile
Treatment Effects”.

Define Wy(X;, D;) = —=Bic and Wy (X;, D;) = -Bix. We also let Wn,o(Xu D;) =

1—p(Xi) p(Xi)’

171;3_71%(1.) and W, 1(X;, D;) = z%’ where p,(z) = p(z;0,) is the parametric estimate of
the propensity score function p(z) using (X;, D;), @ = 1,--- ,n. To prove Theorem 1, we

first provide the following lemmas.

Lemma 1. Suppose Assumptions 2.1-2.5 hold. Then,

B 1 & vVinn
sup qj,T(Z) - %’,T(z) - 5 Z [Qn,j,T(Y;aXiv Dy; Z) - EQn,j,T(KaXia D;; Z)] ’ = Op(<nh)3/4)

zZEZ i1

for =0 and 1, where
j-(z) = arg mqinz Wi ( Xy, Di)h Ky i(2)p-(Yis q)
i=1

and
Qn,j,T(Y:hXivDi; Z) =-S5, (Z)Wj(Xini)Kh<Zi - Z)SOT(Y;;QJ‘,T(Z))

n)J)T

with pr(y;9) = pr(y — @) = (v — )7 — Hy < a}), or(y:0) = 7 — I{y < 0}, Kpi(z) =
K((Z;— 2)/h)/h and

Snjr(2) = /K(u)fY(mZ(qj,T(Z)|Z+hu)f2(2+hu)du = fri)iz(4+(2)12) fz(2)+0(R?), j =0, 1.

Proof of Lemma 1: This result can be proved following the proof of Theorem 1 in Lee
et al. (2015). O

Lemma 2. Suppose that Assumptions 2.1-2.6 are satisfied, then

. _ Inn vInn ,
221 (2) = G2} = Op{max{ﬁ’w}}’ e

S1



Proof of Lemma 2: For j = 0 and 1, define cumulative distribution functions

(y| z) = ZZ 1Kh1( )W (X, D) I{Y; <y}
Zz 1Khz( )W](XZ Dz)

and

Sy Kni(2) W (X, D IH{Y; <y}
Zz 1Kh1( )WnJ(XhDi)

Fojlylz) =

Then G,«(z) = inf{y : F,,;(y|2) > 7*} and g;,+(2) = inf{y : ﬁnj(y |z) > 7"} for 0 < 7" <
1. By the definition of quantile, we have

{Kh,i(z)wj(Xia D) I{Y; < y} }

Fos(Gme(2)|2) — 7 :
(i (2)12) ST a2V, D)

- =1,

for any 0 < 7% < 1, hence F, (g~ (2)|2) = 7* 4+ O,(1/nh). By using sup,cx |p(z, 0,) —

p(z,60)| = Oy(n~'/?) as in Assumption 2.6, it is also easy to show that

- Op(n_1/2)7

sup sup | F,j(y | 2) — Fo;(y | 2)

yeY; 2€2

where ); is the support of Y'(j). Let ¢, = max {1“7:, U‘;Z)Q } Then,

ﬁn,j (q_j;rJrcn(Z) ‘ Z) = Fn,]' (q_jrrJrcn(Z) ‘ Z) + Op(l/\/ﬁ>
= 7+¢ +0,(1/nh)+0,(1/v/n) > T (S.1)

in probability as n — oco. Similarly,

Froj(@ren(2)12) = Fuj(Gire,(2)]2) + Op(1/v/n)
e+ O,(1/nh) +O,(1/VR) < T (8.2)

in probability as n — co. Combining (S.1) and (S.2), we have

P(Gjr—c,(2) < Gr(2) < Girsen(2)) = 1 as n— oo.
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Also, one has @ r—c,(2) < §j+(2) < Gjrte,(2) by definition, and it follows that
P(sup 1057 (2) = @i, (2)] < SUP | Gjrten (2) — ij,T—cn(Z)D —1 asn— 0.
€2 z€Z
Next, we consider the order of sup,cz |@jrie,(2) — Gjr—e,(2)|- Recall that S, j+(2) =
[ K(u)fyiyz(aj+(2)|z + hu) fz(z + hu)du for j = 0 and 1. It is easy to show that

SUD,cz |Sn jrten(2) — Snjr(2)| = O(cn). By using the Bahadur representation of gj.«(2)
provided by Lemma 1, it follows that

sup |67j,7'+cn (Z> - Qj,T—Cn (Z) ’

< L) i )] + 0, L0

+ sup i ZK,” W;(Xi, Di) % (I{Y; < Gjren(2)} = I{Yi < Gjrsen(2)}) + Oplc)
+sup S (z )E[KM(Z)VVJ-(XZ-, D) (I{Y; € @jren(2)} — I{YV; < qj,T+cn(Z)})] +O(cn)

< swp |Gjirten (2) = Qir—en ()]
Fasi 1, Z Ko (JW5(X, D) % (I{Y0 € @i (20} = 10V < e ()
Fsup|85 (2 )E[Kh,i(z)wj(xi, DY(IY; < gir-er ()} = H{Y; < gy (2))] |
+0(c,) + Op{%}

1
= My + Mo+ Msz+ Oy(c,) + Op{ (nhl)l3T/L4 }

For My, note that Fy(jyz(qjr+te,(2)|2) = T + ¢ and Fy(j)z(¢jr—c. (2)|2) = T — ¢, under
Assumption 2.3. Thus,

20 = Fy(j)12(@rten (2)12) = Fy (312 (@jr—c (2)12) = Fr()12(@5]2) (@400 (2) = Gjr—ca (2)),

where ¢ is a point between ¢; ;_,(2) and ¢; r+,(2), which implies that
My = sup {Qjﬂ'—i-cn — 45— cn ‘ =
z€Z

by the assumption that fy(;)z(¢q|2) is uniformly bounded away from zero in a neighbor-
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hood of g; -(# ) For My, since gjr—c,(2) < ¢jr(2) < Gjrie,(2) and sup.cz |jre, (2) —

Qjr—en (2 ‘ = , there exists a constant A which does not rely on z, such that
My < sup |8} ( ZK;“ (Xi, D) I{gj-(2) — Acy, <Y; < . (2) + Acy }
z€EZ
1 n
< sup ;1) D [KnaIWH (X D) Haio(2) = Acy < Vi < 030(2) + Aca)
zE

i=1

~B(Rn W (X D) {030 (2) ~ A < ¥ < 52 + )|

s 574 )8 (R W) (X D) (2 — ey < Y5 2 030(2) + 4}
ze

= M2,1 + Mz,g.

Using Assumption 2.3, we have that

ERK(( = 2)/M)Wi(Xi, D) {gr(2) = Acn S Y3 < g0(2) + Acn}>2}

= B{RA(( = /M)~ p0Y B [F030 ()~ Acu Vi) < 030 2) + A} )] |
= O(hcy,).

Also, note that {K ((Z; — 2)/h)W;(X;, Di)I{qj-(z) — Ac, <Y; < qj-(2)+ Acy} - z € 2} is
Euclidean for a constant envelope, which together with ;I;L; = o(1) implies the conditions
required by Theorem I1.37 of Pollard (1984) are met. Hence, by Theorem I1.37 of Pollard
(1984),

n

% [ i — 2)/R)YW;(Xs, D)I{gs2(2) — Acy < Y; < gj-(2) + Acy }

=1

sup
z€EZ

(R (2 /R (X D) (2) — Aea < Yi 2 a50() + A0 )] | = o).

together with the fact S, ; - (z) is bounded away from zero, we have that My = +-0,(he,) =
op(cn). It is also easy to show that Mys = O(c,). Hence, My = O,(c,,). Similar to the
proof of My 5 = O(c,), we can also show that M3z = O(c,). Therefore,

- - Vinn
SUP [, (2) = Gir—ea (2)] = Oplen) + Op{ (nh)*/ }
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Together with (5), we have

1 (2~ 152 = 0y c0) + 0, Yt = op{ max {2, V0 }}

This completes the proof. [J

Lemma 3. Under Assumptions 2.1-2.6 and nh? — oo, we have

1 & Inn +VInn
A'T —Yy,T - E n,J,T Y;aXz,Du —F n,J,T YzyXuDza ’:O )
ilellg) QJu (Z) q.% (Z) n p [Q 2T ( Z) (Q 5Js ( Z)):| p{ ma’X{ \/ﬁ (nh)3/4}}

for 7 =0 and 1.
Proof of Lemma 3: The result comes from Lemma 1 and Lemma 2. [
Lemma 4. Let Ry, Rs,--- be an i.i.d. sequence. Suppose that the U-statistic U, =

> H,(Ri, R;) with symmetric variable function H, is centered (i.e., E[H,(Ry, Ry)] =

1<i<j<n

0) and degenerated (i.e., E[H,(Ry, R2)|R1 = z1] = 0 almost surely for all z,). Then, if

E [E2 [H,(Ry, Rs)H,(Ry, Rs) | Ry, Rg]} +nLE[HA(R,, Ry)]

hm = 07
n—oo E2 [H%(Rl, RQ)]
we have that as n — oo,
21/2 D
U, — N(0,1),
no,

where 02 = E[H2(Ry, R»)].
Proof of Lemma 4: The result is given by Theorem 1 in Hall (1984). O
Lemma 5. Suppose the conditions required by Theorem 1 are satisfied. Then,
1 n
h [_ n,1,T K?XHDM -k n,1,7 Y;aXzaDza
71\/_{/ " ; (Q 1. ( z) On17( z)

2
—Qn,o,T(Y%7X1;7 Dy; z) + EQn,O,T(YQ,Xz‘, Dy; Z))] dz — MJ} i> N((]; U%);

where

_ L (rerads pa(z; 2) po(z; 2) L
wo= o W | {fémz(ql,T(znz)*f%<o>z<qo,7<z>|z>}fz<z>d’
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and

. 2 1(u; w) o(u;u) 21
3 =2 f ([roKerga)as [ {fa(nll;(ql,xu)ru)* é(o)ﬂz(%x(uﬂu)} M

with

po(z;u) = E {#()(z) (I{Y:(0) < qor(u)} — 7‘)2|Zi = z] :
and X
pi(zu) = E L’(Xi) (I{Yz‘(l) < qir(u)} — T)z‘Zi = z] .

Proof of Lemma 5: For simplicity, we let

Y (Yi, Xi, Dis 2) = 0n1,-(Ys, Xiy Dis 2) — Eona1.-(Ys, X3, D 2)
—Qn,o,r(Y;, Xi, D;; Z) + E(QTL,O,T(}/:h Xi, Dy; Z)-

Then,
1 « 2
n
=1
= 2 ) /vn(Yi,Xi,Di;z)%m,xk,Dk;z)dz+n‘22/vim,xi,Di;z)dz
1<i<k<n i=1
= In,1+]n,2-

First, we consider the term I,,;. Let R; = (Y;, X;, D;) and define

2
H,(R;, Ry) = ﬁ/%(Ri;z)%(Rk;z)dz.

Then, I, = >, H,(R;, Ry) is a centered and degenerated U-statistic. Thus,

BE[H,(Ri, Ry)?] (5.4)
- F {%//Wn(RﬁU)'Vn(Rk;u) Vo (Ri; 0)¥n (R v) dudv
= %//E[%(R,»;u)%(Rz';U)%(Rk;u)%(Rk;U)} dudv
= = | [ BB (Rie)] dude
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It is easy to find that
E[Sn,j,T(Z)_IVVj(Xia Dz’)SOT(Y%; qj,T(Z))|Zi = Z} = 0.
Hence,

E[0n;-(Yi, Xi, Di; 2)] (S.5)

_ L, OFy()2(g-(2)|w)
- 0 Sn,j,T(Z) fZ(Z) 8U

th / s*K(s)ds + o(h*) = O(h?)

u=

uniformly in z for j = 0 and 1. Also note that D;(1 — D;) = 0, then,

B (Bis u)a(Bi;v)] (5.6)
= E[(Qn,l,T(Ri; w) = 0n0.(Ri;w) (0,1, (Ris v) — oo (Ri; U))]

—F [Qn,l,‘r(Ri; U) - Qn,O,T(Ri; U)] E [Qn,l,T(Ri; U) - Qn,O,T(Ri§ ’U)}
= S, (u)S, 1 (vE {Kh(Zi —u) Ky (Z; — v)]%%(ﬁs 1.7(u) - (Vs ql,f(v))}
1-D; (
(1—p(X)2""

()07(3/17 q1,r (u))()OT<)/17 q1,r (U)):|

1
- p(Xi

1S (u)Sih (0)E {Kh(zi W) Kn(Zs— ) Vi do () o (Vi qo,7<v>>] Lo

n,1,7

n,1,7

(U)S—l (U)E |:Kh(Zz — U)Kh(Zl — U)p(;(z)

(u)S, 0., (V)E [Kh(Zi —u) Ky (Z; — v)

+5-L

n,0,7

(Vi o) Ve qo,T<v>>} Lot

n,L, T n,

= S (u)S‘iT(U)E {Kh (Zi — w)Kn(Z; — v)k1(Zis u, v)}

"’S_l, (U)S;(l),r(v)E [Kh (Zi — U) Ky (Zi — U) ko(Zi; u, v)} +O(hY)

u—v

; >/{1(u + ht;u,v) fz(u + ht)dt

= %S;}J(u)sﬁﬁ(v)/K(t)K(t+

1
1526+ (w) S (v) / K(t)K(H—

u —

- U)Ho(u + htyu, v) f2(u+ ht)dt + O(hY),

where
wa(50.0) = B[ (V0 10 (Vi ): (0] 2 = <],
and .
Ko(ziu,v) = E[m%(%@); Go.7 ()@ (Yi(0); qo.r (v))| Z: = z},
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with ¢-(y;q) = I(y < q) — 7. Thus,

E? Vn(Ri;u)%(Ri;v)} (S.7)
= ﬁsn%‘r n. /K
hQS'I;OT /K

S >s;&,7<v> / K(t
/K

+2O<h3>5;17<u>s;17<v> [ @

> K1(u + ht;u,v) fz(u + ht)dt)2

)ﬁo(u + ht; u,v) fz(u + ht)dt>2

) 1(u+ ht;u,v) fz(u+ ht)dt

>K,0(u + ht;u,v) fz(u + ht)dt

— v)/ﬁ(u + ht;u,v) fz(u+ ht)dt

+20(h*) S 5., ( /K )mo(u + ht;u,v) fz(u + ht)dt + O(h®).

An application of (S.4) and some straightforward calculations imply that

E[H,(R;, Ry)?] = 4 / / E? [y (Ri; w) v, (R v) | dudv (S.8)

— n4h{/ /K K(t+s) dt) ds - [/Sn‘{T( V&7 (s u, w) f7 (u)du

/ nOT w)rig (s u, ) f7(u)du
#2 [ 83, 0,3, (s )l ) )] +o(1) .

This, coupled with S, ;-(2) = f2(2) fy)12(4j,-(2)|z) + O(h?) for j = 0 and 1, yields

E[H,(Ry, Ry)?] = n4h</ /K K(t+s) dt) ds

< {fy m;qluanu) ¥ f&gfz(?q;o%)nu) }2f%1(u) du+ol)

= (3 +ol). (59)

Similarly, by straightforward calculations, we can obtain

B[E*[Ho(Ry, R)Ho(Ro, By) | Ry, By] | = 0(( ! )4h7),

n2h?
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and

E[H,(Ri, Ry)'] = O(<n21h2>4h5) '

Thus, the condition

E[EQ [Ho(Ry, Rs)H,(Ra, Rs) | Ry, RQH +n L E[H,(Ry, Ry)"]

lim 5 =0
n—oo 2
<E[Hn(R1,R2) ])
in Lemma 4 is satisfied, so that
V2 D
I, — N(0,1),
nE1l/2 [Hn(Rh R2)2:| )1 ( )
or equivalently,
nVh I,y 2 N(0,02). (S.10)

Now, we move to the term I, o =n"2Y [~2(Yi, X;, D;; z)dz. Note that

=1

= E[(QTL,I,T<}/:L'7 Xi, Dy; 2)]2 + E[Qn,o,T(Yi, Xi, Ds; Z)f + O(h4)

— 52 (z)E[iKZ Zih_z>p2Di (I{y; < ql,T(Z)}—T)Q}

1 o (Zi—=z 1—D;
G

(V1) < g1a(2)) — ﬂ

(I{Y; < gor()} — ﬂ Lo

i (255 o (H0) < a2} = 72|+ 0th

(i) + Sn,%,T(z)E[%K?(Zi (2] + o)

(
|
- S;%»T(Z)E{WKQ( h >p(X-)
|
(

= S.1.(2) [% (Ml(z; 2)f7(2) / K?*(s)ds + O(h))]
#5230 | (i) [ K205+ 0m)) | + o)
= [ R (523t + 523, Gnol9) 2021 | + 00,

59



coupled with S, () = fz(2) fv(j)z(¢;-(2)|2) + O(R?) for j = 0 and 1, we have

E(l,») = 1/E[7H(YZ,XZ,D1,2)}d (S.11)
_ nh{ [ w6 [ (822 hmtzia) + 523 Gl ) s |+ 0()
_ 2 1(2;2) 0(2; 2)
a /K /{fé(l)TLZ(QI,T(Z”Z) i f}%([))MZ(qU,T<Z)| )}fZ( )d2+0< )

- o).

Furthermore,

Var(n\/ﬁ[nyg) = n\/_ h\lL,2— E( nQ)}}Q (S.12)

_ ‘1h{ [( 2 Yz,XZ,Dz,z)dz” EQ{/yi(n,Xi,Di;z)dz]}

E[ 2 YZ,XZ,Dl,z)dz> } - {/E[yﬁ()ﬁ,Xi,Di;z)}dzr}

3

n~th

|
1h{ / ’yn (Y, X, Dz,u)fyn(YZ,Xl,Dl,v)] dudyv — O(h‘2)}
{ / % (Y, X, Dl,u)]E[fny(Yi,Xi,Di;v)] dudyv — O(h2)}
= nth-O(h?) =
together with (S.11), we have
V(Lo —ps] = nVh[ls — E(L)] +0,(1) = 0,(1). (S.13)

It follows by combining (S.3), (S.10) and (S.13) that

n\/%{ / [% Z (Q”:LT(Y;?X% Di; Z) - EQTL,I,T(}/thi; D;; z)

i=1

2
_Qn,O,T(}/;in7Di; 2) + EQTZ,O,T(}/;7XZ" Dza Z))] dz — /’LJ} i> N(0,0’?}) U
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Lemma 6. Suppose Assumptions 2.1-2.5 are satisfied. Then,

sup |q; () = @ (2) — %Z [0ngr (B}32) = B (003, (B Z))H = Op ((7;/;137;4)

2€2 i1
for j =0 and 1, where Rf = (Y;*, X}, D})',

0 (2 )—argmanW 5, Dy )hK<Z*h_ Z)pT(Y;*;q),

i=1

and

Ongr (Vi X7, Dy 2) = =S5 ()W (X7, DY) K (27 — 2) 00 (Y 450 (2)).

n7]77—

Proof of Lemma 6: This result can be proved following the proof of Theorem 2 in Lee
et al. (2015). O

Lemma 7. Under Assumptions 2.1-2.6, then, we have

for 7 =0 and 1.

Proof of Lemma 7: This result can be proved by the similar arguments to that of Lemma

2 and the details are thus omitted. O

Lemma 8. Suppose Assumptions 2.1-2.6 hold. Then, for 7 =0 and 1,

_ 1 < . . Inn VInn
up |45,(2) = 01r(2) = = 3 [0 (RE52) = B (0usr (B )] | = Oy {max{— }}

z2€EZ

i=1

Proof of Lemma 8: It is easy to observe that

~ ]' - * *
Up |47, (2) = 37 (2) = D [ougr (Ri:2) = B (0ngr (i3 2)]|
# i=1
1 n
< Sp |10 () = Gir() = 1 D [onsr (B3 2) = B (00 (R 2))|
# i=1

S11



+sup |G;-(2) = G- (2)| +sup |G- (2) — Gjr ()]
z2EZ Z2EZ

- o {35050

by Lemmas 2, 6 and 7. Therefore, the proof of Lemma 8 is completed. [J

Lemma 9. Suppose the conditions required by Theorem 3 are satisfied. Then,

p*{ ”f [ / (% 3 (s (B3 2) = b (RS z)))de - /u} < y} — a(y)

=1

sup
yeR

= 0p(1),

where ;- (R} 2) = 00 (Y7, X7, Df5 2) — E* (00 (Y7, X7, Df; 2)) for j =0 and 1. That
18,
nvh 1 & . . 2
(52 (o i) = 52)) ) o=
(o) n i1
converges to N'(0,1) in distribution in probability.
Proof of Lemma 9: It is noticed that

n

/ (% D (i (Ri:2) o (RS z)))de

=1

- % Z / <¢"71,T(R:3 z) = ¥n o (R z)> <¢n,1,r(R;§ z) = Yo (R; z))dz

1<i<j<n

1 — . . 2
23 [ (b rlFi52) = o (Ri52)) 2
=1
= QZ,1+Q:L,2- (S.14)

We first consider the term @), ;. Define

LR = o [ (nan (B2 = (R 2)) ($n (Bj52) = (R ) )

Then, @)}, ; can be written as a second-order U-statistic as follows:

Qri= Y TiRLR).

1<i<j<n

S12



By its definition, it is easy to find that E*[T;(R;, R;)] = 0 and E*[T;(R;, R})|R;] = 0.
Thus, conditional on {Y;, X;, D;}i, @y ; is a second-order degenerate U-statistic. To apply

Lemma 4, we need to verify the condition

E* [E*2 [T (R3, R3)T;(R3, Rs) | Ry, R;]] +n ' E*[T;*(R;, Rs)]
E*2[T2(R;, R3)]

= 0,(1).

o = E*(T,*(R;,R3)) (S.15)
= [ B (B0 = G 0) (o Bis0) = a5 0)

% (n o (B35 0) = G (RE50) ) (1, (B33 0) = o (R 0) ) | dudo
= 2 (B = b Bis)) (s (B 0) = B 0))
= 1 G Bl 0 (R0 + 7 (o (R s (50)

2
—E* (1, (R w)no,-(RY;v)) — B (¢n71,T(RT;v)wn,O7T(RT;u))} dudv.
From (S.5) and some calculations, we have
1 n
E*(0njr(Risu)) = Ezgn,j,T(Ri;U) (S.16)
i=1
= O E(Q ; (Ru)) + LVarm(g , (Ru)) =0 (h2 + L)
p n,7, T\~ \/ﬁ n,j, 7\ Ll D m

uniformly in u. It follows that for j = 0,1,

E* (ﬂ)n,j,T(RI; U)djn,jﬂ'(R){; U)) = FE* (Qn,j,T(RT; U>Qn,jfr(RI; U)) _ B (Qn,j,T(RT; u)) o (Qn’j’T(RT; U))
1
= (0 (Bi )0 (Bi:0) + 0, + 1),

and

1
E” (wn,lﬂ—(RT; u)¢n,0,T(RI; U)) =—F" (Qn,l,T(Rik; u)) - B (Qn,O,T(RI; U)) = Op (E + h4) .
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Hence, according to (S.15), we have

g —=

4
ﬁ / / [E* (¢n,1,T(RT; U)wn,l,‘r(R; U)) + E* (¢n,O,T(RT; U’)d}n,O,T(RT; 2}))
2
—E (@bn,l,T(RT; u)w"’OJ(R){; U)) —E (¢n71,T(RT; U)wn,O,T(RT; U)):| dudv

4 ) 5
nt / / (E “(on1o (B 0)on17 (B:0)) + E* (om0 (Rii w)onor (Riiv)) + Op (- + h4)> dudv

4 2
ﬁ // (E* (Qn,l,T(RT; U)Qn,l,T(RT; U)) + B (Qn,O,—r(RT; U)Q’II,O,T(RT; U))) dudv
1 K * * * *
+OP(W +ﬁ> // (E*(Q”’l’T(R;“)9”71’7(313“)) +E (Qn,mr(Rl;U)@n,o,T(Rl;v)))dudv
1 h8
+0, ( 52 + )
1
Ay + Ay +0p(%>.

We focus on the term A;. Note that

Var[E*(on,j-(R3; w)on,;-(R;0)) ]

1 n
T —Zgan Rlau)QnJaT(R“Uﬂ

= Va

1 2
< EE<QMT Risu) ng(Rz,v))

1 - 2
(S )7 (W (X DOK(Z — u) (2 — V) (Vi 0y (1) (Vi 4, 0) )
11 L N I o(Zi = U\ 2 20y 0.
= E.hd‘san( )Sn,j,T(U)E{Wj (Xi, Di) K ( )XK< A >90'r(Y;a%,T(u»@T(Yu%,T(v))
. 1 ]. -2 2 Zl—u 2 ZZ'—U

XE(p’?’j (X:)(1 = p(X:) PP DR (Yi(4); 4jr ()02 (Yi(4); g (v)) Zi) }

_ 1 2() K . . _o (L
= ﬁSnJT Spa /K K h )Ej(u—l—hs,u,v)fz(u—irhs)ds—Op<nh3),
where

li(zu,0) = E(If?’j(Xz)(l = p(X0)) DAY (5); 41 (W) 2 (Yi(): 0 ()

Zi:Z>.
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Therefore,

* * * 1 -
E (Qn,j,r(R1§U)Qn,j,r(R15U)) = EZQmj,T(Ri;u)Qn,j,T(Ri;U)

i=1

1
= E(0njr(Ri;0)0nr (R150)) + Op(

m) (S.17)

Then,

4 2
A = _4//(E*(Q’I’L,l,T(RT;U)Qn,l,T(RT;fU))+E*(gn707T(R>{;U)Qn70,T(RT;'U))) dudv
2
= //( On1,- (R )inr(Rl;U))+E(QnOT(R1;u)QnOT<R1;v))+Op(;>> dudv.

Using similar arguments as in (S.6), (S.7), (S.8) and (S.9), we have

A = [ / /K t+sdt>ds
< {fw(?ﬂ )>\u> y fafz(?;f;&)»m }Zfz( jiu+ Oy s) +0, <#>]

_ n‘%{/ /K t+sdt> ds
< {fa(j;(?é%)nu) y fa(?z(gfk?ﬂu) } Frtet o)+ Op(ﬁ)]

= %(03 + Op(1>)'

It is also easy to find that Ay = o, <nTlh> Thus,

* * * * * 20 1
0n2 =F (Tn2(R17R2)) - 4}1 < 4h>

Similarly, by some straightforward but tedious calculations, we can obtain that

1aR;]] = Op(%)

B [ [1(R;, BT (R, Ry)

and

1
E* |:T7j4(RI7 R;)} = Op<n8h3)'
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Therefore, the condition

B [ 1 (s, )T (R, R | R ) 4+ B[TCRLRY)
B2 [T2(R;, 1) — ot

is satisfied. From Lemma 4 we know that

V205,

*
no;

—N(0,1)

in distribution in probability. Since o} = *ﬁh (07 + 0p(1)), we also have

n\/ﬁQZl

oJ

—N(0,1) (S.18)

in distribution in probability. For the term @)}, 5, we have

Qs = %2/(
(

2
Ve (1)32) = Yoo (B3 2)) d2
2
(0n1,+ (B3 2) = 0nor (RS 2)) — E* (0n1- (RS 2) — 0no, (RS Z))> dz
1 " 2 1 & . 2
= ﬁ / (Q’I’L,].,T(R;'k; Z) - Qn,O,T(R;{; Z)) dZ - ﬁ Z/ (E* (Qn,l,‘r(R;‘k; Z) - Qn,O,T(Ri ; Z))) dZ
i—1 i=1
2 . * * * * *
T2 Z/ [E (Qn,l,‘r(Ri 1 2) — Ono,- (R Z))] <wn7177-(Ri 12) — Yo (R z))dz
=1

= QZ,2,1 - Q:;,Q,Q - 2@;,2,3-

For ()}, 5 1, it is easy to obtain that

E” (Q:,Q,l) = % Z/ <Qn,1,T(Ri;Z) — On 0, (Ri; Z)>2d2’,
i=1

and
1 & 2
Var*(Q;,,,) = Var <ﬁ2/ (Qm(Rf;Z) _Qn,O(R;‘k;Z)> dZ) (5.19)
i=1

1., . )
= gvar (/(Qi,1<Ri;z)+Qi,0<Ri§z)>)
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2

= ( [ (@m0 + 2ol Z>)d2)
_i{/@*gm(}z* )+E*Qi,o(3f;z)>dz}2

_ // E* (021 (Ry;u)el 1 (Ry;v)) +E*(Qi,o(Rf;U)Qio(Rf;v)))dudv

—E{/(E*gnl(R* )+E*Qi’0(Rf;z)>dz}2.

It is easy to obtain that

E(/ <E*Qi,1(R;“;Z)+E*Qi,o(R§;2)>dZ)
- /lE( 02 (RS )>+E<E*Qi’0(Rz‘;z)>]dz

_ }11{/5712;7 )/K2(s)u1(z+hs;z)fz(z—l—hs)ds+S;&T(z)/KZ(s)uo(z+hs;z)fz(z+hs)ds}
= O(1/h),

which implies that

/ (B*@2u(Res2) + B @ o(Ri: ) )dz = O,(1/) (8.20)

Similarly, by straightforward calculations, we can obtain that

E//(E*(gf” )gn](R* )))dudv
= //E E* Qij )QM(R* )))dudv
= o [ n; VE[W00, DR (Z ) K2 (20 200 () Vi 00
) [ [ sssawm[wzo, (2 )i o)

Zk—l)

Xw(u)w(v)dudv +

XE[W.Q(Xk,Dk)K2< )gpf_(Yk'qu(v)}dudv

— 2 2 -V

22—22‘1 / / S (WS, 5 () / K2 (s)p(u + hs; w) fz(u + hs)ds

X /KQ(s)uj(v + hs;v) fz(v + hs)ds) dudv
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_ u{ J w2 0s)” [ [ 30008 200w m 1) 20 2 hdud +o01)

= O(1/h?),
which implies

//<E*(Qi,1(R;";U)Qi,l(R;";v)) +E*(@i,o(RZ‘;U)Qi,o(RZ‘;v))>dudvZOp(l/h2)- (S.21)

From (S.19), (S.20) and (S.21), we have
Var' (@400) = 5 Op(1/%) = — - 0,(1/) = 0y (5 ).

Then, according to the results in (S.11) and (S.12), we obtain that

E(Qpa1) = E[E*(Q}01)] = 1y +0O(1/n)

n,2,1

and

Var(Qh,,) = Var[E*(Q}.q)] + E[Var*(Qh,,)]

= 0u(im) + oniam) = 0 (o)
which lead to
Qo1 =ps+0(1/n) + o, (%) = [y + Op<%\/ﬁ>.

By noting that E* (g, ;,(Rj;u)) = O, (h2 + \/%Th) as in (S.16), it is easy to obtain that

o+ ) = el 7)

3I'—‘

Q:L,zz -

and

Qs = On(1 + —=) - 0,1/ = 0y (=)

S18



since nh? — oo. Thus, we have

* * * * 1
Qn,2 = Qn,2,1 - Qn,2,2 - 2@n,2,3 = [y +0p (n—\/ﬁ> (S.22)

Combining (S.14), (S.18) and (S.22), we complete the proof of Lemma 9. [J

Lemma 10. Suppose the conditions required by Theorem 3 are satisfied. Then,

/ (B2(2) — &,(2) )z = O (1) + op*{ max {mTZ m;—@}}

Proof of Lemma 10: According to Lemma 8, we know that
/ (Bs(2) - Bol2))as = / > (Vn (B3 2) = Yo (R 2) ) d2
Inn VInn
+Op*{ max{ﬁ, W}},
where ¥, ;- (R} 2) = 0njr(R};2) — E*(0n,j-(R}; 2)) for j =0 and 1. Denote

Mn - ﬁ ZZI/ <1/)n,1,7(Ri ) Z) - wn,O,T<Ri ) Z))dZ.
Obviously, E*(M?) = 0. We then consider E*(M?). We have

EX (M) = %iE< / (¢n,1,T(Rf;z>—wn,o,T(RZ‘;z))dZ)Q
— B (B 0) = i (Bi50) (01 Bi50) = o (Bis0) )
— %//E*(gmovT(R;‘;u)gn,O’T(R;‘;v))dudv+%//E*(Qn,l,T(RZ;u)Qn,l,T(Rf;v))dudv
o | [ B non Bis) - B (g (R )
o [ [ BB 0) - B (gua (RS 0))dude
b [ [ B onsa (Bis) - B (g (R )
o | [ B Bis) - B (s (R 0))
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Using the results in (S.17) and (S.6), we obtain that

%//E*(gn,j,T(RZ‘;U)Qn,j,T(Ri;v))dudv
= ] Bl R i) +0, (=) |aude
- lparall-o6)

Also, by noting that

1
E*(0n-(Bi3 ) = Op(h* + ﬁ)

as in (S.16), we have

1 * * * * —
ﬁ//E (0njr(Ri;w)) - E*(0n g (R} ;v))dudy = 0p<n 1)

for 5,k = 0,1. Therefore,
E*(M;?) = 0,(1/n),

which implies

M, = Op (1/\/5)

This completes the proof of Lemma 10. [J
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